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Abstract

In this paper, we study strong normalization of a core language
based on System F-omega which supports programming with fi-
nite and infinite structures. Building on our prior work, finite data
such as finite lists and trees are defined via constructors and ma-
nipulated via pattern matching, while infinite data such as streams
and infinite trees is defined by observations and synthesized via co-
pattern matching. In this work, we take a type-based approach to
strong normalization by tracking size information about finite and
infinite data in the type. This guarantees compositionality. More
importantly, the duality of pattern and copatterns provide a unify-
ing semantic concept which allows us for the first time to elegantly
and uniformly support both well-founded induction and coinduc-
tion by mere rewriting. The strong normalization proof is struc-
tured around Girard’s reducibility candidates. As such our system
allows for non-determinism and does not rely on coverage. Since
System F-omega is general enough that it can be the target of com-
pilation for the Calculus of Constructions, this work is a significant
step towards representing observation-centric infinite data in proof
assistants such as Coq and Agda.

Categories and Subject Descriptors D.3.3 [Programming Lan-
guages]: Language Constructs and Features—Data types and struc-
tures, Patterns, Recursion; F.3.3 [Logics and Meanings of Pro-
grams]: Studies of Program Constructs—Program and recursion
schemes, Type structure; F.4.1 [Mathematical Logic and Formal
Languages]: Mathematical Logic—Lambda calculus

General Terms Languages, Theory
Keywords Recursion, Coinduction, Pattern matching, Productiv-

ity, Strong normalization, Type-based termination

1. Introduction

Integrating infinite data and coinduction with dependent types is
tricky. For example, in the Calculus of (Co)Inductive Construc-
tions, the core theory underlying Coq (INRIA 2012), coinduction is
broken, since computation does not preserve types (Giménez 1996;
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Oury 2008). In Agda (Norell 2007), a dependently typed proof and
programming environment based on Martin-Lof Type Theory, in-
ductive and coinductive types cannot be mixed in a compositional
way.! In previous work (Abel et al. 2013) we have introduced co-
patterns as a novel perspective on defining infinite structures that
might serve as a new foundation for coinduction in dependently-
typed languages, overcoming the problems in the present solutions.

In the copattern approach, finite data such as finite lists and
trees are defined as usual via constructors and manipulated via
pattern matching, while infinite data such as streams and infinite
trees are defined by observations and synthesized via copattern
matching. For example, instead of conceiving streams as built by
the constructor cons, we consider the observations head and tail
about streams as primitive. Programs about streams are defined in
terms of the observations head and tail.

Our previous work left the question of termination of recursive
function and the productivity of infinite objects open. Both issues
are crucial since we want to program inductive proofs as recursive
functions and coinductive proofs as infinite objects or corecursive
functions producing infinite objects. In this article, we adapt type-
based termination (Hughes et al. 1996; Amadio and Coupet-Grimal
1998; Barthe et al. 2004; Blanqui 2004; Abel 2006; Sacchini 2011,
2013) to definitions by copatterns.

A syntactic termination check would ensure that recursive calls
occur only with arguments smaller than the ones of the original call.
In type-based termination, inductive types are tagged with a size
expression that denotes the (ordinal) maximal height of the trees
inhabiting it, i.e., an upper bound on the number of constructors
in the longest path of the tree. To prove termination of a recursive
function means to show that it can safely handle arguments of ar-
bitrary size. This can be established by well-founded induction: to
show that a function can handle arguments up to a fixed size a, we
may assume it already safely processes arguments of any smaller
size b < a. This induction principle can be turned into a typing
rule for recursive functions, using sized types and size quantifica-
tion. How can this be dualized to coinduction? A stream is produc-
tive if we can make arbitrarily deep observations, i.e., if we can
take its tail arbitrarily many times. To show that a stream definition
is productive, we also proceed by well-founded induction. To show
that it can safely handle a observations, we may assume that b ob-
servations are fine for any b < a. The number of observations we
can safely make is called the depth of the stream, or more general,
of the coinductive structure. One should not be mislead and think
of the depth as “size”; streams do not have a size since they are not
tree-structures in memory—they only exist as processes that con-

'In Agda, one can encode the property “infinitely often” from temporal
logic, but not its dual “eventually forever” (Altenkirch and Danielsson
2010).
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tinuously yield elements on demand. But it is fruitful to transfer the
concept of depth to (co)recursive functions. The depth of a function
is the maximal size of arguments it can safely handle. As we are
only interested in streams of infinite depth in the end, we care only
about functions of infinite depth. Yet to establish productivity and
termination, we need to induct on depth.

The type-based termination approach is in contrast to common
approaches taken in systems such as Coq (Bertot and Castéran
2004) and Agda (Norell 2007) which employ a syntactic guard-
edness check to ensure corecursive programs are productive: all
corecursive calls must occur under a constructor. This ensures that
the next unit of information can be computed in a finite amount
of time (Sijtsma 1989). However, this approach has also known
limitations: it is difficult to handle higher-order programs such as
g f =consO(f (gf)) where the productivity of g depends on the
behavior of the function f. It is also not compositional, i. e., we can-
not easily abstract over a constructor cons in a productive program
and replace it with a function f. Both limitations are due to the lack
of information we have about f in the syntactic guardedness check.
Types on the other hand already track information about each argu-
ment to a definition and its output. Type-based termination piggy-
backs on the typing analysis and avoids a separate formal system to
traverse the definitions. By indexing types with sizes, we are able to
carry more precise information about input and output arguments
and their relation which is then verified simultaneously while type
checking the definitions.

The contributions of our work are:

e We present F.,P, an extension of System F, by inductive
and coinductive types, sizes and bounded size quantification,
pattern and copattern matching and lexicographic termination
measures.

In contrast to previous approaches on type-based termination,
we use well-founded induction on ordinals instead of conven-
tional induction that distinguishes between zero, successor and
limit ordinals. Disposing of this case distinction, we operate
within constructive foundations of mathematics (Taylor 1996).

Well-founded induction leads to a construction of inductive
types by inflationary iteration, which has been utilized to justify
cyclic proofs in the sequent calculus (Sprenger and Dam 2003).
We are the first to utilize inflationary iteration in a type system.

Well-founded induction alleviates the need for a semi-continuity
check for sized types of recursive functions (Hughes et al. 1996;
Abel 2008b) which sometimes disguises itself as a monotonic-
ity check (Barthe et al. 2004; Blanqui 2004; Barthe et al. 2008;
Sacchini 2013). Thus, we put type-based termination on leaner
and better understandable foundations.

e Since we construct infinite objects by copattern matching, stan-
dard rewriting becomes strongly normalizing even for corecur-
sive definitions, and productivity becomes an instance of ter-
mination. Thus, we add the last brick to a unified treatment of
recursion and corecursion that is central to type-based termina-
tion.

Our typing rules are formulated as a bidirectional type-checking
algorithm that can be implemented as such. A prototype, which
additionally features dependent types, is MiniAgda (Abel
2012).

We prove soundness of F;? by an untyped term model based
on Girard’s reducibility candidates. The proof exhibits semantic
counterparts of pattern and copattern typing and accounts for
incomplete and overlapping rewrite rules.
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2. Copatterns and Termination

Let us illustrate how to program with copatterns using a simple
example of generating a stream of zeros. A streams s over an
element type A is given by the two observations head and tail:
We can inspect the head of s by applying the projection s .head and
obtain an element of A. To obtain the tail of s, we use the projection
s .tail. We can then define the stream of zeros recursively by the
following two clauses:

zeros .head =0
zeros .tail = zeros

More generally, zeros can be coded as repeat 0 with

repeat a .head = a
repeat a .tail = repeat a

The left hand side of each clause is considering the definiendum,
here repeat, in a copattern, here - a .head and - a .head, resp. A
copattern consists of a hole, -, applied to a sequence of patterns
and/or projections. In this case, we have first a variable pattern, a,
and then a projection head/tail.

The definition of repeat is complete because the given copat-
terns are covering all possible cases (Abel et al. 2013). In this ar-
ticle, we investigate the termination of definitions by copatterns
if read as rewrite rules, regardless of their completeness. In sys-
tems without the copattern facility, repeat would be defined using
a stream constructor cons as follows:

repeat a = cons a (repeat a)

Read as rewrite rule, this equation leads immediately to non-
termination; this is why in the absence of copatterns one speaks
about productivity instead of termination (Coquand 1993). A defi-
nition is productive if it unfolds to an infinite stream in all cases—
which certainly holds for repeat a. In the presence of copatterns,
productivity is subsumed under plain termination.

Coming back to our copattern-based definition we see that
repeat a terminates in all contexts since it does not unfold by it-
self and consumes one projection in each unfolding. For example,
projecting the n 4 1st element (counting from 0) of repeat a, i. €.,
repeat a .tail®*! .head reduces in one step to repeat a .tail” .head
and after n more steps to repeat a .head.

There are many formalisms that ensure termination or produc-
tivity of recursive definitions. In this article, we adapt type-based
termination (Hughes et al. 1996; Barthe et al. 2004; Abel 2006)
to copatterns, i. e., we will present a type system that only accepts
terminating definitions. There are good reasons to integrate termi-
nation checking into the type system, the foremost one is compo-
sitionality. Good type systems are defined in a compositional way,
i.e., one can replace any expression with a different one of the same
type without destroying well-typedness, in particular, one can re-
place a complex expression by a variable, abstracting from the con-
crete behavior or the expression. In contrast, syntactic termination
checks often lack similarly powerful means of abstraction. For in-
stance, if we abstract the constructor

fa=consa
in the second, non-copattern definition of repeat, obtaining
repeat a = f a (repeat a),

then syntactic productivity checks such as constructor-counting
will fail unless they have access to the definition of f. Put f into a
different module you per-module termination checking will fail.
Type-based termination restores compositionality by giving
function f a refined type that not only expresses that it takes an
element an a stream and produces a stream, but also that the gen-
erated stream is extended by one element in the front. In this way,
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productivity of repeat is guaranteed by the typing of f, without
need to reveal its definition. One could say that type-based termi-
nation facilitates termination checking under assumptions.

2.1 Example: Fibonacci

Let us look at programming with copatterns and type-based ter-
mination for a more interesting example, the stream of Fibonacci
numbers. It can be elegantly implemented in terms of zipWith f s ¢
which pointwise applies the binary function f to the elements of
streams s and ¢.

zipWith f s ¢ .head = f (s.head) (¢ .head)
zipWith f st .tail = zipWith f (s .tail) (¢ .tail)

fib .head =0
fib .tail .head =1
fib .tail .tail = zipWith (4) fib (fib .tail)

The last equation states in terms of streams that the n + 2nd
element of the Fibonacci stream is the sum of the nth and the
n+1st. It looks like fib is a terminating definition since fib .tail .tail
only refers to fib and fib .tail, thus, one projection is removed in
each recursive call. However, termination of fib is also dependent
on good properties of zipWith. For instance, the following faulty
clause for zipWith would make fib .tail .tail .head loop:

zipWith f s ¢ .head = f (s .tail .head) (¢ .tail .head)

fib .tail .tail .head
= zipWith (+) fib (fib tail) .head
= (fib .tail .head) + (fib .tail .tail .head)
= (fib .tail .head) + (fib .tail .head) + (fib .tail .tail .head)

The problem is that the faulty zipWith adds again one tail pro-
jection that has been removed in going from the original call
fib .tail .tail to the recursive call fib .tail, thus, we are left with
the same number of projections, leading to an infinite call cycle.

What we learn from this counterexample is that in order to
reason about termination of stream expressions, we need to trade
the naive image of streams as infinite sequences for a notion of
streams that can safely be subjected to o many projections, where
a < w can be a natural number or (the smallest) infinity w. We
refer to such streams as sized streams, or streams having depth a.
Clearly, if a stream of depth « is required, we can safely supply
a stream of depth S > «, thus, sized streams are subject to
contravariant subtyping.

The original zipWith delivers, if called with input streams of
depth «, an output stream of the same depth. This allows us to
reason about the termination of fib as follows. We show that fib
is a stream of arbitrary depth « by induction on @ < w. Cases
a < 2 are easy. The interesting case is « = n + 2 when we take
two tail projections and then another n projections, thus, n + 2
projections in total. Then we may assume (by induction hypothesis)
that on the rhs taking up to n + 1 projections of fib is fine, thus,
fib and fib .tail behave well under another n projections—they
both can be assigned depth n using subtyping. Passing them to
zipWith (4) returns in turn a stream of the same depth n, hence
the lhs fib .tail .tail can be assigned depth n and, consequently, fib
depth n + 2, which was our goal.

The faulty zipWith, however, needs streams of depth n + 1
to deliver a stream of depth n. Since fib .tail can only safely be
assumed to have depth n, not depth n + 1, the termination proof
attempt fails, rightfully so.

In this model proof we assumed that taking a projection will
decrease the depth by exactly one. In the following, we will loosen
this assumption and let projections take us to any strictly smaller
depth.

Wellfounded Recursion

2.2 Type-based termination for copatterns

In this section, we present the key ideas behind FgP, our polymor-

phic core language for type-based termination checking of recur-
sive definitions involving inductive and coinductive types. We il-
lustrate how the integration of size expressions into the type system
captures and mechanizes the informal reasoning about termination
employed in the previous section.

Size quantification for inductive and coinductive types. Besides
quantification over types V A:x. B we have quantification over sizes
Vi<a. B. To unify these two forms of quantification we add to the
base kind * of types the base kinds <a denoting sets of ordinals
below a and conceive Vi<a. B as shorthand for Vi:(<a). B. Thus,
size expressions fall in the same syntactic class as type expres-
sions. We introduce a special ordinal oo, the closure ordinal for all
(co)inductive types we consider. As far as streams are concerned,
oo can be thought of as w. In general, valid size expressions are of
the form a ::= i + n | co + n where 7 is a size variable and n a
concrete number (we drop +0).

