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Abstract. We consider the Calculus of Constructions with typed béteequal-
ity and an algorithm which computes long normal forms. Themradization algo-
rithm evaluates terms into a semantic domain, and reifiegatues back to terms
in normal form. To show termination, we interpret types agighequivalence
relations between values and type constructors as opgr@dPERSs. This mod-
els also yields consistency of the beta-eta-Calculus os€uoctions. The model
construction can be carried out directly in impredicatiyeet theory, enabling a
formalization in Coqg.
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1 Introduction

The proof assistant Coq [INRO8] based on intensional typerthis used for large ver-
ification projects in mathematics [Gon04] and computerrsmgLer06]. However, to
this day no complete meta theory of its logical core, the @akof Inductive Construc-
tions (CIC) exists. The CIC is a dependent type theory witleast one impredicative
base universesgt or Prop or both) and an infinite cumulative hierarchy of predicative
universesType,;) above this base. Inductive types with large (aka strorigjiehtions
exist at every level. The CIC is formulated with untyped difyydeading to complica-
tions in model constructions [MWO03] and in the treatmenj-@quality. Asn-reduction,
the subject reduction property requires contravariantgilg, which is especially hard
to model (I am only aware of Miquel's coherence space modéd]). And it cannot
be formulated ag-expansion in an untyped setting. The lackjegquality in Coq is an
annoyance both for its implementers and its users.

Recently, formulations of CIC with typed equality, aka jedgental equality, have
been considered since they admit simple set-theoreticdbiagBar09]. Judgemental
equality also integrates-equality nicely. On the downside, injectivity of the fuitst
space constructal/, crucial for the implementation of type checking, is naboisly
difficult to establish. Goguen [Gog94] has obtained injattiof /7 in the Extended
Calculus of Constructions via his Typed Operational Semana typed Kripke term
model with standardizing reduction. In predicative Matititif Type Theory, it is the
byproduct of a PER model construction which also yields Nalimation by Evaluation
(NbE) [ACDOT7].



In this article, we investigate NbE for the Calculus of Coustions (CoC), a frag-
ment of the CIC with just one impredicative and one predieatiniverse, with typed
Bn-equality. By constructing a PER model, we obtain termiratind completeness for
NbE, the latter meaning that all judgmentally equal termsnadize to the same expres-
sion. As a consequence of the model, we obtain logical ctamsig of thesn-CoC.

The missing property of soundness of NbE, meaning that emohis judgmentally
equal to its computed normal form, is implied by injectivdf/ /7 and vice versa. De-
cidability of typing also hinges on injectivity. This leasénvo options to complete this
work and obtain a sound and complete type checker for the GdCrwProve sound-
ness of NbE by Kripke logical relations between syntax amdasgics as in [ACP09],
or obtain injectivity by syntactical means. Adams [AdaObiained injectivity for func-
tional pure type systems with judgemengagquality; his proof might extend t6r.

Overview. This article is organized as follows: In Section 2 we introglCoC with
typed equality and explicit substitutions. In Section 3 vefite normalization by eval-
uation for CoC using partial applicative structures, andspecify a type inference
algorithm. In Section 4 we recapitulate a simple method hmwlassify CoC expres-
sions into terms, types, and kinds, a device which helps bsatstrap the PER model
construction in Section 5. Section 6 proves the rules of Gmhd wrt. our model, and
as a corollary we obtain termination and completeness of &tliEconsistency of CoC.
Loose ends are listed in the conclusions (Section 7) and gpeAdix A digresses on
soundness and injectivity .

2 Syntax

We present the Calculus of Constructions (CoC) as a pure sypeem (PTS) with
annotatech-abstraction, typed equality and explicit substitutions.

1. Annotated\-abstraction(as in A M N) enables us to compute the type of a term
from the type of its free variables and its semantics fromsétmmantics of its free
variables (see Section 6). Thus, a term makes already sem@sedntext alone, it
does not need an ascribed type.

2. Typed equalitys the natural choice in the presenceygince untyped-reduction is
badly behaved in set-theoretical models and type-theadatiodels without sub-
typing —this includes the semantics we are constructingityped»n-expansion
cannot be defined.)

3. Lambda calculi withexplicit substitutiondhrave more models than lambda calculi
with substitution implemented as an operation. In paréigithe model of closures
in weak head normal form we will use in Section 3. Recent nitetaretic studies
involving explicit substitutions include [Dan07,Cha08aB9,ACP09]. In the pres-
ence of explicit substitutions, variables are most nalyirapresented as de Bruijn
indices [ACCL91].



2.1 Expressions and Typing

The CoC is a dependently typed lambda calculus with expressin three levelserms
t, u, the data structures and programs of the languagéypesT, U of terms, general-
ized to a lambda-calculus of type constructpesd the kinds:, «, the types of types.

In the PTS-style presentation, there is just one languagxmiessions\/, N for
all three levels, and the classification of expressionstietms, type constructors, and
kinds is a byproduct of typing, using the twortss ::= *, []. The inhabitants of sofil
are kinds, one of which ig, and the inhabitants of softare types, whose inhabitants
in turn are terms.

