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Abstract

In recent work Baader has shown that a certain descrip-
tion logic with conjunction, existential quantification and
with circular definitions has a polynomial time subsumption
problem both under an interpretation of circular definitions
as greatest fixpoints and under an interpretation as arbi-
trary fixpoints (introduced by Nebel). This was shown by
translating definitions in the description logic (“TBoxes”)
into a labelled transition system and by reducing subsump-
tion to a question of the existence of certain simulations. In
the case of subsumption under the descriptive semantics a
new kind of simulation, called synchronised simulation, had
to be introduced. In this paper, we also give polynomial-
time decision procedures for these logics; this time by devis-
ing sound and complete proof systems for them and demon-
strating that proof search is polynomial for these systems.
We then use the proof-theoretic method to study the hith-
erto unknown complexity of description logic with univer-
sal quantification, conjunction, and GCI axioms. Finally,
we extend the proof-theoretic method to negation and thus
obtain a decision procedure for the description logic ALC
with fixpoints. This last section is only sketched.

1 Introduction

In [1] Baader has shown that a certain description logic
with conjunction, existential quantification and with circu-
lar definitions has a polynomial time subsumption problem
both under an interpretation of circular definitions as great-
est fixpoints and under an interpretation as arbitrary fix-
points (deemed “descriptive semantics” by B. Nebel [6]).

This was shown by translating definitions in the descrip-
tion logic (“TBoxes”) into a labelled transition system and
by reducing subsumption to a question of the existence of
certain simulations. In the case of subsumption under the
descriptive semantics a new kind of simulation, called syn-
chronised simulation, had to be introduced.

In this paper, we also give polynomial-time decision pro-
cedures for these logics; this time by devising sound and
complete proof systems for them and demonstrating that
proof search is polynomial time in these systems. While
no genuinely new result, with the exception of the results in
Section 7, is obtained we think that the paper is of value for
at least the following reasons: the decision procedures pro-
vide a beautiful and new application of Gentzen-style proof
theory; our proofs are simpler and less ad hoc than the orig-
inal ones; our method could be more easily extensible to
other systems. Of course, all these points are arguable.

2 Preliminaries

A signatureis a pairΣ = (R,P) whereP is a finite
set of propositional letters andR is a finite set of relation
symbols. Given a signatureΣ the set of formulas is defined
by the following grammar.

φ, ψ ::= X | P | φ ⊓ ψ | ∃r.φ

Here X ranges over a set of propositional variables,P

ranges over the setP , andr ranges over the setR.
A TBox is a list of equations of the formX = φX where

a variable occurs at most once as a left hand side of an equa-
tion and the formulas on the right hand side only involve
variables appearing as some left hand side. The formula
φX may involveX , though, which amounts to a circular
definition.

A formula over a TBoxT is a formula containing no
other variables than those defined inT .

I(X) = I(φX)

I(φ ⊓ ψ) = I(φ) ∩ I(ψ)

I(∃r.φ) = {x | ∃y∈I(φ).I(r)(x, y)}

We remark that most authors define an interpretation as a
mapping fromvariablesandlettersto subsets ofDI which



is thenextendedto all formulas by taking the above require-
ments as definitions. This definition is equivalent to the one
given here.

Until further notice letT be fixed TBox. Greek letters
φ, ψ, etc. will range over formulas overT . We say thatψ
subsumesφ under the descriptive semantics ifI(φ) ⊆ I(ψ)
for all interpretations of the TBox. We writeφ ⊑desc ψ to
denote that situation. Below in Section 6 we will consider
a coarser notion of subsumption called greatest fixpoint se-
mantics.

We say that a formulaφ is a subformula of a formulaψ
if φ occurs literally as a subterm ofψ. We say thatφ is a
subformula of a TBoxT if it equals one of its variables or
is a subformula of one of its right-hand sides.