The type of streams of depth a over element type A will be
denoted by Stream® A, and we consider the following typing rules
for the projections:

s : Stream®A s : Stream®A
s.head : Vi<al. A s .tail : Vi<aT. Stream® A

These rules state that if you want to project a stream of depth
a, you will need to provide a witness that you are able to do so,
i.e., an ordinal i < a'. In case of tail, this witness serves also as
the depth of the projected stream. For instance, if s : Stream®*2 A,
then s .tail (i + 1) .headi : A. Bound normalization o', defined
by (i+n)" = i+ nand (co+n)' = oo + 1, allows us to
turn bounds ¢ > oo into co + 1 and project from the fixpoint
Stream® A without information loss. For s : Stream® A we have
s .tail oo : Stream™ A since oo < o' = oo + 1, reflecting that
the tail of a fully defined stream has infinite depth as well.

In practice, we often use the following derived rule which elim-
inates the universal quantifier and directly compares sizes.

1)

s : Stream® A <d s : Stream®A
_ a
s.headb: A s.tail b : Stream® A
More generally, following previous work (Abel et al. 2013), we
represent coinductive types as recursive records ¥R, with R =
{di : Fi;...;dn : F,} giving (sized) types to the projections
di..n as follows:

b<al

r:v'R
r.di : Vi<a'. Fp(V*R)

For instance, with Stream® A = v*{head : AX. A;tail : AX. X}
we obtain the typing of head and tail presented above (1). Consid-
ering R as a finite map from projections to type constructors, we
write Ry, for Fj.

Dually, inductive types are recursive variants .S with S = {c; :
Fi;...;¢n : Fy) and constructor typing

t:Ji<a’. Fp(u'S)
et S '

For instance, finite lists can be defined as follows: List'A =
p'{nil : AX.1; cons : AX.A x X). Integrating the quantifier
rules, we derive the following inferences for constructors and de-
structors:

5:8.(u”S)
cbs: paS

. .a
+ r:v'R +

b<a Tl RGBS
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Specifying termination measures. The polymorphically typed
version of zipWith officially looks as follows, where we write
Vi<a as abbreviation for Vi< (a + 1):

zipWith : Vi<oo. |[i| = VA VB:*. VC':x.
(A=-B—=C)— _
Stream®A — Stream®B — Stream*‘C

zipWithi A BC f st .head j = f (s .head j) (¢ .head j)
zipWithi ABC f st .tailj =zipWithj ABC f
(s .tail j) (¢ .tail j)

The first equation has type C' and the second one type Stream?C.
The kind of j is <7 due to the typing of head and tail, thus, zipWith
is well-defined (and terminating) by induction on its first argument,
the size argument. The associated termination measure is written
|i| and located after the size variable(s). A measure in general is
a tuple |a, b, c| of size expressions under the lexicographic order,
here it is just the unary tuple.” It is not officially part of the type;
it is rather an annotation that allows us to termination check the
clauses without having to infer a termination order.

High-level idea of size-based termination checking. When we
check a corecursive definition such as the second clause of zipWith
we start with traversing the the left hand side (lhs). We first intro-
duce assumption ¢<oco into the context and now hit the measure
annotation |7| in the type. At this point we introduce the assump-
tion zipWith : Vj<oo.|j|<|i| = VA:*.VB:*.VC:*. (A - B —
C) — Stream’ A — Stream? B — Stream? C' which will be used
to check the recursive call on the right hand side (rhs). It has a con-
straint |j| < |¢| which is checked before applying zipWith j to
A. Continued checking of the lhs introduces further assumptions
AB,C:x,f:A— B — C,s:Stream'A, t : Stream’B, and
j < i. Checking the rhs succeeds since the constraint |j| < |i| is
satisfied and s .tail j : Stream? A and ¢ .tail j : Stream’ B.

In the following, we abbreviate VA:x to just VA and Vi<oo
to just Vi. With all size and type-arguments, the definition of the
Fibonacci stream becomes:

fib : Vi. |i| = Stream’N

fib i .head j =0

fib 4 .tail j .head k =1

fib 4 .tail j .tail k= zipWith Kk NN N (4) (fibk) (fibj .tail k)

In the last line, the lhs introduces size variables ¢ and j < 7 and k& <
4 and an assumption fib : Vi'. |i'| < |i| = Stream® N and expects
a ths of type Stream”N. Since k < j < 4, both recursive calls
are valid, and the expressions fib k and fib j .tail £ both have type
Stream”N. With zipWith K NNN : Stream*N — Stream*N —
Stream”N, the rhs is well-typed, and fib is terminating.

2.3 Example: Stream processor

Ghani et al. (2009) describe programs for continuous stream func-
tions Stream A — Stream B in terms of a mixed coinductive-
inductive data type SP with two constructors get : (A — SP) —
SP and put : (B x SP) — SP. We use this example to illustrate
how our foundation supports size-based reasoning on such mixed
datatypes and lexicographic termination measures for mutually re-
cursive functions. A stream processor can either get an element
v : A from the input stream and enter a new state, depending on the
read value, or it can put an element w : B on the output stream and
enter a new state. To be productive, it can only read finitely many
values from the input stream before writing a value on the output
stream, thus, SP is actually a nesting of a least fixed-point into a
greatest one: SP = vX. uY. (A — Y) + (B x X). We express

2 The notation for termination measures is taken from Xi (2002)
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this nesting by the definition of two data types, an inductive variant
SP,, and a coinductive record type SP,..

SP,X = pu'(get:\Y.A—Y; put: \Y.Bx X)

SP;, = v'{out: AX.SP°X}
Inside the coinductive type, we use the inductive type SP,, at size
oo since we want to allow an arbitrary (finite) number of gets

between two puts. We get the following derived rules for typing
constructors and destructors:

f:A—SPLX
get’f : SPLX

+ w: B
put®(w, sp) : SPLX

sp: X
Ld b<a'

sp : SPy
d 1;0 5 b < a'
sp.outb: SP;° SP;
In the context of stream processors it is convenient to consider
streams as given by a single destructor force which returns head

and tail in a pair, thus, Str' A = z/i{force : AX. Ax X }. Dedicated
projections hd and tl can be defined by

hd @ Vi.Str't'A— A
hdis = fst(s.forcei)

tl Vi StritTA — Str' A
tlis = snd(s.forcei)

with fst and snd the obvious first and second projections from pairs.
Since Str> = Str°°™!, we obtain instances hd oo : Str°A — A
and tloo : Str° A — Str™ A.

Running a stream processor on an input stream produces an
output stream as follows (informally coded in a Haskell-like lan-
guage):

run (get f) (v,us) =

run (put(w, sp)) vs =

run (fv) vs
(w, run sp vs)

We represent this function via two mutually recursive functions,
one handling SP,, and one SP,:

run, : Vivj. |4, j + 1| = SP,(SPL) — Str°A — B x Str'B

run, i j (get’ f)
run, i j (put! (w,sp))vs = (w, run, ispvs)

vs = run, ij’ (f (hd oo ws)) (tl co vs)

run, : Vi.|i,0] = SP%, — Str°A — Str'B
run, i sp vs .force i’ = run, i’ oo (sp .outi’) vs

The recursive run, handles a sequence of gets terminated by put
and emits the head of a forced stream B x Str’B. The tail is pro-
duced by the corecursive run, which, upon forcing, calls run,
again. The termination is guaranteed by the lexicographic mea-
sures, which decrease in each recursive call:

run, —run, : i, + 1] > |i,5'+ 1|  since j > j’
run, —runy, : |i,5 + 1| > |, 0|
run, = run, : |7,0| > |i',;00 + 1| since i > 4’

Note that since we are not doing induction on SP?, but coinduction
into Str’, we could use SP;° instead of SP}, in the types of run,
and run,. However, the given types are more precise: instead of
a stream processor of infinite depth, they only require a stream
processor of depth ¢ to produce a stream of depth .

2.4 Example: breadth-first labelled infinite trees

Jones and Gibbons (1993) present tree labeling as a cyclic program.
We will now describe a modified version for infinite trees and apply
type-based termination to it. Figure 1 explains the core idea of
this algorithm. Given a stream vs; = consv; vs2 of labels, we
construct an infinite tree with root v; (at level 1) and use wvs2 to
construct the left and right subtree (both at level 2). To provide
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Input streams Output streams

vsl vl Level 1 || vs2

vs2 v2 v3 Level 2 vs3

vs3 v4 V5 v6 v7 3chcl3 vsd

Figure 1. Breadth-first labeled infinite tree

labels for all levels, a stream of streams vs1, vs2, vss, . .. isused as
input and a stream of streams of the remaining labels vsa, vss, . ..
is output. In a Haskell-like language, we would code this as follows:

bfs (cons (consv vs) vss) = (nodewlr, conswvs vss”)
where (I,vss’) = bfsuss
(ryvss”) = bfswvss’

The stream wvss of streams is created from a single label stream vs
by tying the knot:

bf vs =t where (¢, vss) = bfs (cons vs vss)

Is this cyclic program productive, or will the creation of tree t get
stuck in an infinite loop? Danielsson has shown productivity by
coding an interpreter for stream expressions in Agda (Danielsson
2010); we shall succeed by appropriate size assignment. At this
point, it is worth mentioning that bfs does not fall into the usual
scheme of a corecursive definition such as supported by the Coq
proof assistant (INRIA 2012), since its target is not a coinductive
type, but a tuple type. Our approach, however, breaks out of this
restriction since it unifies recursion and corecursion under measure-
based termination on ordinals (sizes and depths).

Fixing a type V of labels, we define a coinductive type of
infinite binary trees, a type of streams of streams, and a type of
results of function bfs.

Ss! - = Stream’(Stream™V)
Tree! = ' {label : AX.V;left : AX.X;right : AX. X}
Result’ = v*°{tree : AX.Tree';rest : AX.SS'}.

Since Result is not recursive (X is not used), Result is just a lazy
product of Tree® and SS*. We need a record here instead of a tuple
because we want to define bfs by copattern matching, the copatterns
being .tree co and .rest co.

In the following definition of bfs, each of the five components
v, 1,7, vs, and vss” of its result (node v r, cons s vss") is given
by one equation:

bfs : Vi. |i| = SS* — Result’

bfs i ss .tree co .label j = v

bfs i ss .tree co .left j = p1 .tree co
bfs i ss .tree 0o .right j = p2 .tree co
bfs i ss .rest co .head j = wvs

bfs i ss .rest oo .tail j = p2 .rest co

where v : V = ss .head j .head co
vs : Stream®™V = ss .head j .tail o
vss : SS7 = ss .tail j
p1 o Result/ = bfs j vss
p2 : Result! = bfs j (p1 .rest co)

For the sake of readability, and to make the connection to the orig-
inal program obvious, we have taken the liberty to name and type
the intermediate results v, vs, vss (decomposition of ss) and p1,
and p» (the pairs created by the recursive calls). Well-definedness
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of bfs is apparent since recursive calls are restricted to depth j < 4.
For well-typedness it is crucial that the SS of input and output and
the output Tree are all considered at the same depth i.

The final step is tying the knot, (¢, vss) = bfs (cons vs vss).
We define the pair (¢, vss) by recursion, informally by bfp vs =
bf (cons vs (bfp vs .rest)). How to assign sizes?

bfp : Vi. |i| = Stream™V — Result’
bfp i vs = bf i (cons vs (bfp ? vs .rest co))

For the recursive call, we need a depth ? smaller than ¢, but we only
get one by pattern matching if we analyse the result further:

bfp : Vi. |i| = Stream™V — Result’

bfp ¢ vs .tree oo .label j = p .tree oo .label j

bfp i vs .tree 0o .left j = p .tree oo .left j

bfp i vs .tree oo .right j = p .tree co .right j

bfp ¢ vs .rest co .head j = p .rest oo .head j

bfp i vs .rest oo .tail j = p .rest co .tail j

where p : Result/*!
p = bf (j+ 1) (cons vs (bfp j vs .rest 00))

hSEuSERSER SRS

This works, but is a lot of boilerplate code. In previously studied
type systems for productivity (Pareto 2000; Abel 2006) one as-
sumes size ¢ + 1 on the lhs, which in our notation would simply
become

bfp : Vi. Stream™V — Result’
bfp (i + 1) vs = bf (i + 1) (cons vs (bfp i vs .rest 00)).

Our present system disallows such matching on sizes, which has
some consistency issues (Abel 2010, Sec. 5.2) and also requires the
result type to be upper semi-continuous in ¢ (which it is in this case)
(Hughes et al. 1996; Abel 2008b). However, we can first code a
fixpoint combinator for Result and then use it to define bfp, hiding
the unpleasant boilerplate.

fixR : Vi. |i| = (V4. Result’ — Result’™!) — Result’
fixR ¢ f .tree 0o .label j = 7 .tree oo .label j
fixR i f .tree oo .left j = r .tree co .left j
fixR ¢ f .tree 0o .right j = 7 .tree oo .right j
fixR i f .rest oo .head j .rest oo .head j
fixR i f .rest co .tail j .rest oo .tail j
where 7 : Result/T!

r = fj(fixRjf)

bfp . Vi. Stream®>V — Result’
bfp ¢ vs = fixRi f
where f jr = bfs (j+ 1) (cons vs (r .rest 00)).