From our perspective, the CoC is a dependent version of Byste In terms of
the Calculus of Inductive Constructions, the core languEdeoq [INROS], the sork
is the impredicativeet, and the sort] the predicativelype,. Alternatively [Wer92],
one could identify with the impredicativerop and refer to the levels gsoof terms,
predicates, and kindsistead.

Syntax of expressions, substitutions, and conté¥Ms represent bound variables by de
Bruijn indices; thedth variable is represented by the expressigrntheith variable by
the i-fold application of the lifting substitution to the expressiorn,. Consequently,
we use the expression as a shorthand for the expressignt?. Also, we abbreviate
(id, N) by [N].

Sort > n=x | O

Exp > M,N,t,u,T,U,k,0::=5|vo | \MN|MN|IIMN |Moc
Subst 3 0,7 z=11]id|o7]| (0, M)

Cxt >1A =0 LM

We denote the length of contektby || I"||. We use= for literal identity of expressions,
and the dot notation&d U. T and\ U. M to save parentheses.

Normal forms are those expressions that do not contain substitutiomeeXfting of
an index) or3-redexes. Normal forms starting with a variable are cafledtral

Norm 3 v, w, VW =5 [ AVw | IV W | n B-normal form
Neut > n, N n=v; | no neutral normal form

L E.g., List is a type constructor which produces a type of homogenestsslist 7' for each
element typdl".



Typing. The judgementg” + “I"is a well-formed context” and” - M : N “M has
type NV in context!™ are given inductively by the following rules.

I+ I'ET:s

OF T+
Ik I'tU:s ru+T:s
I'kFx:0 r-nuT:s
I'+-T:s I'+U:s nurT:s$ NuUrM:T
T Fvo:T1 TEAXUM:IIUT

I'FM:I0UT I'-N:U I'=M:T IrT=1T:s
I' E M N :T[N] r-=m:T1

We come to the judgement for type equalify,- T' = T’ : s, later. The typing rules
for substitutions are:

I'Fo: A ARM:T I'kFo: A AFT:s I'+M:To

I'-Mo:To 'tk (o,M): AT
I+ Inktr:15 Is Fo: I3 I'ET:s
I'r+id: I INnFor: 13 rLT+Er:I

Fori < ||I"||, we define context look-up'(¢) by (I, 7)(0) =T tand(IT)(i + 1) =
I'() 1. Itis easy to see that the general variable rule is deriviapiaduction oni:

Irr
T Fv:I()

Using this rule, we can understand typing of expressioms fie first set of rules alone,
under an abstract view on substitution and equality.

2.2 Typed Equality

We formalizeBno-equality by the judgemeniSs - M = M’ : Tandl” o0 =o' : A.
Equality holds only between well-formed objects of syntidmus the rules have to be
formulated such that they entdil = M : T (and likewise forM’, o, andco’). For
instance, they-rule reads:

I'-M:1IUT
I'FM=XU.(M1)vy:IIUT

We will not spell out the rules will types and typing assurops. Instead, we will just
write down axioms in the formi/ = M’ ando = ¢, the typing can be reconstructed.
Also we will skip all congruence rules expressing that ey an equivalence relation
and that it is closed under all syntactic constructions. Alesttaken a similar approach
before [ACP09] which is justified by Cartmell’s work on geakzed algebraic theories
[Car86].




Computation: 3, resolution of substitutions, pushing substitution urd@rstructions.

(AUM) N = M[N] (MN)o = (Mo)(No)
vo (o, M) =M AUM)o=AUo.M (o 1,vo)
t(o,M) =o (IIUT)o =HUo.T (o1, v)
Mid =M (Mo)r =M(oT)
so -3 (oc,M)r =(om,MT)

Non-computational rulesExtensionality and rules of the category of substitutions.

ido =0
oid =0
(0102) 03 = 01 (02 03)

id = (T,VO)

2.3 Properties

We write I" + J for any of the defined judgements. We write - T' if there exists
some sors with I" = T': s.

Lemma 1l (Inversion).

1. I' = 0O: Tisimpossible.

2. f ' +%: TthenT = [O.

3. fI' FIITUT : kthen there are sorts;, s, suchthatl’ - U : sy and U - T :
spandeitherk = s, =0o0or ' -k = s9 : 0.

4. fI' vy : Tthenl' =T =T1(0).

5. fI" - M N : Tthenthereard/,T',ssuchthat" ~ M : I U T andl" W N : U
with I =T = T'[N] : s.

6. IfI" = \U M : T then there arl”, s1, sy suchthatl’ - U : sy andI,U - T":
scand U FM :T'withl' T =ITUT’ : s».

7. fI' = Mo : T then there areA, T/ such thatl” - o : AandA = M : T" with
I'-T=To.

Proof. Each by induction on the typing derivation, no additionatteata needed.
Corollary 1 (Inversion of variables). If I v, : T'thenI” - T = I'(7).

Lemma 2 (Syntactic Validity).

1. f, 1" + Jthenl” F.

2. fI' -t: TandT # Othenl” =T : s for some sork.
. frrt=¢:Tthenl' ~¢t: Tandl" ¢ : T.

4, fI' - o : AthenA +.

5, fI'~o=0":Athenl' -Fo: Aand' o’ : A.

Proof. Simultaneously by induction on the derivation.