The following example is from [1]. We takeP =
{Node} andR = {edge}. An interpretationI of this sig-
nature corresponds to a graph with node setI(Node) and
egde relationI(edge). Now consider the circular defini-
tion Inode = Node ⊓ ∃edge.Inode. It asserts that from
anyInode there emanates an edge leading to anotherInode
and moreover that if aNode x is linked to anInode thenx
is anInode itself. Of course, this does not uniquely deter-
mine the conceptInode. We may putI(Inode) = ∅ or else
let I(Inode) be the set of nodes from which there issues an
infinite path or else the points on some isolated circle.

While the interpretation of the circularly “defined” con-
cept is not unique it makes sense to ask what can be de-
duced from the knowledge that a node is anInode, in
other words to study the subsumption problem. For exam-
ple, if x is an Inode then there is a path of length three
starting fromx and leading to anotherInode: we have
Inode ⊑desc ∃edge.∃edge.∃edge.Inode.

Below in Section 6 we introduce greatest fixpoint seman-
tics which assigns a unique meaning to circularly defined
concepts.

3 Proof system

We will now show that descriptive subsumption is decid-
able in polynomial time in the size of the TBox by devising
a sound and complete Gentzen-style proof system.

The proof system operates on sequents of the formφ ⊑
ψ. Here the symbol⊑ is a syntactic separator.

The proof rules of the system are as follows.

φ ⊑ ρ

φ ⊓ ψ ⊑ ρ
(ANDL1)

ψ ⊑ ρ

φ ⊓ ψ ⊑ ρ
(ANDL2)

φ ⊑ ψ φ ⊑ ρ

φ ⊑ ψ ⊓ ρ
(ANDR)

φ ⊑ ψ

∃r.φ ⊑ ∃r.ψ
(EX)

φX ⊑ ψ

X ⊑ ψ
(DEFL)

ψ ⊑ φX

ψ ⊑ X
(DEFR)

φ ⊑ φ (AX)

The sequents above the horizontal line of a proof rule
are calledantecedentswhereas the sequent below the hori-
zontal line is calledconclusion. The intuition is that if all
antecedents of a rule have been derived then its conclusion
may also be derived. Alternatively, a proof rule can be used
backwards. The task of proving the conclusion of a rule can
be reduced (by “invoking “ the rule) to the task of providing
proofs for each of the antecedents.

An inductive proofof a sequentφ ⊑ ψ is a finite tree
whose nodes are labelled with sequents, whose root is la-
belled withφ ⊑ ψ, whose terminal nodes (leaves) are la-
belled with axioms (instances of rule AX) and whose inter-
nal nodes are always labelled with the conclusion of a proof
rule whose antecedent(s) are the labellings of the children.
In other words an inductive proof is what one would usu-
ally just call a “proof”. We use the notationφ ⊑<∞ ψ to
indicate that the judgmentφ ⊑ ψ has an inductive proof.

Example 3.1 Suppose thatX = P ⊓ ∃r.X . Here is an
inductive proof ofX ⊑ ∃r.P ⊓P thus establishingX ⊑<∞

∃r.P ⊓ P .

AX
P ⊑ P

ANDL1
P ⊓ ∃r.X ⊑ P

DEFL
X ⊑ P

AX
P ⊑ P

ANDL1
P ⊓ ∃r.X ⊑ P

DEFL
X ⊑ P

EX
∃r.X ⊑ ∃r.P

ANDL2
P ⊓ ∃r.X ⊑ ∃r.P

DEFL
X ⊑ ∃r.P

ANDR
X ⊑ ∃r.P ⊓ P

Lemma 3.2 (Cut elimination) If φ ⊑<∞ ψ andψ ⊑<∞ ρ

thenφ ⊑<∞ ρ.

Proof. The proof is entirely standard. For the sake of
completeness we give an outline here.