S5 %3

Digression. For which types A’ can we define a fixpoint combi-
nator of type Vi. (V4. A7 — A’T!) — A"? We conjecture those
are at least the admissible types of Pareto (2000) and Abel (2008b).
While in these works admissible types are determined by inference
rules derived from by semantic criteria, in our present types system
we can “prove”” admissibility by programming the fixed-point prin-
ciple ourselves! This gives greater flexibility (and we could employ
generic programming to derive fixpoint combinators in the standard
cases).

3. Syntax

In this section, we formally define F¢;®, our higher-order polymor-
phic lambda-calculus with sized inductive and coinductive types,
polarized higher-order subtyping, and definitions by pattern and
copattern matching. As in previous work (Abel 2006) we choose
System F, rather than System F as basis since the notion of a fype
constructor is required (at least, semantically) if one wants to talk
its fixed-points, i. e., about (co)inductive types.
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SizeVar 34,5

SizeExp > a,b =i+n|oo+n (n>0)
SizeExpt 3 at b i=a|n

Measure > m w=-lat,m

Pol >7 =o|4+|—-|T

SizeCxt > U w= | Uem(<a)

Figure 2. Sizes and measures.

3.1 Sizes

Fig. 2 gives a grammar for sizes, measures, and size contexts. A
size expression a consists of a base, which is either a size variable
1 or 0o, and an offset, a natural number n.

az=i+n|oo+n

We omit the offset when 0. Each size variable ¢ comes with a bound
1 < a, which is recorded in a size context

U= | U, n(<a).

A size context is considered as finite map from size variables ¢ to
their polarity m (see below) and their kind <a. We write <a for
<(a + 1) and size for <co. Extended size expressions a™ allow as
a third base, n, i.e. just a natural number. Measures m are tuples of
extended size expressions. There are a number of trivial judgements
concerning well-formedness and partial ordering of (extended) size
expressions and measures (see Table 1). These judgements may use
the bounds stored in size context ¥ and are all defined as expected;
their inference rules can be found in Fig. 12.

¥ Fa size a is well-formed

Uhka<b strict size comparison

UkEa<lb size comparison

U ba™ extended size a™ is well-formed

U - a™ <b™  strict comparison

U a™ <b"  comparison

Uhk,m measure m is a well-formed n-tuple

U kFm<m strict lexicographic measure comparison
UkFm<m lexicographic measure comparison

v -3 U’ is consistent for each valuation of ¥

Table 1. Size-related judgements.

In constraint-based systems, strong normalization is usually lost
in inconsistent contexts.” While our size contexts U are always
consistent, i.e., enjoy a valuation 7 of the declared size variables
(by natural numbers even), we need sometimes a stronger property
that a size context extension ¥’ is consistent with a fixed valuation
n of U, i.e., U’ must be consistent even when we apply 7 to its
declared bounds. For instance, :<oo, j<¢ is consistent, but j <7 is
not a consistent extension of ¢<oo under valuation 7(i) = 0. We

write | ¥ = 33U’ | if U’ consistently extends ¥ in this sense. This

judgement is inspired by Blanqui and Riba (2006).

Proposition ¥ = 30’ can be tested by computing a minimal
valuation 7 of ¥ and then checking whether ¥’ has a (minimal)
valuation under 7. In the following, let 1 be a finite map from
size variables to natural numbers. Then 7n(a) is an extended size
expression. We say n = W if (i) < n(a) forall (i < a) € .

3 For instance, in extensional type theory, X : Type, p : X = (X —
X) F (Az:X. zx)(Az:X.zx) : X). The blame is on the false equality
assumption X = X — X which is used for type conversion.

Wellfounded Recursion

A minimal valuation val, () for ¥ above 7 can be defined as
follows:

valy () =n
val,(¥,5 < a) = val, (¥)

otherwise, if n(j) £ n(a) :
valn(\ll,j <1+ TL) = valn[iHn(j)_n+1](\If) ift € dom(\I/)
val, (¥, j < ¢ + n) = undefined if i & dom(¥)

Note that if n° = val, (V) is defined, then ' > 7 (pointwise),
and n’ = . If val,(¥) is undefined and ’ > 7 then n’ (= V.
In particular, if n(¢) = 0 for all ¢ € dom(¥) and val, () is
undefined, then U is inconsistent. To check ¥ + 33U’ we let
7o(¢) = 0 the null-valuation and n = valy, (¥). Then we check
whether val,, (¥') is defined.

if n(j) < n(a)

SKind 3. s=k|o|e—1
Kind 3k n= x| <a|wk =K
TyCxt 3> A u= A Xk
Cxt 5T = | ,z:A, A
TyVar > X,Y,Z,i,j
TyAtom 5 K =a|X|1| X |—=|Ve]3n
Type >SF,G,AB,C 2= K|XXuw.F|FG
| p*S|v*R
Var >2,Y,2
Cons >c¢
Proj >d
Variant 2 S = (c1:F1;...5cnFp) n>0
Record > R = {di:F1;...;dn:Fn} mn>0
MType >A,'B = VYWoom= A
CType >'4,’B n= V.= A
Cond ¢ = m<m’

Figure 3. Kinds and type constructors.

3.2 Kinds and type constructors

The type constructors of F., are assigned kinds ¢ ::= x | ¢t — ¢/,
with base kind * classifying all proper types and function kinds
¢ — ' the (higher-order) type operators. We add a second base
kind ¢ ::= - - | o that classifies size expressions, which we locate
at the type level, since they are computationally irrelevant and can
be erased during compilation, just as the types are.

These simple kinds ¢ form with the type constructor a simply-
“typed” type-level lambda calculus. We refine these kinds into FZP-
kinds

Ku=x*|<a|r >k

where <a refines o into the kind of size expressions b < a. The
polarized function kind k = &', also written 7k — &, allows us to
express that the classified type constructor is co-variant (7 = +),
contravariant (m = —), constant (w = T) or mixed-variant or of
unknown variance (m = o). The polarities 7 are partially ordered
o < +, — < T according to their information content. This and the
order on size expressions induce a subkinding relation ¥ I x < &’
on kinds of the same structure || = |«’|. Here, when comparing
two o-kinds (<a) < (<b), we resort to size comparison a < b.
The default variance is o (no information) and we may omit it,
writing simply x — &’ or ¥, i:(<a), which is further abbreviated
by ¥, i<a.

Kinding contexts A ::= - | A, X:7k, which provide scoping
and kinding information for type constructors, generalize size con-
texts from bounds (<a) to arbitrary kinds x. We may use a A where
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a WU is formally required, silently erasing all non-size variables from
A. More generally, context restriction A | X of context A to a set
of variables X deletes the bindings for all Y ¢ X from A.

Uk kind & is well-formed in W

¥ k<K' kisasubkind of x’

AFA kinding context A’ is well-formed in A
A F 3N A\’ is consistent for each valuation of A

Table 2. Kind-related judgements.

The judgement A - JA’ (see Table 2) states that A’ is consis-
tent for each valuation of A. Only the size declarations matter here,
so it is a straightforward extension of ¥ - 3¥’,

Figure 3 contains a grammar for the type constructors of FgP.
Its core is a simply-kinded lambda-calculus X | AX:w. F | FG
with constants 1, x, —, V,;, and 3, to form unit, product, function,
universal, and existential types. Size expressions a are considered
type constructors so that sizes can be abstracted over and applied.
We use the following short-hands:

AXF for AX:u. F
Ax B for (x)AB
A— B for (—)AB

VX:k. A for V.(AX:|k|.A) universal type
3X:k. A for F.(AX:|k|.A) existential type

Vi<a.A for V., (Xi:o.A) bounded universal
Ji<a. A for 3J.4 (Mico. A) bounded existential

Vi. A for Vissize. A
Jdi. A for Vi:ssize. A

if ¢ inferable
product type
function type

“unbounded” universal
“unbounded” existential.

We also write VA. A for the universal abstraction of all type vari-
ables of A in type A.

The simple kind annotation ¢ in AX:¢. F' allows us to infer a
unique kind for closed type constructors. The simple kind of an
open type constructor depends only on the simple kinds of its free
type variables. This property simplifies the interpretation [F] of
type constructors as set-theoretic functions on semantic types we
will give later.

For the purpose of type checking, we are only interested in [3-
normal type constructors. We write ' @Q* G for the normalizing
application of F to an argument G of simple kind ¢. We may write
@" instead of @!*!_ or even just @.

Sized inductive ;S and coinductive types v“R are given in
terms of variant rows S and record rows R. A variant row S =
(c1:F1;. .. 5¢n:Fy) is a finite map from variant labels c;, called
constructors, to type constructors S., = Fj. Dually, a record row
R maps record labels d, called destructors or projections, to type
constructors Rg4. Instead of presenting, for instance, streams as
v*X.{head : A; tail : X}, we move the abstraction over X into
the record row as v“{head : AX.A; tail : AX.X}, in order to
formulate the typing rules more conveniently.

Finally, we have constrained types V¥. m<m’ = A that allow
its inhabitants to be used only if the condition m < m’ is fulfilled.
We use them to restrict recursive calls to situations where the
termination measure has decreased. Recursive function definitions
come with measured types A ::= VA. m = A. These are not
proper types but rather blueprints for constrained types. The idea
is that kinding context A declares some size variables that are
used in measure m (and type A). When we analyze the body
of a recursive function of measure type ‘A and the variables of
A are in scope (thus, the measure m is well-formed), we make
acopy ‘B = VA'.m’ = A’ of A by renaming the variables
of A to A’. Then, by measure replacement 'B<™ we create the

Wellfounded Recursion

constrained type VA’. m’<m = A’ which is used to type the
recursive occurrences of the function in its body.

AFA type A is well-formed

AFF =k F has kind k (inference)
AFF&k F has kind x (checking)
AT typing context I" is well-formed
AFA<SA A is subtype of A’

AFF<LTF =k
AFF<TF &k

F is higher-ord. subtype of F’ (k inferred)
F is higher-ord. subtype of F” (x given)

Table 3. Type-related judgements.

Table 3 lists judgements for well-kindedness and partial order-
ing of types and type constructors. The judgements for types A only
invoke the judgments for type constructors F' in checking mode at
base kind (&= *). The judgements for constructors are bidirectional
with inference mode that computes the kind « and checking mode
that starts with a given x. Bidirectional checking is complete since
we are only interested in normal type constructors.

The rules for these judgements are given in figures 13 and
14 . A thorough discussion of polarized higher-order subtyp-
ing, i.e., subtyping for type constructors that take variance into
account, is available in Abel (2008a) and Steffen (1998), we
just recapitulate the basic principle here: A constructor F' with
Ximik1, ..., Xnimnkn B F £ K is interpreted as an operator

AX1. . AXn F i k1 3k Bk

with variance given as noted in its kinding context. This induces
the kinding rules, for instance X:—x*, Y:4+* = X — Y : xis valid
since function space is contravariant in its domain and covariant in
its codomain. In particular, the hypothesis rule X:7x - X : kis
only validif 7 < +,1i.e., m = o which just states that \X. X : kK —
k is a well-formed operator, or 7 = + which additionally states

that AX.X is monotone. Using the hypothesis rule on 7 = — or
7 = T is invalid since AX.X is neither an antitone nor a constant
operator.

Given a partial order G < ', its w-parameterized version
G <™ G’ can be defined as follows:

G<ta@ = @<

G<™G@ = G@'<a@

G<L° G = G<L<GadG <G
G<TG@ = true

m-variance of a constructor F' = wk — k' means that F G <
FG' = k whenever G <™ G’ & k. (The reader is advised
to play through the four cases for 7 in his mind.) Theoretically,
the m-parameterized versions A + F <™ F’... of higher-
order subtyping could be defined from a non-parameterized version
A F F < F'...,but to avoid the potential exponential blowup
due to duplication of work in case of <°, the w-parameterized
versions are primitive.

3.3 Terms and (co)patterns

Figure 4 presents the abstract syntax of F(;® rerms t, which are cat-
egorized into introductions v, applicative terms u, and anonymous
objects AD. Introductions (), (t1, t2), (ct) and ¢t construct tuples
and inductive and existential types. Applicative terms x, f, and r e
are identifiers and generalized applications of a term 7 to an elimi-
nation e, which can be a term s for function elimination, a type G
for instantiation of a polymorphic function, or a destructor .d for
projection from a coinductive type.

For each introduction form v we have the corresponding form
of pattern p, and for each elimination form e there is a copattern q.
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Exp ors,tu=ulv| AD term

Intro v a=() | (t1,t2) | ct | Ct introduction
App Su s=z| f|re applicative
Fun 3 f)g function name
Elim >e w=t|G|.d elimination
Pat 3p =z |() [ (p1,p2) | cp|p pattern
TyPat3Q =X |oo type pattern
Copat > ¢ w=p|Q|.d copattern
PatSp > q =4 pattern spine
DCl 5D :=={q—t} def. clause
Def >D u= {D1;...;Dn} def. clauses

Figure 4. Terms, (co)patterns, and clauses.

Application copatterns are just patterns p to match the argument,
type application copatterns @) are either type variables X or the
special size pattern oo, which matches anything, and projection
copatterns are simply destructors d that match the same destructor
in an elimination. A sequence of ¢ of copatterns is called a pattern
spine q, in correspondence to an elimination spine €.