Case
I'EM: - IIUT I'EN:U

I' F M N :T[N]
By induction hypothesi§’ - II U T from which by inversion we obtaih, U + T.
Sincel’ - [N]: I',U we concludd” + T[N].




3 Normalization by Evaluation

We conceivenormalization by evaluatioas the composition of a standard interpreter
(-) : Exp — D mapping expressions into a semanficand areifier which computes a
long normal form from a value iD. Coquand [ACP09] observed that theexpansion
part of reification can be carried out entirely within the setics which splits reification
into ann-expansiorphase| : D — D, and aread-backphaseR" : D,y — Norm C
Exp.

(8 D

lt \
) Rnf

Exp <—— Norm Dus Dre

n-expansion is mutually defined with reflectioh : D,. — D which injects variables
(de Bruijn levels), and more generally neutral valees D,., into the semantics in
n-expanded form.

3.1 Weak head evaluation

While having used a Scott domain to represent values in puevivork [ACP09], we
now change tgartial applicative structuresvhich subsume Scott domains (and, in-
deed, allA\-models and -algebras). The following representation dfeaby closures
is such a structure and it can be directly formalized in typ®ty which is not the case
for any effective total applicative structure.

Values are defined in terms of closurést)n and de Bruijn levels. Level; represents
the jth free variable. In effect, we are usindaxally namelesgresentation of values
[Pol94] where bound variables are represented as relatieeances (de Bruijn indices
v;) and free variables as absolute references, i. e., namé&rjge levelsx;). The de-
layedn-expansiongZ 4 ¥ ¢ and | L4 ¥ f are the defunctionalization of reflection and
reification in the Scott domain (as closures are the defanatization of evaluation).

D 9a,b,f,A,B,F,G,K,L:::s|QAF|(At)n|TﬂAFe|e value

DNese, FE n=x;(j€eN)|ed neutral value
DNf > d, D c= LA £ normal value
Env 27 =id | (n,a) environment

We let1? e = eand|? a = a if B is not all-type.

Evaluation and applicationWe introduce the judgemen{Z),, \, a “in environment
n, expression)/ evaluatesta”, (o)), \, #’ “in environment,, substitutiors evaluates
to environment”, and f -a \ b “value f applied to value: evaluates td” inductively



by the following rules.

Uy A
(b s Vodmay o AUty N\ QAt)y (HUT)y \NILAQAT)n

(]tl)n N f (]ul)n N\ a fra b QUDW N (]tl)n/ Noa

(tuhy, Wb (tohy, v a
QUDW N thn \oa (]TDW N (o)n ™\ n"’
qTD(n,a) \ n qlan \ n (](Uv t)Dﬁ \‘ (77/7 CL) (]U TDH \ 77”
th(n,a)\b F~a\B

An-a\b (124 ey a N 1P (e |t a)

These three relations are deterministic, thus, they candped into partial functions
(). : Exp x Env — D, ()_: Subst x Env — Env,and_-_: D x D = D.

3.2 Read-back (aka Reification)

We introduce two judgements  d \, v “at levelm, normal valuel reifies to normal
formo”, andm "¢ e \, n “at levelm, neutral value reifies to neutral normal forh
inductively by the following rules. The natural numbercorresponds to the de Bruijn
level of the next fresh variable.

mEANV  F-1%%,\.B m+1FB\ W
mE kN * mbEITAFNIIVW

mEANV  F- 1%, B [ T%%n\b m+1F o w
m b [ ZAT N AV w

m F" e\ n m F" e\ n mbEd\ v
mbEeNn  mE"x; N\ Vi (41) m " ed\, nov

In the but last rule, we use the “monus” functionlSmwherem — m’ = 0 if m’ > m.
Read-back is deterministic, so we introduce two partiatfioms byR" d = v iff

m F d N\, vandR)¥e = niff m F" e \, n. These correspond to the read-back

function by Gregoire and Leroy [GL02] and own previous wolkCP09].

3.3 Type Inference

In the following we adopt bidirectional value-based typedaiing [Coq96,ACDO08] to
de Bruijn style. Since we have typed abstraction, the typevefy well-typed term is
inferable. We specify the type inference algorithm by a deieistic inductive judge-
ment

AFt= A



meaning that in contexd\, the principal type of is A. We keep context\ and typeA
in evaluated form. The algorithm is very similar to Huetnstructive enginfHue89]
as refined by Pollack [Pol06].

By induction on a context of valued, we define the)-expanded environmeid o
which maps de Bruijn indices to their corresponding de Brlgjels. We writex 4 for

x|
id() = id ida,a = (ida, 1% xa)

Type inference is given inductively by the following ruldsote that only type
checked terms are evaluated, and only values enter thextepteare returned.

AFU=s A,(]UDidAFT:?S/
AF+=0 AFIIUT =5 AFv, =A%)

AFU=s  (U)ay NA AAFt=B AAFB-SF
AFANUt=IAF

AFt=1IAF Artu=B AFA~B
Abtu=sF - (u)id,

In the last two rules we have used two auxiliary judgementthé application rule, we
check the ascribed typé and the inferred typés for gn-equality usingA - A = B.
In the application rule, we need to turn the type valtief the function bodyt into a

function over the last variabbes, which is of typeA. We write A, A - B 2, Ffor
this abstraction operation.