Let D1,D2 denote the two derivations in question. We
proceed by induction on both these derivations. IfD1 ends
with ANDL1, ANDL2, DEFL, A X the claim follows di-
rectly by applying he induction hypothesis to the immediate
subderivation ofD1 andD2.
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Suppose for example thatφ = φ1 ⊓ φ2 and that the last
rule ofD1 is ANDL1. The induction hypothesis then yields
φ1 ⊑<∞ ρ and henceφ1 ⊓ φ2 ⊑<∞ ρ by ANDL1.

We proceed analogously ifD2 ends with ANDR, DEFR,
AX. In all other cases we can apply the induction hypothesis
to the immediate subderivations of bothD1 andD2 yield-
ing the desired result directly. For example, ifD1 ends with
EX and none of the previous cases applies thenD2 must
end in EX, too. E.g., ANDL1 would be impossible. In
this case, the induction hypothesis applies to both imme-
diate subderivations and we conclude with EX. 2

4 Deciding descriptive subsumption

Theorem 4.1 φ ⊑desc ψ iff φ ⊑<∞ ψ, i.e., iff the judgment
φ ⊑ ψ has an inductive proof.

Proof. If φ ⊑<∞ ψ then clearlyφ ⊑desc ψ by rule induc-
tion. All the proof rules are obviously sound with respect to
the descriptive semantics.

For the converse we assume for simplicity thatφ, ψ are
subformulas ofT (otherwise extend the TBox with two def-
initionsX = φ, Y = ψ whereX,Y are fresh) and construct
an interpretationDI as follows. The domainDI is the set
of subformulas ofT . A propositional letter is interpreted by

I(P ) = {φ | φ ⊑<∞ P}

A relation symbolr is interpreted by

I(r)(φ, ψ) ⇐⇒ φ ⊑<∞ ∃r.ψ

Formulas, then, are interpreted by

I(φ) = {ψ | ψ ⊑<∞ φ}

Let us check that this is indeed an interpretation. We begin
with the caseφ = φ1 ⊓φ2. If ψ ⊑<∞ φ1 ⊓φ2 then we also
haveψ ⊑<∞ φi for i = 1, 2 by Lemma 3.2. Conversely, if
ψ ⊑<∞ φi for i = 1, 2 thenψ ⊑<∞ φ1 ⊓ φ2 by ANDR.

The caseφ = X is analogous.
Finally, consider the case whereφ = ∃r.φ1. Suppose

ψ ∈ I(∃r.φ1), i.e.,ψ ⊑<∞ ∃r.φ1. By definition, we then
haveI(r)(ψ, φ1) and of courseφ1 ∈ I(φ1) by AX. Con-
versely, suppose thatI(r)(ψ, π), i.e., ψ ⊑<∞ ∃r.π and
π ⊑<∞ φ1. We then haveψ ⊑<∞ ∃r.φ1 by EX and
Lemma 3.2.

Now, if φ ⊑desc ψ then in particularI(φ) ⊆ I(ψ) by the
definition of⊑desc, so sinceφ ⊑<∞ φ by AX, we obtain
φ ⊑<∞ ψ as required. 2

Theorem 4.2 The relation⊑desc is decidable in polyno-
mial time (in the size of the TBox and the two formulas in-
volved).

Proof. By the previous theorem it suffices to give a poly-
nomial time decision procedure for the relation⊑<∞. Sup-
pose that we are given two formulasφ, ψ over the TBox.
We may assume that bothφ andψ are actually subformulas
of the TBox. All the proof rules have the subformula prop-
erty in the sense that if the conclusion of an instance of any
rule consists of subformulas of the TBox then the formulas
in its premises are also subformulas of the TBox.

Thus it is clear that any proof ofφ ⊑<∞ ψ will only
involve subformulas of the TBox. The number of these for-
mulas is however polynomial (actually linear) in|T |.

We can thus compute a value table for⊑<∞ restricted to
these formulas in polynomial time by bottom-up iteration
or dynamic programming.

More precisely, we set up an arrayA that contains a
boolean entryA[φ, ψ] for any pair of subformulasφ, ψ of
the TBox.