Generalized lambda abstraction AD introduces an object whose
behavior is given by the clauses D, each of which consists of a lhs, a
(possibly empty) copattern sequence ¢, and a rhs, a term ¢. Objects
subsume both record and A expressions of traditional functional
languages. Here are a few simple examples:

Mz =t} ordinary A-abstraction Azt
MX =t} type abstraction AX¢
M(z,y) — z} first projection from pair

MEzy -y X}

MAzy.headoo — x
;Azy .tail oo =y}

M= s =t}

elimination of existential

cons for Stream™ A
non-deterministic choice s @ t

The meaning, given by the operational semantics, is that when-
ever AD is applied to a sequence of eliminations € that match the
copatterns ¢ of a clause with rhs ¢ under a substitution o and a
type substitution 7, then ()\5) € reduces to toT, the rhs instanti-
ated by the substitutions computed from pattern matching. Using

€/ @\, o; T |for pattern matching, the basic rule for contraction

t — t’ |becomes:

€/ar \o;T

Mg—ttee — tyore’

As usual, t is called a redex and t' its reduct if t — t’. We allow
overlapping lhss, a spine € may match different pattern spines q,
resulting in different contractions of the same redex. Also, if no lhs
in the clauses D matches €, the expression A\D €is stuck. While a
coverage checker as described in previous work (Abel et al. 2013)
could exclude overlapping and incomplete clauses in well-typed
programs, we do not require coverage in this paper and confine
ourselves to show strong normalization, i. e., the absence of infinite
reduction sequences.

Not all stuck terms are pathological; since we are matching the
whole pattern spine in one go, partially applied functions such as
May — t}s are stuck, but can become unstuck if more arguments
are supplied. The existence of partially applied functions will re-
quire careful treatment in the normalization proof, because non-
contractibility of a non-introduction term is not preserved under
application (as would be in the case of A-calculus).

Wellfounded Recursion

Decl 6 u=f:A=D declaration

MDecl 5’6 :=f:’A=D declaration with measure
Block > 8 ::= mutual,, 5 mutual block

Prg >P:u= ﬁ; U program

Sig 5% u=4 signature

Figure 5. Declarations, blocks, and programs.

3.4 Declarations and programs

An F% program consists of a sequence 3 of mutual blocks and
an applicative term u, the entry point (this could be the name
of the main function or a call to the main function with some
initial arguments). Each mutual block mutual,,’d is a sequence ‘6
of mutually recursive declarations with a lexicographic termination
measure of length m. Each declaration f : ‘A = D assigns to a
function symbol f its measured type ‘A and its clauses D. Measures
serve their purpose during checking of the mutual block and are
discarded afterwards. Erasure of measure |'§| yields a (unmeasured)
declaration f : A = D, after checking a mutual block and erasing
the measures, the individual declarations of the block become part
of the signature 3 which is used for type-checking and evaluation
of the remainder of the program. An applied function f € reduces
if one of its clauses does:

(AD)é st
fe—t

The one-step reduction relation is the compatible closure

of the contraction relation t — t', i.e.,t — t’ if ¢’ is the result of
contracting exactly one redex in (an arbitrary subterm of) ¢. Strong
normalization of reduction will be shown to hold for well-typed
programs.

(f:A=D)ex

AT REr=C Infer type C' for term r

AT HEteEC Term ¢ checks against type C'
ATEFD&E A Clause D checks against type A
ATHFD&= A Clauses D check against type A

AT FagpE A
AT |AFa,gq=C

Pattern p checks against type A
Pattern spine q eliminates A into C'

Table 4. Type checking.

3.5 Type checking

Table 4 lists the judgements involved in type checking FP pro-
grams. Type-checking terms is bidirectional and a straightforward
adaption of Abel et al. (2013) to polymorphism, bounded quan-
tification, and constraints. The rules are given in Figure 6, and we
briefly explain them.

Inference | A;T" 7 = C'|. A function symbol f’s type 3(f)

is looked up in the signature, and a variable z’s type I'(z) in
the typing context. If I'(x) is a constrained type V. ¢ = A,
the variable  must be immediately applied to size arguments @
satisfying both ¥ and the condition c; after all, a constrained type
is, for consistency reasons, not a proper type for an expression. An
application r s of a function r of inferred type A — B has type
B if the argument s checks against type A. Instantiation r G of a
polymorphic term r of inferred type V.. F' has type FF Q" G if G
has kind . In particular, r could be of type Vi<a. A, then G must
be a size expression < a to succeed. If r is of coinductive type
v R, then r.d has type Vj<a'.Ry (7 R), see Section 2.3.
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A;T Fr = C| Expression typing (inference mode). In: A, ", r with A = T". Out: C' with A - C

(z:A) €T (x:V¥.c=>A) el Arasv 71=a/% At
AT =32 ATFer=A AT Fxad= At
ATHr=A— B AT EseE A AT HFr=v*R AT Fr= Vo F AFGeEk
ATFrs=B A;T Frd=Vji<a® Rq (VW R) AT HrG=F Qs G
Switching.
AFA ATHEtE A AT Hr= A AFALZC
ATH(:A)=A AT EreC

A; T Ft & C | Expression typing (checking mode). In: A;T', ¢, C with A FTI"and A F C. (Out: success/failure.)

ATHFt &= A AT Ht &= A AT Ft e 3j<al. Se (1?S)
ATH(O)EL AT F (t1,t2) &= A1 X Az AT Fet &= pesS
AFGer ATHt=FQ° G ATFDe= A
AT FGt =3, F AT FAD &= A

AT +D = Aland|A;T + D & A |definition typing. In: A, T, A, D or D with A T and ' - A. (Out: success/failure.)

AT |Abad=C A F3A

AN T, Fte=C

AT+ Dy, &= Aforall k

AT F{GotieA

ATFDe= A

Figure 6. Type checking rules.

A;T Fa, p = A| Pattern typing (linear). In: Ao, p, A with Ag + A. Out: A, T with Ao, A;T Fp &= A,

ATy Fagpr £ A

A2;To Fag p2 & A2

s AFa,z = A soba, 01

AT Fa, p=3j<a’. S, (47 9)

AT Fag,xiwp= FQY X

A1, A2;T1, T2 Fay (p1,p2) = A1 X A

AT F F@
L TAPE B0 e\ FF e size B x

AT Fay cp = peS

Xk, ;T Fay, Xp = 3 F

A; r l_AO ©p &= Fsize F’

] AT AFa, 7= c\ Pattern spine typing. In: Ao, A, §with Ao F A. Out: A, T, C with Ao, A; T - Cand Ao, A;T, 2:A F 24 = C.

AT Fa,pes A

AQ;FQ‘B }_AO (T:;C

A;T | Vj<a'.Ri (W R) Fa, §= C

G [AFa, = A

A;F | FQ* X l_Ao,XCR (jj C

Al,AQ;F1,F2|A—)B }_AO pg=C

AT |[F@oo ko, §=C

AT [v°R Fa, dG=C

if Ag F F & size — x

Xk, AT |VoF Fa, XG= C

AT | Vsige F' Fay 0@ = C

Figure 7. Pattern Typing.

There are two rules to switch direction. Checking r against type
C succeeds if 7’s type is inferred as A and A is a subtype of C.
Also, we can add type ascription (t : A) to the term language; then
inference of (¢ : A) succeeds and yields A if A is a well-formed
type and ¢ checks against A. While type ascription is needed to
bidirectionally type check redexes or stuck terms, it is dispensable
if one confines to checking normal terms (in the sense that no elim-
ination is applied to a A in the source program). We will consider
type ascriptions be removed before execution of the program, so
they do not pop up in the operational and denotational semantics.

Checking | A;T' ¢ &= C'|. Introductions and As are checked

against a given type. Checking a pair ©t of a type expression G
and a term ¢ against an existential type 35 F' succeeds if G has kind
 and ¢ is of the correct instance F' @™ (. Checking a constructor
term ct against an inductive type u®S succeeds if ¢ checks against

Wellfounded Recursion

35 < a'. S. (17 S). This means that ¢ should be essentially a pair
bt of a size b < a' and t’ be a correct argument to constructor c,
i.e., having variant S, instantiated to u?S. If a > oo, by bound
normalization b = oo is a valid size index, which implies that in a
value v in the fixpoint 1> S all size witnesses can uniformly be co.
To check AD we check all clauses Dy..

Clause checking ’ ATH{g—=tte=A ‘ We first check that

pattern spine q eliminates indeed type A. As a result, we obtain
a kinding context A’ which binds the type variables X contained
in q and a typing context I’ which binds the pattern variables x
contained in q’s patterns, and a remaining type C of lhs and rhs.
We now need to make sure that A + JA’ such that any valuation
of A can be extended to a valuation of A’. Complementing the
original contexts A; I" by the pattern contexts A’; I we check the
rhs ¢ against C..
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Pattern spine checking ’ AT | A bFay @= C | We eliminate

type A which is well-formed in Ag. If there are no copatterns in ¢,
thus, the clause has an empty lhs, we simply return A which must
be the type of the rhs. If we encounter an application pattern p,
the eliminated type must be a function type A — B. We check p
against A and obtain pattern contexts Aq; I'1. We continue to check
the remaining copatterns, obtaining more pattern contexts Ag; 'z
and a result type C', which we return together with the concatenated
pattern contexts. Concatenation, and thus, pattern spine checking
fails if the contexts do not have disjoint domains. A common
variable would mean a non-linear lhs, which we exclude.

If we encounter a projection pattern .d, the eliminated type
must be a coinductive type v R. Taking projection .d yields type
vi<al. R4(v? R), thus, we continue to eliminate this type. It could
be eliminated by an co-pattern if @ was > oo, hence o' = co + 1.
In this case, we must additionally ensure that the coinductive type
actually reached its fixed-point at co. This is the case if Rq (17 R)
is antitone in j (we shall prove this in Section 4). In general, when
eliminating V<, I by an co-pattern, we can continue with F* @Q oo

if F' is antitone, i.e., has kind size — x. The general form of
eliminating a universal type V. F' is by a type variable pattern X,
in this case we record X :x in the type variable pattern context and
continue eliminating F' Q" X.

Pattern typing’ AT FagpEE A ‘ This judgement checks pat-

tern p against type A which is valid in kinding context Ag, and re-
turns pattern contexts A; I". Pattern = succeeds against any type, re-
turning singleton context 2:: A. The empty tuple () succeeds against
the unit type 1, binding no variables. The pair pattern (p1,p2)
succeeds against the product type A1 X A if each component
pi checks against its type A;. The resulting pattern contexts are
concatenated, checking for disjointness. A constructor pattern ¢ p
checks against an inductive type p®S if p checks against 35 <
a’. S, (4 S). This can succeed if p = *°p’ and S. (147 S) is mono-
tone in j, meaning that °°S was indeed the fixed-point, and we
continue checking p’ against S, (#*°S). Or, p = 7p’, then we add
size variable j<a to the pattern context and continue checking o’
against S. (7.S). The last two cases were instances of checking
against the general existential type 3, F'.

In the next section, we will validate all the typing rules by
exhibiting a semantics of strongly normalizing terms based on
Girard’s reducibility candidates (Girard et al. 1989).

4. Semantics

In this section we show strong normalization of FP by a term
model. Types are interpreted as reducibility candidates a la Girard
adapted to our needs. Our semantic constructions rely only on the
terms and the operational semantics of FZP, not to the types, kinds,
or inference rules. Based on the operational semantics, semantic
types and kinds are constructed that interpret the syntactic types,
yet syntactic types are never used for semantic constructions.” We
consider this conceptual hygiene important from a philosophic per-
spective: we use types just as a vehicle to assign properties to our
programs; clearly, they have no run-time significance. While in the
end we succeeded to keep syntactic types out of the semantic con-
structions, it was hard to get the semantic counterpart (Lemma 30)
of pattern spine typing (Figure 7) right.

One clarification: Since Fg® has Church-style polymorphism
with explicit type abstraction and application, we can of course
not talk about terms and operational semantics without mention-
ing syntactic types. However, we never refer to the structure of
syntactic types, they remain abstract, and we could remove ev-

4 Humbly following the masters (Vouillon and Melligs 2004).
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erything but type variables from our type language without alter-
ing the construction of semantic types and semantic typing “judge-
ments”. In particular, in the construction of the semantic universal
type Vi F = {r € SN | rG € F(G) forall G € Type,G € K}
there is no connection between the syntactic type constructor G and
the semantic type constructor G (of semantic kind K). Type appli-
cations serve only to make type-checking decidable, they do not
play any role in evaluation.

Preliminaries. We use partially applied relations to denote sets.
For instance, we write (¢ —> _) or simply t— for the set
{t' | t — t'} of reducts of t. Similarly, <ao = {8 | 8 < a}.
The identity substitution is denoted by oig.

Let t C ' be the compatible closure of b = co.

Lemma 1 (Soundness and completeness of matching). s / p N\,
;0 iff s C pro.

Strong normalization. Classically, a term ¢ is strongly normaliz-
ing if it admits no infinite reduction sequences t — t1 — t2
starting with ¢. Inductively, we define ¢ € SN if all of its reducts
are already in SN:
(t — ) €SN
t € SN

Naturally, if ¢ € SN then all its reducts and subterms are also
strongly normalizing.

We extend the notion SN to other syntactic categories: An
elimination e is strongly normalizing, e € SN, if it either is not
a term (but a type G or a projection .d), or if it is a strongly
normalizing term. A definition clause D = {¢ — t} is strongly
normalizing if ¢ € SN.

Simulation. Our typing rules (see Figure 0) state that a definition
AD : Aor(f : A= D) is well-typed if each of the clauses
Dy, is of type A, individually. In the absence of a coverage check,
there is no concept of “the clauses make sense fogether”. We would
like to see this independence of clauses reflected in our semantics.
In particular, we would like to have compositionality, i. e., if each
clause of a definition is semantically meaningful (in particular,
does not lead to non-termination), then the clauses are meaningful
together. Our type-checker for functions works exactly like that:
each clause is checked individually, using the termination measure,
an interaction between clauses need not be taken into acc_qunt.5
One idea is to say that a defined function f : A = D reduces
non-deterministically to one of its clauses Dy, however, this imme-
diately destroys strong normalization, because D} might mention
f. We need to defer unfolding of f until the pattern of one of its
clauses matches. Thus, instead we say that f € reduces if (A\D)é&
reduces; f is simulated by its clauses D. In general, a term 7 is

simulated by terms 7, written , iff each of its contractions
under some eliminations is accounted for by one of the terms 7,
formally

VEt. ré—t — k. rp € t.
Closing reducibility candidates by simulation is one of the new
ideas of our proof.
Lemma 2 (Simulation).
1. M{D1;...;Dn} > AD1, ..., ADy.
2.If(f : A= D) € S then f > AD.