AFHA=B — |4l FANVand||A| F B\ V
AAFB 2 F & |AA| B\ VandF=(QV)id

Type valuesA and B are equal if they reify to the same normal foiimn Due to our

locally nameless style values, abstractiénA + B 2, Fis a bit cumbersome. We
implement it by first reifying value3 in contextA, A to termV and then building the
closureF’ = (A\V)id.

3.4 Normalization

During type inference, values are reified to normal formsegi equality. We can also
compose evaluation and read-back to obtain a normalizatiarion for terms. Le{I’)
be evaluation of contexts partially defined by

(0) =0 (L50) = (D, (Ubidyry

Using the partially defined identity environmept := id(), the partial normalization
function is now obtained as

nber(t) = Rify (1107 (t),,)
Nber (T) = nbeF(T).

8



The goal of this work is to show its correctness on well-fodregpressions, i. e.:

1. Soundness:if ¢ : T'thenl” -t = nbe-(t): T.
2. Completeness: if ¢ =t : T thennbe-(t) = nbeh(t).
3. Termination: ifl" ¢ : T thennbeX(t) is defined.

The termination property is a consequence of soundnesslaadfcompleteness,
since judgemental equality and expression equality presspdefinedness. Remarks
on soundness can be found in the Appendix A. In the remainfdiveqoaper, we will
focus on completeness, which will be established by a PERehtaohstruction.

4 Classification of Expressions

If I' + k : O, thenk is a called &ind. If I" - T : x for a kind, thenT is called a
type constructarin particular, ifI" = T : %, thenT is called atype If I" + ¢ : T for
a typeT’, thent is called aterm We obtain three syntactic subclassésd, Ty, Tm of
Exp. There are no kind variables, only term variables and typagtuctor) variables.

Kind 3 k,0 =% impredicative universe
| Ik« function kind
| ITU K indexed kind
Ty T, U==01UT dependent function type
| TxT impredicative polymorphic type
| X | AT |TU type-level lambda-calculus
|[AUT | Tu term abstraction and application
Tm >tu ==z |AUt|tu term-level lambda-calculus
| Akt |tU generalization and instantiation

Itis well-known that all dependencies in pure CoC cartssedsuch that one ends
up with the terms, type constructors, and kinds of SydtenThis way, one can inherit
normalization of CoC fronfr* [GN91]. However, since we want to add inductive types
in x with large eliminations inte (just as Werner [Wer92]), we cannot pursue this path;
CoC with natural numbers has types defined by recursion omday so it can express
types of functions with varying arity, like

(X:#) = (n:Nat) > X - - - > X - X
—_—
n times

which have no counterpart i”. However, without large eliminations infd, so no
kinds defined by recursion, the structure of kinds is stififgie and dependencies can be
erased on the kind level. This observation by Coquand anlieGELG90] and Werner
[Wer92] has been exploited by Barras and Werner [BW97] to metely formalize
strong normalization of pure CoC in Coq. Following theirdeave will use erased
kinds to bootstrap our model construction in Section 5.



Simple kinds.We enrich the kinds of“ by a base king of terms.

SKi 2k u=o]l simple kind
SKiP>1 u=x|k—1 proper simple kind
SCxt 34,6 = () | v,k simple kinding context

The simple kind> — £k is the erasure of the indexed kidfiT . The grammar forbids
k — o, the kind of functions from constructors of simple kihdo terms, which is a
subset of the terms, so we get> ¢ := o.

We define the judgemenist- M + & “in contexty, expressiord/ has simple kind
k", v F o + ¢ “in context~, substitutioro has simple kinding, andy + M = k “in
contexty, expressionV! has skeletor” inductively by the rules to follow. These rules
are basically an erasure of the typing rules. Kirdare related to their skeletonby
v F k = k, where Typed" : x are assigned skeleten Type constructorg’ : x are be
related to the skeletoh of « by judgementy - T' + k, and terms to skeleton

yFU=k v, kT =F vy ET =%
v =x% yHFHOUT =k — k' yHET =90

yHEU =k v,k M-=FE
v,k Fvo+k YHEAUM+k—F

yEM<+k— K yEN-=E yhFo+46 0 FMxk

SFMN W SF Mok xe{n=)

yhEo+06 yEM-=<k
o A ol v Fid =+~ vy E(o,M) =06,k

mETEY Yo o +3
mEoT 3

Shape computationWe now define two (total) functions)M |7 “the kind of M in

simple contexty”, and |M|j “the skeleton ofM in simple contexty”, by means of a
generakhapefunction|M|., which returns a paifx, k) with € {=, +}:

o [k IEM] = (=) o kM| = (2F)
|M|V o {<> otherwise |M|7 | * otherwise
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The shape function is defined mutually with the functieft;, written |o|.,, which
computes the kinds of the expressionsiiWe also define the skeletdfi| of a context.

( ’ | —
v . - - T|’Y7I€ - ’7
TUTL, = (= U = IT1 ) i =0
Vol i = (%) idl, =~ |
Vol = () (0, M), = |, | M]3
AU M, = (U = IMIZ ) o7l =loly,
() M =k — K
M N, = { (+,0) otherwise 0] =0 .
M|, =|M|,, =T =T

Lemma 3 (Soundness of shape computationfor L ::= M | o andR ::= k | v and
v F Lx Rwe haveR = [Ll[}.