This array has sizeO(n2) whenn is the size of the TBox.
Initially, all the entries are set to “false”. We now do the fol-
lowing repeatedly: for every instance of a proof rule with
premisesσi ⊑ τi, i = 1, . . . , ℓ and conclusionφ ⊑ ψ (No-
tice ℓ ∈ {0, 1, 2}) with the property thatA[σi, τi] equals
“true” for i = 1, . . . , ℓ, setA[φ, ψ] equal to “true”. No-
tice that the condition is vacuously true for rule AX so that
A[φ, φ] will be “true” after the first stage.

One stops as soon as this procedure stabilises, i.e., no
more entries can be set to “true” that are not “true” already.

At this point one hasφ ⊑<∞ ψ iff A[φ, ψ] equals “true”.
The number of iterations required isO(n2). 2

This performance of this procedure can be improved by
filling the array in a demand-driven fashion by searching
for a proof in a top-down fashion with possible backtrack-
ing in the case of rules ANDL1, ANDL2. All partial results
obtained in the course of this search will of course be tab-
ulated in the array and looked up rather than being recom-
puted when needed again. We remark that the described
decision procedure is an instance of the general framework
described by McAllister and Ganzinger [4].

5 Descriptive semantics with GCI axioms

We will now consider the problem where the TBoxT
in addition to fixpoint equations contains arbitrary assump-
tions of the formφ ⊑ ψ whereφ, ψ are formulas. Such
assumptions are calledgeneral concept inclusion(GCI) ax-
ioms. The subsumption problem for this extension has been
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studied in [3] who gives the following instructive example
of a GCI in the context of medical terminologies.

ulcer ⊓ ∃has loc.stomach ⊑
∃has loc.(lining ⊓ ∃is part ofstomach)

This GCI asserts the fact that an ulcer located in the stomach
will be located in the lining of the stomach. (The author is
unable to assess the truth of this fact.)

An interpretation of a TBox with axioms is an interpreta-
tion of the TBox in the descriptive sense which in addition
validates all the axioms, i.e., one hasI(φ) ⊆ I(ψ) when-
ever the axiomφ ⊑ ψ is contained in the TBox.

Subsumption with respect to a TBox with axioms is de-
fined as before, i.e.,φ ⊑desc ψ if I(φ) ⊑ I(ψ) for all
interpretations of the TBox with axioms.

We claim that even in the presence of axioms this rela-
tion is decidable in polynomial time thus re-establishing the
main result of [3]. To this end we augment our proof system
by the following rule:

ρ ⊑ φ ψ ⊑ θ

ρ ⊑ θ
(CONCEPT)

wheneverφ ⊑ ψ ∈ T

Lemma 3.2 continues to hold for if one of the partici-
pating derivations has CONCEPT as its last inference then
the induction hypothesis may be applied to one of the two
subderivations of CONCEPTand the other derivation. One
then concludes with an instance of CONCEPT. Of course,
CONCEPTis sound.

It remains to show that the interpretation defined by
I(φ) = {ψ | ψ ⊑<∞ φ} indeed validates all the axioms
of the TBox. If φ ⊑ ψ is an axiom andα ∈ I(φ) then
α ⊑<∞ φ by definition, soα ⊑<∞ ψ by CONCEPT and
AX.

Finally, the method of iteratively tabulating all derivable
judgments of the formφ ⊑<∞ ψ continues to work in the
presence of rule CONCEPTso that we have shown PTIME
decidability of descriptive subsumption with axioms.