3. Ifr>riy,...,rnthenre>rie,...,rpe.

3 In general, normalization of rewriting is of course not compositional. E. g.,
the rule f true — ffalse by itself terminates, but adding f false —
f true destroys normalization.
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Proof.
1. Assume (AD)€ — t. By inversion, (ADy,)é — t for some k.

2. Assume f € +— t. By inversion ()\D‘)é'w t.

3. We have to show Ve, t. reé¢ — t =— Jk.rpeé — t.
This holds directly by assumption r > 7 with elimination vector
e,e. O

4.1 Semantic Types

In order to show strong normalization we model types as set of
strongly normalizing terms, more precisely, as reducibility candi-
dates a la Girard. We choose reducibility candidates over Tait’s sat-
urated sets, since they allow us to show strong normalization in the
absence of standardization and confluence. As a consequence, we
can model definitions with incomplete and overlapping patterns.

A set of terms A is a reducibility candidate (Girard et al. 1989),
written A € CR, if the following conditions hold.

CR1 A C SN: “each term in A is strongly normalizing”.
CR2 ift € Athen (t — _) C A: “A s closed under reduction”.

CR3ift € Neand (t — _) C Athent € A: “A contains a
neutral already if all its redexes are in A”.

CR4 ift € Introand (t — ) C Aandti>1 € Athent € A:
“A is closed under simulation”.

CR4 is new, it allows us to show that multi-clause objects AD and
function symbols f inhabit a semantic type (candidate).

Lemma 3 (Multi-clause objects).

1. IfAD1,...,ADy, € Athen \D € A.
2.If(f: A=D) € Sand A\D € A, then f € A.

Proof.

1. We show AD € A by inductionon D € SN. Since A{E}DE,
we may use CR4. It remains to show that AD — ¢ implies t €
ATEAD — t, then ADy — t for some k, and since A\Dy € A
we infer ¢ € A by CR2. Otherwise the reduction takes place
in some body and we have ¢ = AD" with D —s D'. Since

AD' > AD’, we conclude by induction hypothesis.

2. Directly by CR4, since f > AD by Lemma 2 and all reducts of
f are reducts of AD. O

In CR3, Ne is a suitable set of so-called neutral terms. These
are “good”, i. e., inhabit a candidate, as soon as all their redexes are
good. For Girard’s technique to work, neutral terms need to include
redexes such as (Az.t) s and variables z, and need to be closed
under application, i. e., r neutral implies r s neutral. In case of pure
lambda calculus, any term which is not a lambda-abstraction can
be considered neutral.

In our setting of matching the whole pattern spine ¢ against
the eliminations €, things are more subtle. For instance, the partial
application A{zy — zx}d with § = Mz — zx} is stuck (even
in normal form). However, it cannot be neutral and inhabit every
candidate (following CR3), in particular semantic function types,
since it reduces to the diverging term § § if applied to any term
t. Thus, we can only accept stuck terms as neutral which cannot
become unstuck by extra eliminations. This leads to the following
definition:

Definition 4 (Neutral term, terminally stuck).

1. A applicative term u € App is terminally stuck if u € is not a
redex for all eliminations €.
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2. A termr is neutral, written v € Ne, if it is a redex or terminally
stuck.

As Girard’s, our refined notion of neutrality includes redexes,
variables, and is closed under eliminations. Further, if » € Ne then
any reduction in r e is either a reduction in 7 or in e. A reducibility
candidate A is never empty since Var C A by virtue of CR3.

Closure. For a set A C SN which is closed under reduction let A
be the least reducibility candidate O .A. Inductively, A is defined
as the closure under neutrals and simulation:

tecA teNe (t—)CA
te A te A
t & Intro te A

t—)CA t>
te A

A — Ais a closure operation, i. e., it is monotone (A C Bimplies
A C B), extensive (A C A), and idempotent (A C A). Note
that the closure operator never adds introduction terms such as (),
(t1,t2), ct, or €t to a term set .A. Thus, for introductions v € A
we have v € A already.

CR is closed under arbitrary intersections and forms, under the
inclusion C order, a complete lattice with greatest element SN and
least element ().

Semantic types. In the following, let A, B € CR be candidates,
P a proposition, /C some index set and F € K — CR a family
of reducibility candidates. The following operations, except the
conditional P = A, construct new candidates from existing ones.

A—=B = {reSN|Vse ArseB}

Vi F {r e SN |VG € Type,G € K.7G € F(G)}
P=A = {rekxp|recAif P}

1 = {0}

AxB ((t1,62) | 61 € Aand i € B}

A F = {Ct|3IG ek, te F(G)}

Note that the condition » € SN in the definition of A — B is
redundant, since x € A by CR3 and rx € SN implies » € SN.
However, in the definition of Vi F it is important since /C could be
empty, e. g., L = <0. Conditional types are not first-class; P = A
only forms a candidate if P is true, otherwise, it is just a set of
expressions.

Lemma 5 (Function space candidate). If Var C A C SN and
B € CR then A— B € CR.

Proof.

CR1 Strong normalization: Let r € A— . Since x € A we
have r x € B C SN, thus, » € SN.

CR2 Closure under reduction: Let r € A—Band r — 7.
Assume s € A and show r’ s € B, which we conclude by
CR2onrs € B, since rs — 1’ s.

CR3 Closure under neutrals: Let r € Ne and (r — _) C
A— B. Since A— B C SN we have r € SN. Assume
s € A. We show rs € B by CR3, exploiting rs € Ne.
Consider 7s — t; we show ¢ € B by induction on
r,s € SN. Since r € Ne, either t = 7’ s with r — »’ and
we conclude by induction hypothesis on 7’ € SN, ort = r s’
with s — s’ and we conclude by induction hypothesis on
s' € SN.
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CR4 Closure under simulation: Let 7 ¢ Intro and (r — _) C
A—=Badr>7 € A — B. Assume s € A and
show rs € B by CR4, exploiting that s ¢ Intro and
rs>ri8,...,rn 8 € B. Assume r s — tand show t € BB
by induction on r,s € SN. Incasest = 7’ sort = rs’
we conclude by induction hypothesis. In the remaining case
rs +— t we have rp s +— ¢ for some kK € 1..n. Since
rr s € B we conclude ¢ € B by CR2. O

Lemma 6 (Semantic typing rules). The following inferences are
trivial consequences of the construction of semantic types:

re A—=>B seA reViF Gek
rs€eB rG e F(G)
t1 € Ay t2 € Az Gek teF Q)
el (t1,t2) € A1 X Az Gt e IxF

Besides definitions (which we will treat in Section 4.5), rules for
constructors and destructors are missing. We will describe semantic
(co)inductive types in the next section.

4.2 Ordinals and Fixed-Points

Previous approaches to type-based termination (Hughes et al. 1996;
Amadio and Coupet-Grimal 1998; Barthe et al. 2004; Blanqui
2004; Barthe et al. 2008; Sacchini 2013) have defined approximants
of least p®F and greatest fixed-points “F of monotone type

constructors F € CR -5 CR by conventional induction on ordinal
«, distinguishing zero (0), successor (v + 1), and limit ordinals

(A)
' F=10 v F =S5SN
potlF = F(u~F) v F = Fw* F)
u,’\ F = Ua<)\“a]: vV T = ﬂa<Aua}-

In this work, we adopt the approach of Sprenger and Dam (2003)
for approximations in p-calculus and use well-founded induction
instead, which amounts to construct p®F by inflationary iteration
and v* F by deflationary iteration.

pF=J FwF)

B<a

vV F= () FW@'F)
B<La

In this definition, F does not have to be monotone to obtain an
ascending chain of approximants in case of @ and a descending
chain for v. However, if F is monotone, one can derive above
equations as special cases for o being zero, successor, or limit
ordinal, if such a distinction on ordinals exists. Intuitionistically,
this distinction is not valid (Taylor 1996); by building on well-
founded induction, we remain within constructive foundations.

Let v, 3, 7y range over ordinals. We write V<o F (3) for V<o F
and analogously for 3. Let S € Cons — CR — CR and
R € Proj =~ CR — CR where we write the first argument,
the constructor ¢, or the destructor d, resp., as index, thus, S. and
Ra resp. We define the ath approximants p*S,v“R € CR of
recursive variant and record type as follows.

p*S = {ct|céedom(S)andt € Fg<aS(uPS)}
VR = {reSN|Vdedom(R).r.d € VscaRa(v’R)}

Since < F is monotonic in « for any F, so is u*S. Dually
Vo F and v®R are antitonic in . We obtain chains:

0 =p’Scu'sSc...cu’scutisc...
SN=v'ROVvIRD...DVRDOVTIRD...

If u®S = p”'S for some o > 7 then u?S = pS forall B > ~
and we say that the chain has become stationary at . Since the set
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Exp of expressions is countable and all elements of these chains are
subsets of Exp, the chains must become stationary latest at the first
uncountable ordinal 2. We call the ordinal at which all such chains
of our language are stationary the closure ordinal and denote it by
oo.

Since it does not make sense to inspect chains beyond the
closure ordinal, we introduce bound normalization

OLT:{ oo+ 1
(6%

Note that p*S = ;LDCTS and v°R = v R. In the following we
will talk about ordinals that are as big as oo +n for finite n, but not
bigger ones, so all ordinals will be in O = {a | @ < oo + w}, a
set closed under successor. As size index to a least or greatest fixed
point, only the ordinals in Size = {& | @ < oo} are interesting.
Thus, if no bound for an ordinal S is given, we assume 3 € Size,
for instance, we write 35 F(3) instead of gesize F (S) or Tsize F.

The stationary point p°°S is a pre-fixed point in the sense
that t € S.(u®S) implies ¢t € pu>*tS = p>S. Dually,
V™R is a post-fixed point as € >R = v°>°T'R implies
r.doo € Rqa(r>°R). Note that we do not require R or S to be
monotone for these directions. Yet we do if we want 4°°S and
V°°R to be fixed-points.

if « > oo,
otherwise.

Lemma 7 (Pre/post-fixed points).

1 Ift € Fp<ooSc(’S) then ct € u>S.
2. Ifr € v R thenr.d € Vo<ooRa(V R).

Proof.
1. By definition ct € p>°*'S = u*>Ss.
2. By definition, since r € >R,

Lemma 8 (Fixed-points). If Sc,Ra be monotone for all ¢ €
dom(S§) and d € dom(R), then

1. u°S = {c? | c € dom(S),b € Type,t € Sc(u>°S)}, and

22.v°R ={r|Vd € dom(R),b € Type.r.db € Ra(v>°R)}.
Proof. For 1, it is sufficient to show C, meaning that u°°S is a
post-fixed point. Note that by definition

pu> = U {c?t | c € dom(S),b € Type,t € S.(ufS)},

B<oo

so we conclude by monotonicity of S. and the closure operator,
using u?S C pu*>°S.

For 2, it is sufficient to show that ¥°°R is a pre-fixed point.
So,if r.d b € Rq(r*™°R) for all d € dom(R) and b € Type,
then 7 € v°°R. It is sufficient to show 7.d b € R4(v°R) for all
B < oo, and this follows from °°R C 1*R by monotonicity of
Ra. O

Corollary 9.

1. If ¢® € p®°S and S. is monotone, then t € Sc(u™S).

2. Ifr.db € Rq(v*>°R) and Rq is monotone, then r € v°R.
4.3 Kinds

Simple kinds ¢ are interpreted as sets of semantic types, ordinals,
or semantic type constructors.

4] -~ CR
[o] = 0
e =] = [L]-—=11

A simple function kind ¢ — ¢’ is interpreted as the function space
[e] — ['] of the meta-language (e.g. the set-theoretical function
space).
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With each simple kind ¢ we associate a set KI(¢) of semantic
kinds IC C []. Semantic kinds /C are pointed preorders. We write
L for the least element of X and F < F' € K for the preorder
relation, omitting “€ K” when clear from the context of discourse.
Also let

F<OF =F<FadF <F
F<HF = F<F

F<F =F<F

F<TF <= true.

For the special case of posets, <° coincides with equality, but we
will later encounter preordered sets, where <° is just an equiva-
lence relation and not identity.

Lemma 10 (Soundness of variance ordering). If 7 < 7' and
F <™ F' then F <™ F'.

If K € KI(¢) and K’ € KI(.') is a pointed preorder then the
function space

K— K eKI(t—1)
K=K ={Fe[]—-[/1|VGeKk.F(G)eK}

is a pointed preorder with least element Lx ,x/(G) = Lxr,
pointwise ordered by F < F' € K — K'iff F(G) < F'(G) € K’
forall G € K.

For posets &, K’ let K = K’ be just K — K, the full function
space, KC % K’ denote the subspace of monotone functions, X —
K’ the antitone ones and K —» K the constant functions. Clearly,
if Fe K5 K andG <™ G’ € K, then F(G) < F(G) € K.

Let (<8) = {a | @ < B}. We define the type of semantic kinds
KI(¢) associated to simple kind ¢ inductively by the rules

BeO0
(<B) € Kl(o)

K € KI(2)
K5 K eKI(e— 1)

CR e KI(%)

Note that Lcg = Pand Lo = 0.