Lemma 4 (Kind skeleton independence)|M|j = |M|j for all v,~'.

Therefore, we may suppressand just write| M|~.

Theorem 1 (Shapes of wellformed expressiond)ety = |I|.

1. If ' + x: Otheny Flii|li|,f.

If I -k =x": Othen|s[] = |&'[5.

If " =T :xtheny FT =TS =o.

If = M:T #Otheny = M = | M[S =[T[5.
IfI" - o: Atheny '_U+|U|,Y:|A|.

ar 0N

Proof. Simultaneously by induction on the typing/equality detiva. Note thatl” +
M = M': T # Oimplies|M[; = |M'[; since the kinds of\/ and M" equal the
skeleton ofT".

5 A Model for the Bn-CoC with Large Eliminations

In this section, we present a PER model of CoC. Each expredgitss modeled by a
pair (F, F) whereF : D is simply the value of\/ andF is the semantic role of/.
Termst + ¢ have no semantic role, they are modeled by a faif)). TypesT = x
are modeled by a paijt4, .A) whereA is a partial equivalence relation (PER) between
semantic terms. The objedts, ()) and(da’, ()) are related byA iff, intuitively, « and
' areBn-equal values of typel. Formally that means that" ¢ and | «’ must read
back as the same expression; this connection betwleamd A is written A I+ A and
pronounced A realizesA”. Type constructor§” ~ k — k' are modeled a$F, F)
whereF is a higher-order operator on PERs, it maps constru¢t@rg) of kind & to
constructorsF (G, G) of kind k£’. Note that unlike in Systerf“ or erased versions of
the CoC [BW97,Geu94]F also depends on a valug (see [Wer92,SG96]). Finally
kindsx = k are modeled aéK, K) where the PERC relates constructord, ) and

11



(F’, F') of kind k if F andF’ are extensionally equal operators afftd F and | * F’
have the same normal form (thus,realizesK). To avoid duplication we have modeled
types and kinds uniformly in the formal presentation of tamantics, probably at the
cost of readability; may this informal exposition serve ag\aiadne thread in the maze
to follow.

Meta languageWe use an impredicative type-theoretic meta languageyeawill not
speak in terms of sets, but in terms of types and predicategettr, we will use some
set-theoretic notation with care. For a typethe typeP(«) contains the predicates
overa, and forP : P(«) anda : o we writea € P if P(a) holds. The subset type
{a : a | P(a)} is the type of pairga, p) such thatp is a proof of P(a). Usually, we
suppress the proof and write juste {a : « | P(a)}. The valuef(a,p) of a function
f:{a:a]| P(a)} — S may not depend on the form of the prgof

A setoid is a pair of a typex and an equivalence relatiea, : P(a x «). We writea

for the setoid. A functiory : « — (3 is a (setoid) morphismyf € o — (3, if it respects
setoid equality, i.e.q =, o’ implies f(a) =g f(a’). Two morphismsf, f” are equal,
[ =a—p [ iff a =4 o implies f(a) =3 f'(a). This makega — 3,=,_.3) a setoid
in turn.

A partial equivalence relationA : Per(«) is a binary relation over type which is
symmetric and transitive. We write = o’ € A for a,a’ : o with (a,d’) € A, and

a € Afora = a € A. Equality A = A’ of PERs holds extensionally if for all
a,a’ a,a=a € Aiff a = a’ € A'. Each PERA can be coerced into an associated
setoid{a : a | a € A} with setoid equalityd. This defines the notion of morphism
F € A — (from PERA to setoidd. We defineNe : Per(DNe) andNf : Per(DNf) by

e=¢ €Ne < VYm:N.dn:Neut. m F"® e\, nandm F" e \,n
d=d € Nf < VYm:N.Jv:Norm.m Fd\,vandm Fd \, v.

Note that transitivity follows from determinism of readdba

A partial function H : « — g is a pair(dom(H) : P(a),apply(H) : {a : a | a €
domH} — ) wheredom(H) andapply(H) respect the setoid equalities associated
to o and 8. We will write H(a) | “H(a) is defined” if there is a proop thata €
dom(H), and thenH(a) stands forapply(H)(a, p). Two partial functionsH, 1’ are
equalH =,_.g H' if they have equal domains and coincide pointwise (wrt. toide
equalities); this makes — 3 a setoid.

Raw interpretation of kindsLet () denote the unit type with single inhabitant We
define the candidate spage for simple kindk and an inhabitant * : (k) by recursion
onk:

() =0 L° =0

(%) = Per(D x () 1* = NeV

(k= k) = (Dx (k) = (K) LE=K(@:D,G : (k) = LF

whereNe! = Ne x () = {((e, (), (¢, ())) | e = ¢’ € Ne}. Extensional setoid equality
F =uy F'is defined along the way. We sgt)) = Per(D x (k)). Note that{{o)) = (x).

12



Sort interpretation. For K : D, K : (k) we defineK, K : (k) andK IF K, “K
realizesK”, by

(F,F)=(F,F)eK < |"F=|"F cNf
(1"E, 1" =0"F 1" eK «— E=FE €Ne
KFK < KCKCK

In words, codeX realizes PERC iff equal inhabitantd of K reify to the same normal
form, whereK directs the amount of-expansion during reification; and neutrélsan
be reflected at cod® into K. Equivalently, we could sa I+ K iff |% om € K —
Nf, “|* after the first projection is a PER morphism frd@rto Nf”, and (E : DNe —
(1% E, L%)) € Ne — K, “1" paired with_L* is a PER morphism frorie to K.

Lemma5 (Least PER is a candidate)For all E € Ne, E IF L* : (o).

Proof. Ne¥ C E: Assume(e, ()) = (¢/,()) € Ne¥ and show|Ze = |F ¢/ e Nf.
Follows by definition ofNf frome = ¢’ € Ne.

E C NeV: Assumee = ¢/ € Ne then the goa(1¥e, 1) = (17 ¢/, L°) e Nel
follows by definition.

Equality of candidateg K, K) = (K',K’) € % shall hold iff
1. KIF KandK' I K'.
2. K = (k) K’ and| K = lK/ € Nf.
3. 15 =15 eNex {1F} > Kand|® = ¥ € (K) — Nf.
This states thakl and K’ are extensionally equal PERs, plus the associated cides

and K’ are reifiable, plus they are indistinguishable with respetheir own normal
form and their directive behaviour during reification of aftitants offC and reflection

of neutrals intdC. Now sortx is interpreted by and (informally) by U,Wé<> k.

Lemma 6. For all k, & is a PER oveD x (k). f K IF Kthen(K,K) € k
Lemma 7 (Interpretation of x). We havex I- 5 : {(x)) and(*,3) = (,3) € *.

Proof. To shows C %, assumed, A’ : D and A, A" € (o)) = Per(D x ()) with
(A4,A) = (A, A') €3. The goalLA = | A’ € Nf follows by definition ofs.

To showx C 3, assumel = E’ € Ne and show(1* E, L*) = (1" E', L*) € 3.
Note that]™ £ = E. We haveE, £’ |- L* by Lemma 5. Trivially L* = L* and
| E = | E' € Nf. Finally, 1¥ and| ¥ do not depend on neutral.

The remaining goals dfx,s) = (,3) € %, are all trivial by reflexivity (Lemma 6).

Function space constructiorfzor simple kinds:, [ : SKi we define

I (e (k) — K= ) - (D

[0 = {(P.F) (77 O x s )7 | frall(G.9) = (@,9) € &
F. ¢ 1. 7(G,G) |, FI(G,G) |, and
(7 6. FG.0) L (6 R ) = £6.9),

13



In casel = o bothF, 7' : (k — I) = () are trivial and we let the applicatidf(G, G)
be defined a$). Otherwise,F, 7' : D x (k) — (I).

Hk’l K L is indeed a PER, the proof is standard. The definition abowaebig ab-
stract, the following table conveys some intuition abﬂftl .

k|  1|description |PTS rule

o ©|dependent function spape, *, *)
noto o |universal quantification | (OJ, *, *)

o|noto |indexed kind formation | (x, 0, 0)
note | noto | function kind formation | (O, O, 0)

Where is the impredicativity? Fér= x andl = ¢ we should recover the impredicative
quantification of System F. Let us look at the definition oftiistanceg [*° : (K €
Per(D x (x))) — (K — (%)) — (x). Remember thaf«) = Per(D x ()), thus, modulo
the isomorphisnD x () = D we get

[I"°KL={(FF):D?|VG,G :D,G,G": (x).
(G,0)=(G".¢g"YeKk = F-G=F'-G € L(GQg)}

Hence, to obtain a new elemdftC £ : (x) we quantify over alg, G’ : (x) —there is
System F impredicativity.

Lemma 8 (Function type formation, introduction, and elimination). Let X, K’ :
(kY, L, L' e K — (I)),andF,F" € K — (l). The following inferences are valid in
the model.

(K,K) = (K',K') € k ]
(L-G,L(G,G) = (LG, L(G,G)) el forall (G,G)=(G".¢)ek

(LKLJIKL) =K LK L) ek —1

(F-G,F(G,Q) = (F' -G, F'(G',¢") € L(G,G) forall (G,G)=(G",¢') ek
(F,F)=(F,FYe[IKL

(F,F)=F"F)ellKL (G,G)=(G".¢") ek
(F-G,F(G,Q9)=F"G,F(G,G)) € LG,G)

Proof. Introduction and elimination follow directly from the deition of [| K £. The
formation rule follows from properties of reflection andfigation at function types
[ACDO7]. Let us demonstrate this in detail. We have two hieses:

1. (K,K) = (K',K') € k ]
2.(L-G,L(G,G) = (L' -G, L(G,G)) el forall (G,G)=(G".G') ek

By definition of our goallIZ K L,[[K L) = (LK'L’.[[K' L) € k — I, we first
have to showll K L I+ [] K £, which splits intol/ KL C [[KL and[[KL C
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E=F €Ne assumption
(G,G)=(G",g")eK assumption
1¥a=1%G" eNf sincek C K
E|KG=FE |G eNe by def.Ne
(L-G,L(G,G) =(L-G,LG,G) el by hyp.2,1 PER
e E IKG 1) =Y E (KRG, 1Y e £(G,G) by def.l
(KL E.G, 1F—UG,6)) = (12X E - &, 1LF=1(G',G") € L(G,G) by def._-_, L
(LKL g, b=ty = (ZKL gy (k=) e [[K L by def. [[ K £
nKLc][[kc by def..I K L