Type environments. We extend the kind erasure || = ¢ to kind-
ing contexts A in the obvious way: |-| = - and |A, X:7k| =
|Al, X:|k|. Erased kinding contexts are interpreted as sets of en-
vironments p € [[|A[] inductively defined by

pellAll  Gel]
(,G/X) € [IAL Xz

€[]

Environments p can be understood as finite maps from type
constructor variables X to an appropriate semantic object G €
[IA(X)|] (an ordinal, a semantic type or a type operator). We will
also use the notation p, p’ for environment concatenation.

Semantic kinding contexts. In the following, we define seman-
tic kinding contexts D € KICXT(]A|) as counterparts of syn-
tactic kinding contexts A. Each D induces a preordered subset
[D] C [|A]] of (semantic) type environments p € [D] (writ-
ten just p € D). Analogously to syntactic contexts, semantic
kinding contexts are finite maps from type constructor variables
X to a pair of variance 7 and semantic kind C which may de-
pend on “earlier variables” of mixed variance only. This depen-
dency is expressed by D' € o~ 'D — KICXT(]A'|) in the rule
for ZpD’" € KICXT(|A, A’|) below. It means that D’ respects
equivalence in D given by p <° p’ € D, meaning that then

D € KICXT(|A]) \

D'(p) = D'(p'). Semantic kinding contexts
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K' e KI()

are defined inductively by the rules
K € KI(2)
(X:wK) € KICXT (X )

€ KICXT()

D € KICXT(|A|) D' € o 'D = KICXT(|A'))
YpD’ € KICXT(|A, A']) '

Simultaneously with D € KICXT(]A
set of type environments; we define | p < p’ € D | by recursion

on D € KICXT(]A|)—an inductive-recursive definition (Dybjer
2000).

), we construct a preordered

. < . € . <— ftrue
(G/X) < (G'/X) € (XK) = G<"G' €k
(p1,p2) < (p1,p2) € EpD' = p<pieD

and p2 < py € D'(p1)

The last line shows that it is important that D’ respects D, because
how would we otherwise know that D’(p1) = D’(p1), and thus
p> € D'(p1)?
Lemma 11 (Well-definedness of partial order on type environ-
ments). If D € KICXT(JA|) then p < p' € D is well-defined.
Further, if p < p' € Dthenp < p' € o D and even p <° p' €
o~ 1D.
Proof. By induction on D € KICXT(|A|). It is even true that
p < p € m D implies p < p' € 7y 'D for any 7 > .
Instantiating this with m; = + and 2 = o yields the first statement
on orders; for the second we observe that p <™ p’ € D iff
p < p € mD and that oo™ ' D = o~ ' D. Well-definedness follows
in case ZpD’ since p1 < pi € D implies p1 <° p} € o~ D and
thus D' (p1) = D'(p}). O
is now simply defined as p < p € D. If in singleton
contexts (X :7/C) we restrict K to be of the form </3, we obtain se-

mantic size contexts | D € SICXT(|¥|) |. Clearly, these are special

semantic kinding contexts.

We shall omit |A| from KICXT(|]A|) when inessential or infer-
able. We drop singleton function domains, e.g., we identify - —
KICXT with KICXT. Given a parametrized kinding context Dy €
D — KICXT we can weaken it to Wp, Dy € (D1 xD) — KICXT
where (Wp, D2)(p1 € D1, p) = Da2(p). For non-dependent con-
catenation of semantic kinding contexts D; and D, we introduce
the notation (D1, D2) defined as Xp, (Wp, D2). As a derived rule
we have:

D, € KICXT|Aq| D; € KICXT|Aq|
(D1,D2) € KICXT|A1, Ag|

Lemma 12 (Preservation of context well-formedness). If D €
KICXT(JA|) then 771D € KICXT(|A]).

Proof. By induction on D € KICXT(]A]). The interesting case is
concatenation:

D e KICXT(JA]) D' €0~ 'D — KICXT(|A'))
SpD’ € KICXT(|A, A])

By induction hypothesis 7~ "D € KICXT(|A|) and 771D’ (p) €
KICXT(]A]) for all p € o~ *D. It remains to show that 7D’
respects 7~ o~ 1D which is equal to (7o) ~!D. Assume p <° p’ €
(mo)™D. Since p <° p’ € o 'D by antitonicity (o > o),
we have D' (p) = D’'(p’) and, thus, 7~ D'(p) = 7~ D’'(p) as
desired. O

Interpretation of sizes, measures, kinds, and kinding contexts.
In the following let p € [|Ag|] for some erased kinding context
|Ao|. (Extended) sizes a™ are interpreted as ordinals [a™] , €0
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and measures m as ordinal tuples [m] , € O".

[[i+nﬂp = [[i]]p—i—n
[c+n], = oco+n
o], = n

[a*,m], = ([a"], [m],)
Kinds « are interpreted as semantic kinds <] , € KI(|«[) and kind-
ing contexts A as semantic kinding contexts [A] , € KICXT(JA[).

[x], = CR
[<bl, = <[l
[re =T, =[], 5 [+,
1, = -
[A, X:ms], = Ep(XrK)
where D = [A]

P
and  K(p' € D) = [x],

The structurally recursive interpretation [O] ,, for a kind-level ob-

ject O = a™ | m | & as given above is well-defined if p(i) € O
for all i € FV(O). In the following, we show that the interpreta-
tions fit into the appropriate semantic concepts.

Lemma 13 (Soundness of size (context) formation). Let - W.
1. Then [¥] € SICXT(|¥|).
2. If U F athen [a] € [¥] % o.
3UY Fi<aandp < p' € V] then [a],, < [a],, € O and
p(i) < p'(3) < [a] -
Proof. By induction on the length of context ¥. We demonstrate
the case for context extension.
F¥ o'W la
F U, in(<a)

By induction hypothesis 1, D := [¥] € SICXT(|¥|). By induc-
tion hypothesis 2, [a] € [o~'¥] — O, thus [[a] € o~'D — O,
entailing respect, and Xp (i:7(<[a])) € SICXT(|¥|, i:0). O
Theorem 14 (Soundness of kind-level judgements). Let - ¥ and
letp < p' € D:=[Y].
LIfU Fa" then [a™] , < [a*], €O.
IfU Fa® <btthen o], <[b*], €O.
IfU Fa™ < bt then [[a+ﬂp < [[b+]]p, € 0.
If ¥ b mthen [m], < [m], € O™

/ *
If¥ Fm<m' then [m] , < [m], €0
IV Em<w then [m], < [m], € 0"
If ¥ + kthen [£], < [£], € KI(|x]).
8 If W F k < &' then |k| = || and [k] , < [#],, € KI(|&]).
Proof. Each by induction on the derivation. O

The following theorem is the reason that we do not allow finitely
bounded size variables 7 < n in kinding contexts.

NS AN

Theorem 15 (Context satisfaction). If = A then there is some
po € [A].

Proof. 'We prove the following stronger theorem by induction on
A: For each o < oo there is some p € [A] such that p(i) > « for
each size variable 7 declared in A.

Case
FA oA F <(co+n)
FA i:m(<(co+mn))
By induction hypothesis there is some p € [A], thus,
pli — @] is the desired environment.
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Case
FA oT'A F <(j+n)
FA i:m(<(f+n))
By induction hypothesis there is some p € [A] with p(j) >
a+ 1, thus, @ < p(j) + n and pli — a] is the desired

environment.
Case
FA oA Fk
FA Xk K # (<a)
Return p[X ~— Lpj,] where p is obtained by induction
hypothesis. O

Theorem 16 (Conditional context satisfaction).

1 IfY =3V and p € [V] then there is some p' € [W'] .
2. If A = 3A" and p € [A] then there is some p’ € [A'] .

4.4 Type Constructors

In order to interpret type constructors semantically, we need to re-
strict to well-kinded ones. However, we do not wish to define the
semantics of a type constructor by recursion on its kinding deriva-
tion. After all, since we have subkinding, the kinding derivation is
not unique. This dilemma can be solved by interpreting all type
constructors which have a simple kind. Using simple kind anno-
tations in type function AX:.. F', we obtain a deterministic sim-

ple kinding judgement | |A| - F : ¢ |. By induction on this judge-
ment, whose derivation is in one-to-one correspondence with F',
we can then define type (constructor) interpretation [F'] , € [] for

p € [IA]-
Simple kinding is standard, we only present some of the rules to
convey the idea. Here, |A| shall denote a simple kinding context.

A, X HF
Al FAX@ . Fiv—

|A] F X A|X)

Al FF:e— Al FG
Al FFG:V

Al F Vet (Jg| = %) = =

Simple kinding is unique, so we have a partial computable function
taking a simple kinding context |A| and a type constructor £ and
computing its simple kind ¢, if it exists.

Now given a derivation J :: |A|  F : ¢ and an environment
p € [|A[] we define the type interpretation [J], € [[¢[] by
recursion on J. Since J is completely determined by F and |A|,
we simply write [F] ,, hiding |A| as it is implicit in the typing of
p.

X1 = p(X)

[[)\X:L.F]]p(gé[[bﬂ) = [[F]]p[x»—@]
[Fal, = [F],([G],)
[, =1
[x],(A, B) = AXB
[-1,(A4,B) = A->B
[V.],(F € [Is]] = CR) = Vi F
Bel,(Felsll = CR) = I, F
[1*S5], = wulv[s]
[v*R], = ’/Ha]]"[[R]]p
(IS1,)e =[5
(AL = [Rd,
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The interpretation of F' depends only on the value of p for the free
variables of F':

Lemma 17 (Well-definedness). If |A] + F :

FV(F)) v F : wIfp € [|A]] and p' =

1, = [F1,-

Theorem 18 (Soundness of type-level judgements). Let - A and

D:=[Alandp < p' € D.

LIfAFF = KkorA b F &= kthen|Al - F : |k| and
[¥1, <1F1, €[+,

2IfA W F <" F = korA - F <" F' & kK then
|Al FF,F k| and [F], <™ [F'] , € [&],.

Proof. By induction on the derivation. O

L then (|A| T
(p | FV(F)) then

Lemma 19 (Soundness of normalizing substitution and applica-
tion). Let |A| F G : ¢1.

LIfIAL Xy B F oo then [[G/X]F], = [[F]]p[XH[[G]]p].
2. If|Al F F i — iz then [F @ G] = [F] ([G],)-

Lemma 20 (Soundness of substitution). If |A'| = F :
|A] F 72 |A| then [FT], = [F1 -
P

L and

The interpretation can be extended to constraint types ‘A by
adding the case:

[m<w’= A], = [m], <[m'], = [A],

4.5 Patterns, copatterns, A\-abstractions

In this section, we explain patterns and copatterns by developing
semantic notions of pattern and pattern spine typing. These provide
us with semantic conditions when a definition AD in habits a
semantic type 4. As a consequence, we can prove soundness of
syntactic pattern, pattern spine, and expression typing.

Semantic typing. We want to isolate conditions under which ob-
jects AD are member or a semantic type A € CR. Let us recapitu-
late the proof for lambda calculus:

Lemma 21 (Lambda abstraction). The following implication, writ-
ten as a rule, holds for A, B € CR.

Vs € A.t[s/z] € B
Azte A—=B
Proof. First note that t € B because x € A, sot € SN. By
definition of A — B, it is sufficient to show (A\z.t) s for arbitrary
s € A. Since (Az.t) s is neutral, by CR3 we only need to show

that each of its reducts r is in 3. We do this by inductionon ¢ € SN
and s € SN.

Case r = (A\x.t') s where t — t': By induction hypothesis on
t" € SN.

Case r = (\x.t) s’ where s — s’: By i.h. on s’ € SN.
Case r = t[s/z]: By assumption. O

Next, we turn to the slightly more general case A{p — t¢}.

Semantic typing contexts and semantic pattern typing. A se-
mantic typing context & € CXT(-) (€ for typing environment) is a
finite map from term variables to semantic types, so £ € Var —
CR. We write - for the empty semantic typing context, x:.4 for the
singleton and &, £’ for the disjoint union. Semantic substitution typ-
ing o € &€ is defined as o(z) € E(x) forall x € dom(E).

A parameterized semantic typing context £ € CXT(D) is
a family £(p) of semantic typing contexts indexed by semantic
type substitutions p that belong to a semantic kinding context D.

Wellfounded Recursion

Each instance £(p) is a partial function from variables to semantic
types. We overload the notation for non-parameterized semantic
typing contexts by setting -(p) = - and (z:A)(p) = z:A(p) and
(€,€)(p) = E(p), €' (p) with dom(€ (p)) N dom(€” (p)) = D.

For two differently parameterized semantic typing contexts
&1 € CXT(D1) and &2 € CXT(D2) we let their disjoint union
&1 x E2 € CXT(D1, D7) be defined by (£1 % E2)(p1 € D1, p2 €
D2) = (E1(p1), E2(p2)). Further, if £ € CXT(ZpD’) and p € D
we let the partial application &(p, -) € CXT(D’(p)) be defined by
Ep,-)(p) = E(p. o).

If C(G)(p) is a type parameterized by another type G and a type
substitution p, we let CX be defined by (CX)(p) = C(p(X))(p \
X). In particular, (CX)(G/X,p) = C(G)(p). The notations DX
and £X are defined analogously.

A pattern p is semantically of type A in context £ if it acts as
a bidirectional (invertible) map from £ to A, i.e., po € A for
all o € &, and, for any substitution o with po € A we have
o € &. Extending this to type substitutions we define semantic
pattern typing by

A/p N\ D€ | <=

V1,0.(3p € D.o € E(p)) < pro € A.

Here, and in the following, 7 denotes a syntactic type substitution.
Note that it is unconstrained, it needs not bear a relationship with
the semantic type substitution p.