Secondpartofl K LI+ [[ K L:

(FF)=(F Fe]]Kkc assumption
m €N assumption
Xm = Xm € Ne by def._ F" _\ -
(G,G) == (1" xm, LF) e K sinceK IF K
mEKN\V since | K € Nf
L-15x, \ L' since(L - G, L(G,G)) €1
F 1% x, \,BandF'-1%x,, \, B and since
(B,.) = (B',.) € L(G,G) (FF)=F,Fye]][Kkc
m+1F Y B\ Wandm+1F ¥ B\ W sinceL’ IF £(G,G)
m b | LEEREN AV Wandm b |ZEER N AV by def._ - _\, _

Thus, we have showll K L |- [] K £. Analogously, we infed K’ L' I T[] K’ L.
That 12X~ coincides withZ %' 2" and |25~ with [Z5 X" follow from a gen-
eralization of the above proofs. Similarly, we gefl K L = | Il K' L' € Nf. The

remaining fact, thaf[ £ £ and]] K’ £’ are extensionally equal, is mechanically in-
ferred from the extensional equaliti€s= K’ andL = £'.

6 Soundness of the Model

We extend the raw semantic interpretation to shapes byngsfti, k) = (k) and
(=, k) = ((k)), and to simple kinding contexts vi&)) = () and{~, k) = (y) x (k).
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Interpretation. By induction onM /o we simultaneously define the partial functions
[M],c (o (1) = (ML) and[o],.. < (o (1) = (lol,).

[[HUT]]UW?P - H‘Ul " [[U]]nw;p (G.9) € [[U]]nw;p ~ [[T]]W,G;%\Uli;p,g)
[[VO]]W;%JC; ¢g=9: (k)

=((G,9) € [U],.,, = [M]
[M N]]nw;p - [[M]]nw;p((]ND”’ [[N]]nw;p)

v = LM (ohnilol,ilol,..,

mG;%IUF;mg)

:
<

=
!

[(o. M)],...., = [0],..pr [M],,..,., : (ol [M]T)
lo7Lnip = 10D gryitr 11, ¢ L0l

The prime source of partiality is the potential undefinedredg.V)),, in the interpreta-
tion of the applicatiom/ N. Contrast this to Barras and Werner [BW97] whéng),,
is gone and with it the large eliminations.

The precise conditions for definedness can be extractedan&etily from this def-
inition, for instance[I1 UT]]WW_ is defined iff[U], . . , is defined and for allG, G) €
[OT 70 [[T]]W,G;%\Ulim;g is defined.

Validity. We define the relatiofv); p) = (v'; p) € [I'] for n,n’ : Env andp, p’ : (|T'])
inductively by the rules
(m;p) = (';0) €Il (G,9)=(G",7G) € [T]
(0;:0) = (0; 0) € [0] (. G;p,G) = (, G5 p,G") € [I,T]

There is an implicit premis@T]]mm;p | in the second rule. By induction oh we
simultaneously define the following propositions:

UHEN S

= <= true
InTE <= I'eET:O
I'Er=rx":0 <= I' = andforall(n,p) = (0, p) € [I'],

(U [D ) = (KD [6'D ) € I

I'EM=M:T#0 <« I'=T:0andforall(n,p) = (v, p") € [I7],
((MDy, [[M]]n;ll“\;p) = M)y, [[M/]]n';ll“\;p/) € [[T]]n;lf\;p

I'=eM:T = I'EM=M:T

I'Eo=0:A <= I' = andA = andforall(n, p) = (0, p’) € [I'],
(0D [0D,y1150) = (0D [0 ) € [A]

I'Eo:A = I'kEo=0:A
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Lemma9. If I' =then_.= _€ [I'] is a PER.
Theorem 2 (Fundamental theorem)If I + J thenI” = J.
Proof. Simultaneously by for all judgemenfsby induction onl” + J.

Theorem 3 (Completeness of NbE)f I" = M = M’ : T thennbe-M = nbelM".

Proof. Define pr by the clauseg, = () andpry = pr, LIV~ and prove that
(nr, pr) € [I'] by induction onl. Let (F, F) = ((M)y-, [M],,..,r}.,,) @nd(F", F')
analogously. Iff" # U then with(K, ) = ((T)y, [T1],,. r),,,.) We obtain(F, 7) =
(F',F') € K andK I K by the fundamental theorem. Hendé, F = | X F’ ¢ Nf,

soin particulaRyf., (1% F) = R, (L ). If T = O then the fundamental theorem

yields(F, F) = (F', F') € k for k = |M|~ which also implieg F' = | F’ € Nf.

6.1 On Consistency

From our PER model we can prove the consistency of CoC aselladd a new type
constant), the empty type, with ruleg” + @ : x andI” + = § : x and semantics
[0, = Nel.

Theorem 4 (Consistency)y ¢ : (.