One could have expected that semantic pattern typing implies
that p matches any introduction term v € A. But since we are not
interested in pattern coverage, but merely strong normalization, we
do not require this strong guarantee.’

Lemma 22 (Semantic pattern typing). The following implications,
written as rules, hold.

RYERVEICIZY 1/0 N5

A1 /p1 \(D1; & Az [ p2 \y D2; €2
A1 X Az / (p1,p2) \y D1, D2; &1 % &2

s 01 Se(WPS) [ p\D;E
peS [/ cp\(D; €

F(G) / p\D(G);E(G) forall G € K
A F/ Xp N\ Ex:cD; EX

F(o0) /p\D;E
A F(B) [ *p D€

Proof.  We consider a few rules.

FpatSc(w’S) [P\ D;E
ueS [ ep N\ D;E
For u®S / c¢p Ny D;&, first assume (cp)7o € p*S and de-
rive 0 € &E(p) for some p € D. Note that p*S = [J,DCTS,
thus, by definition, pro € 35<QTSC([1/BS). Using the assump-
tion 35<a¢88(u55) / P\« D; &, we conclude o € £(p) for some
p € D. For the opposite direction, assume p € D and o € £(p). By
the hypothesis, pro € Elﬁ<a¢80(uﬂ8), hence (cp)To € pu®S.

F mon.

F(G) /p\(D(G);E(G) forall G € K
A F/ Xp N\ ZxxkD;EX

© On the contrary, we can live with junk introductions in our semantic types.
For instance, it would not endanger normalization to throw the empty tuple
into each semantic type.
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To prove 3xF / *p \, Tx.kxD;EX, first assume (Xp)ro €
I F and show o € (£X)(G/X,p) = £(G)(p) for some G € K
and p € D(G). Since pro € F(G) for some G € K, we can
apply the hypothesis to obtain o € £(G)(p) for some p € D(G).
For the other direction, assume G € K and p € D(G) and o €
(EX)(G/X, p) and show (¥p)To € I F. Since o € £(G)(p),
by hypothesis, pro € F(G), yielding (*p)ro € Ix F.

F(oo) /[ p\(D;E
s F(B) / *p \D; €
First, assume (*°p)7o € JgF(B) which entails pro € F () for
some 8 < oo. Since F is monotone, thus, pro € F(oo), we can
apply the hypothesis to infer o € £(p) for some p € D.
For the other direction, assume p € D and o € £(p). By the
hypothesis, pro € F(oo), thus, (*°p)ro € g F(B). O

Theorem 23 (Soundness of pattern typing). Let = Ao, A and
Ao, A F T.If AT Fa, p = Aand po € [Ao] then
[[A]]P(J /p h [[AHPO; [[FH(P(J,—)’

Proof. By induction on A;T" Fa, p & A using the inferences of
Lemma 22. O

JF mon.

Lemma 24 (Single pattern abstraction). Let £ € Var — CR and
B e CR

A/p\/D;€E VpeD,oc&(p).troeB
Mp—tte A—>B
Proof. Assume s € A and show \M{p — t}s — r implies
r € B. The interesting case is s / p \, 7;0 and r = ¢70. Since
s = pro € A, we have o € £(p) for some p € D, hence rr € B
by assumption. O Example: If C € [+] and
k € Vxepg(X = C) then \{*z — k X 2} € (xepqgX) = C.

Lemma 25 (Case). Let p1..n be patterns (not necessarily disjoint),
Ex € Var = CRfor k = 1..nand B € CR.

Vk: A/ pi \(Dr;Ek andVp € Dy,0 € Ep.tro € B
>\{p1 —>t1,...,pn—>tn}€A—)B

Proof. Assume s € Aandr := Ap1 — t1,...,pn = ta}s.
Since r is neutral it is sufficient to show r — 7’ implies 7’ € B.
We proceed by induction on £, s € SN. If s matches none of 7,
the only redexes are in ¢, s. The interesting case is s / Dk N\ T;O
and ' = txTo for some (not necessarily unique) k. Since s =
pr7o € A, we have o € E,(p) for some p € Di, hence r’ € B by
assumption. O

Lemma 26 (Single destructor pattern).

te V5<aer(I/BR)
M.d—t} eveR

Proof. Ttis sufficient to show A {.d — t}.d' € V_,+Ra (v’ R)
for all d’ € dom(R), by analyzing the reducts of this neutral term.
If d’ # d the redex is stuck, only reductions in ¢ are possible which
are covered by ¢ € SN. Otherwise, A{.d — t}.d — t and we
conclude by the assumption. O

Lemma 27 (Records). Let di.., be projections (not necessarily
distinct ones).
forallk =1.n: ty € Vg 41 Ra, (V°R)
)\{dl =ty dy — tn} EVOR
Proof. Assume an arbitrary d € dom(R) and let r := \{.dy —
t1,...,.dn — tn}.d. We show r € VB<a¢Rd(V*BR) by analyz-

ing the reducts of this neutral term. If d ¢ d the redex is stuck,
only reductions in ¢ are possible which are covered by ¢ € SN.

Wellfounded Recursion

Otherwise, some ¢y is a possible reduct of r and we conclude by
the hypothesis for ty. O

In the following, we work our way up to the general case of
multiple clauses with multiple patterns per clause.

Semantic typing in context. Given a parameterized semantic type
C € D' — CR we define weakening WpC € (D,D’) — CR of
C by semantic kinding context D as (WpC)(p € D, p’) = C(p).
Given a semantic type family C € (D, D’) — CR and a semantic
type substitution p € D, we let the partial application C(p, ) €
D’ — CR be defined by C(p, -)(p") = C(p, p’). Semantic typing
under a context is defined by

D;EFtelC| < VpeD,oe€&(p),r. tro € C(p)

Lemma 28 (Partial instantiation).
hold:

The following implications

D,D;ExE Ftel
D E FitroeC(p,.)

pED, o€&p)

Yx:xD;EX FtelCX

D©):2(0) Fia/x] e @) © <~

Let P be a proposition depending on the pattern variables and
pattern type variables of a copattern spine ¢. We define the fol-
lowing shorthand for the replacement of the pattern variables by
expressions obtained from matching ¢ against an elimination list &’

Ple/ql| <= 3Fr,0. €/d\yT;0 N PTo
Semantic pattern spines. ' A pattern spine ¢ has to be understood
by its purpose, to serve as the lhs of a definition. Semantically, ¢
eliminates type A into C at contexts D; £ if any definition A{§ —
t} that can be formed with ¢ is in A as long as the rhs ¢ is in C

under contexts D; £. We further generalize this to partially applied
definitions A{g’ ¢ — t}& where € matches q’. We let

Al G\ D;E,C| = Vt,&e SN.VG".

D;E FE)/f] €C = MT'T— t}ec A

For reasoning about semantic pattern spines we will expand the
definition of pattern substitution so the implication becomes

Vr,0. €/ 3 \T;0 N D;E Ftro €C

UV

= M{'¢— t}ee A

Lemma 29 (Semantic clause typing). The following implication
holds:

A7\ D;E;C D;EFtel
Md—treAd

peD

Proof. With oiq € E(p) we have t = toiq € C(p) C SN. The rest
follows by definition of semantic pattern spine typing with empty €
and empty ¢’. Note that we cannot proceed if D is inconsistent. [J

7 This definition is tricky to get right in a term-centered semantics. It might
be easier in a semantics based on orthogonality where eliminations are first-
class citizens (Pitts 2000).
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Lemma 30 (Semantic pattern spine typing). The following impli-
cations hold.

Al N34

Al/p\D1;51 A2|@\D2;52;C
Ar = Az | pd \y D1, D2; &1 % E2; Wp, C

VicatRa (VR) | G\ D;E;C
veR | .dd\(D;&;C

VG e K. F(G) |7 \D(G);E(G);C(G)
ViF | XTI\ ExxD;EX;CX

F(o0) [ G\ D;E5C
Vs F(B) | c0d \(D;E;C
Proof. Let us consider a few of these statements:
A /pN\Di& A [\ D2 Ea5C
A1 = Az | pd \( D1, D2; &1 % E2;Wp, C
Assume € € SN with & / ¢’ \, 750 and D1,D2;E1,E2 F tro €
WC and show M\{q'pg — t}¢ € A1 — As. Assume s € A;.

Case s |/ p \y T1;01. Then o1 € E1(p1) for some p1 € D1 by
the first premise of the “rule”. Since €s / ¢'p \\ 7, T1; 7, 01
and (WC)(p1) = C, we have D2; & + t(1,71)(0,01) € C.
Thus, by the second premise, A{q"pg — t}€s € As.

F antitone

Case s does not match p. Then M{'pgd — t}és € 0 C A
because it is terminally stuck.

VG e K. F(G) | \D(G);£(G);C(9)
ViF | XdN\ExxD;EX;CX
Assume € / ¢’ \, 750 and x.xD;EX + tro € CX and show
r:=Mg'X§— t}e& € Vi F. First r € SN since ¢, € € SN and
r is not a redex. Now assume G and G € K. Since €G / 7 X\,
7,G/X;0 and D(G);E(G) F t(r,G/X)o € C(G), we can
conclude M{§' X7 — t}€G € F(G) by the premise.

F(00) [ G\ D;E5C

Vs F(B) | 00d \«D;E;C

Assume € / ¢ Ny T;0 and D;€ + tro € C and show

MG@'c0q@ — t}e € Vg F(B). Assume b and 8 < oo. Since

€b / §'oco \y T;0 we can conclude \M{§'c0q — t}eb €

F(o0) C F(B) by the premise and antitonicity of F. O

Theorem 31 (Soundness of pattern spine typing). Let = Ag, A

and Ao, A FT.IfFA;T | A bay § = Cand po € [Ao] then
[[A]]po 7™\ [[A]]p0§ [[F]](po,,ﬁ [[C]](po,,y

Proof. By induction on A;T | A Fa, ¢ = C using Lem. 30.

O

JF antitone

Semantic declaration and signature well-formedness. Having
understood definitons by clauses AD we can now show that any
well-typed term inhabits its corresponding semantic type. For func-
tion symbols f, we simply assume it, by postulating a sematically

well-formed signature 3. We define and by

E(f:A=D) = fe[4]
=X = VeX. 4.

Theorem 32 (Soundness of expression typing). Assume |= X. Let
FAand A FTand A &= CandD = [A] and E(p) = [I'],, and

c(p) = [C1,

Wellfounded Recursion

LIAT Fr=CinXthenD;E Frel.
2IfA;T Hte=CinXthenD;E HtelC.
3HANT FD=CinSthenD;E + D € C.

Proof. Simultaneously by induction on the typing derivation.

Case Function symbol.

AT FfF=3(S)
Follows directly by well-formedness of the signature.
Case Subsumption.
AT Hr=3 A AFALZC
AT HreC
Follows by soundness of subtyping.

Case Definition clause.
AT |Akag=C A F 3N
AN T,V FteC
AT H{G—t = A

Let A(p) = [A], and p € D and 0 € &(p) and T arbi-
trary and show Mq — t7o} € A(p). Weset D' = [A']
and &'(p") = [I"], ,, and C'(p) = [C], - By induc-
tion hypothesis D’; £’ + tro € C’, and by Theorem 31
Ap) | § \y D';&';C entailing M{§ — tro} € A(p)
by Lemma 29. The lemma can be applied since A F JA’
guarantess that for each p € D there is some p’ € D’(p).

What remains to be proven is that well-typed programs yield,
after measure erasure, semantically well-formed signatures. This
is shown mutual block by mutual block using a lexicographic
induction on ordinals as given by the termination measure assigned
to each block. A formal description of program typing and its
soundness proof is given in the next section.

5. Program typing and soundness
5.1 Program typing

Figure 8 presents the operations and judgements needed to type-
check programs. The rules describe a type-checking process that is
at the core of MiniAgda (Abel 2010).

The interesting rule is how to type-check a mutual block 5 with
measure annotations in the function types. First, we check well-
formedness of the measured function types ‘A and ensure that all
measures have the same length m. Then we check each individual
declaration '§ in the mutual block. The form of such a declaration
is

[ (V. m = A) = UD[f/x;].

This means that f should consist of a list of clauses WD that all start
by abstracting over the size variables W declared in size context W.
These are the size variables that can be used in measure m. Further,
before type-checking is completed, the recursive occurrences of the
mutually defined functions f are represented as special variables
X_f\ in the clauses D; after type-checking, they get substituted by
the actual function symbols. This trick allows us to type-check
the clauses under a special context I' = 5" giving constrained
types x; : VE'.m'<m = A’ to mutually defined functions
f' V¥ .m" = A’. Thus, we ensure that recursive-call sequences
are well-founded w. r. t. the termination measure.

After a mlitual block ‘0 has been checked, its measure-erased
declarations |’| are added to the signature . The entry point u of
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A" = A[|5<™ = 2:4||8~" =T |Measure replacement and | |'A| = A‘ I's| = 6‘ 5| = £ | |8] = = | deletion.
VI.m = A" = V.m'<m= A VO.m' = A = VU.A Imutual,, 8| = |9
(f:"A=D)<™ = XL'A“‘ lf:’A=D| = J;:|'A|:5
R 3 = ol

Measured-type well-formedness and declaration typing.

= w v EA Uk, m vk, m fork=1.n:

AT | AFe @ = Ck

\If,Ak;’S<m,Fk it = C

Fm VEm= A

Block, blocks, and program typing.

b ‘Aforall (fA= D) e’

8 Fum (f:V\I/.m:>A:{\i’(j'1 — t10;..

. \il(j’n — tno})

1 o 'S for all k

F mutual,, s

FBinY

FAins, Al

FAin- Fu= Ain|j]|

F-inX FB,Biny

I—E;u

Figure 8. Program and signature typing.

program E ; u is finally checked in the signature | ,5 | created from all
mutual blocks f3.