Proof. Let a = (t)ia and observe thai cannot mention a de Bruijn level,. Since
a € Ne by the fundamental theorem (Thm .2), we héve" « \, n for somen. But
this means that is of the shape; d for somej, contradiction!

7 Conclusion

We have built a model for the Calculus of Constructions wyibed 31-equality which
proves termination and completeness of normalization layuetion. The model sup-
ports extensions of the CoC by small inductive types (“shrakkaning “in ") and
large (aka strong) eliminations intq i. e., types defined by recursion [Wer92]. The
model is formalizable directly in impredicative dependeypie theories with inductive
definitions, e. g., in the Calculus of Inductive Construsti¢CIC) [INROS].

This work is a first step towards a metatheory of CIC with typeeequality using
normalization by evaluation. The long term goal is a coress$ proof for the Coq type
checker in the presence pf However, a number of things need to be done:

— Construct a Kripke logical relation between expressiombwatues that proves the
soundness of NbE without external reference to injectiitya consequence, we
obtain soundness and completeness of the type checkertfrsac

— Extend the calculus to more universes and to large induttpes. This will break
simple kinding, requiring a new way to bootstrap the modak Tsual technique
are inaccessible cardinals [Luo89,Gog94,Mig00], howewerseek a more direct
representation in type theory.
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A On Soundness and Injectivity of IT

In previous work [ACP09], we established soundness of NbEKbhygke logical re-
lations. Those are technically involved for impredicatilapendent type theories; we
leave them for future work. However, due to our expressikafbrm of values, we can
obtain soundness by induction on the trace of the normalizatigorithm. This is in
essence a subject reduction theorem, which depends dyumiathe injectivity of the
function type constructaf7. Which in turn can be obtained from soundness...

Injectivity from soundnesslin the presence of a normalization function, injectivity of
the function type constructor follows from uniqueness ats the CoC. Injectivity
of IT is crucial for implementing a type checker.

The normalization function is rudimentary sound in the sehat it preserves shapes
of values:

Theorem 5 (Compositionality).Under the proviso of definedness,

1. Nbep(s) = s,
2. Nbep(HUT) = HNbep(U) Nbep_’U(T), and
3. nbef YT(AU"t) = ANbep(U). nbef. ; ().

Proof. By calculation.

Theorem 6 (Function type injectivity). f ' - TUT = U'T’ : sthenl" - U =
U':sandlU T =T":s.

Proof. By inversion and soundness, we det- U = Nbep(U) : s’ andl” - U’ =
Nbep(U’) : s”. SinceNbep(II U T) = Nbepr(II U’ T"), compositionality of normal-
ization yieldsNbe(U) = Nbep(U’). Thus, we havd™ + Nber(U) : s',s” and we
use unigueness of soft® infers’ = s”. We concludd” + U = U’ : s by transitivity.

Again by inversion, we gef, U + T : sandI,U’ + T’ : s. By soundness,
I'U - T = Nbepy(T) : sandI,U" + T' = Nbery/(T”) : s. Compositional-
ity yields Nber 7 (T") = Nbepy/(T”), so with context conversion and transitivity we
obtain,U T =T": s.

Soundness from injectivityor this direction, it is more convenient to let closures jus
be special expressions, so in the grammar of values we eplap by (AU t) n and
II AF by (II U T)n. We modify the rules for evaluation, application, and réadk
accordingly, for instance the reification rule firtypes becomes

Uy NA mEANV AU 1xa\B m+1FB\ W
mFE(IUT) ) \IVW '

2 In the CoC, uniqueness of sorts is just a special case of enass of typing. In a more general
PTS, like CC’, one could get the necessary inversion principle by aningtéte function type
I1° U T with the sorts of U.
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We extend typing and equality to values by adding the rules:

I'Fe: A I'Fe: A I'Fd: A I'+d: A
I'H1%e: A IF'kF1%e=c: A I'kl4d: A 'kl%d=d: A

[ rr
Fkxj:F(i)Z_” I=G+1 TEx;=v;: (i)

== +1)
This is a conservative extension of CoC. Supposing injaggtiof 77, we can prove
soundness of NbE syntactically.

Lemma 10 (Soundness of evaluation).

1L fr'Fn:AandA F¢:Tand(t), \,athenI' Ftn=a:Tn.
2 fIr'rf:OUTandl Fa:Uandf-a\,bthenl' F fa="b:TJal.

Proof. Simultaneously induction on the derivation of evaluatiod application. Injec-
tivity is needed for the case gFcontraction.

Lemma 11 (Soundness of readback).

L Ifrte:Tand||[|| F"* e uthen' Fe=wu:T.
2.6 Hd:Aand| | F [*d\, vthen]' -d=uv: A.

Proof. Simultaneously by induction on the reification derivatiosjng the previous
lemma.

Theorem 7 (Soundness of NbE)f () -¢: T then() Ht = nbeg (t):T.

Proof. By completeness;bezf) (t) is defined, i. e., there exist derivations(@f)i4 \, A

and (t)iq \, a and0 + 1Ya N\, nbe{)(t). Composing the previous lemmata, the goal
follows.

For the generalization to non-empty contexts,I\ift- ¢ : T thenl” -t = nbe;‘c(t) :
T, first prove by induction o that!” - np =id : I'.
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