5.2 Soundness of program typing

In the following we prove program typing correct by giving a
meaning to measured types and declarations. The correctness of
mutually recursive definitions will follow from a lexicographic
induction on ordinals.

A measured type ‘A is not a proper type, it does not have a

[
a meaning relative to a tuple of ordinals which has the same length
as the measure m in ‘A.

[Vo.m = A] =V,cpe (], < &) = [4],

meaning by itself. Bounded type interpretation assigns it

['A] <% denotes a constrained type. It is the semantic counterpart of
rp<m . .
‘A™", as the following lemma proves:

Lemma 33 (Soundness of measure replacement). Let ‘A =
VU.m = A If b ‘Aand p € [V] then [A<™] , = [A] <.

Proof. Let@ = [m] . Recall that A=" = V¥'.m’ < m = A’
where U’ is a renaming of ¥ and m’, A’ are the corresponding re-
namings of of m, A. We}hus have H’A<m]]p = (Vpep([m], <
a)=[A,,) = [A]~". O

Erasure of the measure in A turns a bounded quantification into
an unbounded one:

Lemma 34 (Soundness of measure erasure). Let m be the length
of the measure in measure-decorated type 'A. Then [[|A|]] =

acom [A] =%
Proof. For “C”, assume 1 € [[|'A|] = [VP. A] and &@ € O™ and
p € [¥]and b : ¥ and show rb € ([m], < &) = [A],. This
follows from b € [A] ,» since by definition A C (P = A) for

all P, A.
For “27, assume r € (; Vpequy ([m], < @) = [A4], and

p € [¥] and b : ¥ and show rb € [A],. Choosing some

Wellfounded Recursion

a > [m], (this is always possible due to the open nature of O),
we conclude by instantiation of the first assumption. O

In order to justify a block of mutually recursive functions, we
perform an lexicographic induction over over a tuple & of ordinals.
This requires us to interpret the declarations of the mutual block
relative to the upper bound @ on the measure of the recursive calls.

Bounded semantic declaration typing for body and

function symbol are defined by

fiA1=D1,..., fa'An=Dn Fppg, [ : (V¥.m = A) = D
< if f; € H’Ai]]<& fori =1..n
and p € [¥] with [m], <
andb: U
then (AD)b € [A],

EYf:(VWo.m= A)=D
= if p € [¥] with [m] , < «
and b: U
then fb € [A],.

In these definition b : W shall mean that b is a list of size expressions
that has the same length as size context .

Corollary 35 (Soundness of measure erasure in declarations). =
I'8] iff =% '6 for all « € O™.

Lemma 36 (Soundness of declaration typing). If B b 'S then
5 =g, 0 forall & € O™.

Theorem 37 (Soundness of block typing). Ler = . If F S in &
then = X, | B).

Proof.  Let n the number of mutual declarations and ‘6, = (f% :
‘A = Dy) and Ay, = VVUy.my = Ay for k = 1..n. Note that
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I8 = (f : VOk. A = Dg)r—1..n in this case.
b Apfork=1.n /8 Fm SpinXfork =1..n

[ mutualm’g inXx

By soundness of declaration typing (Lemma 36) we have 5 I:fody
'Sk, for @ € O™ and k = 1..n. By lexicographic induction
on & € O™ this entails |:d ‘6 for k = 1..n, since fi >
ADy, in the extended signature 3, |3|. This entails = |'d5| by
Corollary 35. O

Corollary 38 (Soundness of program typing).

1. If=Sand - BinS then = %, |5
2. If = B:tthent € SN in signature |E|

6. Conclusion

Our work provides a uniform type-based approach to proving ter-
mination of (co)inductive definitions. It is centered around patterns
and copatterns which allow us to reason about both finite and infi-
nite data by well-founded induction. Proving strong normalization
for this language is a significant step towards understanding well-
founded corecursion in terms of the depth of observation we can
safely make.

As a next step, we plan to extend our work to full dependently
typed systems to allow coinductive definitions to be defined and
reasoned with by observations. This will put coinduction in these
systems on a robust foundation. We have already implemented size-
based type checking for patterns and copatterns in MiniAgda (Abel
2012) which gives us confidence in the approach.
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A. Appendix

The appendix contains a recapitulation of syntax and notational
definitions of F? and the detailed rules for size, kind, and type
well-formedness, and size comparison, subkinding and subtyping.
We also provide pattern matching and reduction rules in detail.
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Language grammar.

SizeVar

SizeExp

SizeExp
SizeExp™ C Measure

Cond

Pol
SKind
Kind

SizeVar
TyVar U SizeExp
TyAtom

TyVar
TyAtom
Type

INININ

MType
CType
Variant
Record

Cons
Proj
Var
TyPat
Pat
Copat
PatSp

TyVar
Var
Pat U TyPat

INININ

Fun
Elim
Var C App
Intro

App U Intro C Exp

DCl
Def

Decl
MDecl
Block
Prg

Sig
SizeCxt
TyCxt
Cxt

SizeCxt C

SizeExp™

314,]
Sa,b n=i+n|oo+n
Sat, bt t=aln
S>m w=at |at,m
oS¢ n=m<m’
Ex n=o|+|—|T
=N s=x|o|t—=t
Sk n=x | <a|mk — K
3X3Y7Z7/[:7j
> K =X |a|l| x| —
5F,GABC:=K|XXuF|FG
EAER
| n®S | v*R
>'A,'B =VYW.m=C
5'A,'B t=VU.c= C
ER) s=(c1:F1; .. eniFR)
>R ={di:F1;...;dn:Fr}
Sc
5d
>T,Y,2
>5Q =X | oo
5p s=x | ()| (p1,p2) [ep | “p
S¢q =p| Q.
3>q n=q
> f,9.h
Se w=t|G|.d
Su =z |f|re
Sv m= ()| (t1,t2) | et | ©t
S, s,t s=ul (t: A)
|v | AD
5D w={7—t}
5D u={D1;...;Dn}
=X :::f:Azﬁ
EX s=f:’A=D
50 := mutual,, 9
> P *g;t
5% =0
ERY n=- | U an(<a)
S5A n=-| A, Xk
5T = | T, z:A| T, z:"A

size variable

size expression (n > 0)
extended size expression (n > 0)
measure expression

condition

variance
simple kinds
kinds with variance information

type and size variables
type atoms

type-level lambda-calculus
quantifiers

variant and record types
type with measure
constrained type

variant row (n > 0)
record row (n > 0)

constructor (variant label)
destructor (record label)
term variable

type pattern

pattern

copattern

pattern spine

defined function symbol

eliminations

applicative expressions

introductions (checkable)

inferable expressions

intros, anonymous object (checkable)
definition clause

definition

declaration

declaration with measure
mutual block (m > 1)
program

signature

size variable context
type/size variable context
term variable context
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Figure 9. Syntax.
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Notation.

kS K for wk— K function kind A, Xk for A, X:ok default variance

k— Kk for K-Sk default variance Ai<a for A, io(<a) default variance

<a for <(a+1) weak bound .

size for <oo = A for A context abstraction
- VA, X:k. A for VA.VX:k.A VA. A

AXF for AX:u. F if ¢ inferable = .

Ax B for (x)AB product type o for - context domain

A— B for (—)AB function type A, XK for AX A (variable list)

VX:k. A for V. (AX:|k|. A) universal type

AX:k. A for  F.(AX:|k|. A) existential type (ti,t2,. .. tn) for  (t1,(t2,...,tn)) mn-ary tuples

Vji<a.A for V<o (Aj:0.A) bounded universal Az. for =~ Mz — t} lambda abstraction

Jj<a. A for I, (Nj:o0. A) bounded existential AG.t for Mg —t} single-clause object

Se for F where (c:F) € S type of constructor

Rq for F where (d:F) € R type of destructor

Figure 10. Notational definitions.

7w < 7’| Lattice of variances and variance composition (commutative).

" o <n T<T Tn=T om=o(@(fT#T) +rT=m —— =+
77’ | Variance inverse composition.
T lr=o0 o lo=0 o lr=T(fr#£T) +lr=n —lr=—n
Variance inverse composition with kinding context.
= 7 N A X'k) = (7 TA), X:(n )k —A=-"'A

Figure 11. Variances (polarities).
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Well-formed sizes, well-formed size contexts, and size bound lookup.

Vhki<a FU¥ o 'Uhka (irm(<a)) € ¥
UFootn WFitn - F U, i (<a) Uri<a -

A F ad &= ¥ | Well-formed size substitution

ViV r=a/V UV ka<br

U= U kdas=V,i:m(<d)
Strict and weak size comparison.
n<m n<m VhEi<a ¥ Fi<oo ¥ Ei<oo+m
UhFoot+n<oo+m Uhki+tn<it+m Uhki+tn<oco+m Uhki+n<oo+(m+n)
UkEa+n<b UVkFa<b+1
- - m <+ —_—
U, im(<a), ¥V Fi+n<b Uhka<b

¥ b, o™ | Extended size and| ¥ , m| | ¥ F m | measure well-formedness.
U Fa U by at U b m U kHrm

k is length of m

U hkin VU hkia ¥ Fryr1at,m ¥ Fm
Extending strict and weak size comparison.

ny < N2 ny < N2 TUhkat<bt+1

U Fn <ns U kn <i+ns U Fn <oo+ne U kgt <bt
Ubkcel|PFm<m'| Strict andweak measure comparison.
U Faf <af Uhkal <af TFm<mg U kol <af ThFm<mg
\\ I—af,m1<a§r,m2 \' l—af,ml <a2+,m2 v I—af,mlga;,mz
Kind erasure defined by |*| = * and |<b| = 0 and |7k — &'| = |k| = |K'|.

=
I
-

VU + k| Wellformed kinds.

U ta —U k& U+
U % ¥+ <a ¥ 7k — K
Subkinding.
Uhka<b o <7 U Frl <K U b ko < Kb
Ukx<x Uk (<a)<(<h) U F k1 — ke < K — K
’\I/ FO<™ O forO :=a| m|/-c‘ Parametrized size, measure, and kind comparison.
UEO<O U0 <0 UFO<O U0 <0
v -O<Leo ¥ EO<tO vEO<-0 v EOLT O

Figure 12. Sizes, measures, and kinds.
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Well-formed types (entry point for kinding) and | A + F' = x| kinding (inference mode).

AFA=x Abag
ArA AbEl=x AbFx=x5xdy Ao =Sy Ata=c<a
(X:mr) € A < AFF=r5 K TTIAFG ek
AFX=r = AFFG=r
—AFk AFk Ala AFSExDx —AFa AFRE xS«
ARV, = (kS5 5« AF3. =35« A peS = AFviR= %
Kinding (checking mode).
AFF=xr AFkr<K k| =¢ A Xk B F = x
AFF&ew AFXNX:0. F =7k — K

AFS.=kforallce S A FRyge=rkforalld e R

AFSek AFR& kR
Well-formed constrained types.

AFm AFRT AT Fm/ AT FA
AFVU. m'<m= A

Well-formed kinding and typing contexts.

oA Fk A Xtk FA AFT AFRA AFD AFA
Al A+ Xk, A! Al AFT x:A AT, xA

Figure 13. Kinding

Bound normalization defined by (co + n)" = co 4+ 1 forn > 0 and a™ = a for a ::= i + n.

’ AFFLSTF mkform#T ‘ Subtyping and type equality (inference mode).

AFK=k AFF<"F mme = ke 7 AFGLST™G =k
AFK<"K=r AFFG<" F'G = ko
—AFr<TTER K" =max " (k, k') AFr<"K k" = max” (k, k") maxT = max® = max
AFV, <tV = (K2 %) 5 x AF3e<m 3o =2 (K7 2 ) 5w max— = min
Arad <mad’  AFS<TSexSx —Ara'<md" O AFRSTR &5
A b peS <t pd'S =« A FveR <7 v¥ R = %

AFF<STF &k ‘ Subtyping and type equality (checking mode) and| A - A < A’ | entry point for subtyping.

AFA<TA =% A Xeme F(F@QX) <™ (F' QX) &= ko
AFFLZT Fr &g AFA<LTA & x AFF<T™F & mTK — K2

AFS. <" S =kforallce S AFRy<"™R,=rxforalld e R AFA<T A =«
AFS<TS &=k AFR<™R &=k AFAZA

Figure 14. Subtyping.
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’t/p ¢ T;O" Pattern,

e/q\yT;o ‘destructor pattern, and pattern spine matching.

t1/p1\(Ti;01 ta/p2 \(T2;00 t/p\T;0
t/x N\ t/z 0/70 N\ (t1,t2) / (p1,p2) \( T1,T2;01,02 ct/ecp\(Ti0
t/p\T;0 t/p\T;0

G/ Xp NG/ X 150 Gt/ >p\iTio

e/q N0 E/iN\ 0

G/XNG/X;- G JooNe dfdN e WARNEE e€/qi\uT, 70,0
Weak head reduction.
e/q ; ADy, €+ t' for some k ADé st/ _
_flamo RET ! (fA=D)es
M7= tyee' —iroe’ AD &t/ fe—t
Reduction of terms, clauses, and definitions.
t—t 1 — t) ty —> th t—t t—t r— 7 s —> s
t—t/ (t1,t2) — (), t2) (t1,t2) — (t1,th) ct — ct/ Gt — G/ re—r'e rs—rs
D— D t—t D—D

AD —s \D’ {g—=t} —{q7—t} D', D, D? —s D', D', D?

Term r is simulated by terms 7.

Vét.re—t — Jk.rpe—t
re>T

Figure 15. Operational Semantics.
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