Brandt (loc. cit.) also considers role inclusion axioms of
the formr ⊆ s with the understanding thatI(r) ⊆ I(s)
whenever such an axiom is present. These can effectively
be subsumed (sic!) under subsumption axioms by intro-
ducing an axiom∃r.φ ⊑ ∃s.φ wheneverφ is a subfor-
mula of the TBox. Of course, any interpretation that val-
idates a role inclusion axiomr ⊆ s will validate these
new axioms. Conversely, if a judgementφ ⊑ ψ follows
from these new axioms then it will be validated by the
“universal interpretation”I(φ) = {ρ | ρ ⊑<∞ φ} and
I(r) = {(φ, ψ) | φ ⊑<∞ ∃r.ψ}. However, this latter for-
mula satisfies the role inclusionr ⊆ s by rule CONCEPT.

6 Greatest fixpoint semantics

Let us revert to TBoxes with, possibly circular, defini-
tions only. An interpretation of such a TBox under the
greatest fixpoint semanticsis an interpretationI which has
the further property that wheneverJ is a function mapping
formulas over the TBox to subsets ofDI in such a way that

J (P ) = I(P ) (1)

J (X) ⊆ J (φX) (2)

J (φ ⊓ ψ) = J (φ) ∩ J (ψ) (3)

J (∃r.φ) = {x | ∃y∈J (φ).I(r)(x, y)} (4)

thenJ (φ) ⊆ I(φ) for all φ.
We remark that such an interpretationI is uniquely de-

terminedby and may be explicitly computedfrom its re-
striction to propositional letters by Knaster-Tarski’s fixpoint
theorem as the union of all functionsJ satisfying the above.

For example, in the example from Section 2 the greatest
fixpoint semantics ofInode is the second of the possibilities
given there, namely the set of all nodes from which there
issues an infinite path.

We say thatψ subsumesφ under the greatest fixpoint
semantics, writtenφ ⊑gfp ψ, if I(φ) ⊆ I(ψ) for all inter-
pretationsI under the greatest fixpoint semantics.

Clearly,⊑gfp is a coarser relation than⊑desc. For exam-
ple, if the TBox contains the definitionsX = P ⊓∃r.X and
Y = P ⊓ ∃r.Y thenX ⊑gfp Y holds, whileX ⊑desc Y

does not hold.
Indeed, the attempt of constructing a proof ofX ⊑ Y

in the above proof system leads to an infinite regress: one
of the subgoals generated will beX ⊑ Y again. It is thus
tempting to use a co-inductive interpretation of the proof
rules, i.e., to ask for a possibly infinite proof tree.

Unfortunately, infinite proofs are not sound for greatest
fixpoint subsumption. For example, ifφX = X then we
have an infinite proof ofX ⊑ P for anyP . This, however,
is clearly unsound since the greatest fixpoint interpretation
of suchX is I(X) = DI .

Infinite proofsare sound if all definitions in the TBox
are guarded in the sense that any self-referential occurrence
of a variable in the right-hand side occurs in the scope of
an∃r. operator. Alternatively, we may impose certain “live-
ness” conditions on infinite proofs that appropriately restrict
the iterated usage of DEFL. Both kinds of restrictions are
somewhat unwieldy to formalise which is why we prefer an
indexed formulation of a proof system for greatest fixpoint
subsumption.

More precisely, we define a family of relationsφ ⊑n ψ

for n ∈ N as follows.

1. φ ⊑0 ψ for all φ, ψ. (START)

2. φ ⊑n φ for all φ and alln ∈ N.
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3. The relations⊑n are closed under the rules ANDL1,
ANDL2, ANDR, DEFL, EX above.

4. If φ ⊑n φX thenφ ⊑n+1 X . (DEFR)

Let us writeφ ⊑∞ ψ to mean thatφ ⊑n ψ for all n ∈ N.
Notice that ifφX = X thenX ⊑∞ P doesnot hold, in

fact we do not even haveX ⊑1 P . Notice also thatφ ⊑m ψ

impliesφ ⊑n ψ wheneverm ≥ n.
To see, why indeed alln ∈ N are needed, consider the

TBoxX = P ⊓ ∃r.X, Y = P ⊓ ∃r.(P ⊓ ∃r.P ). We have
Y ⊑3 X , but notY ⊑4 X .

We also remark that ifφ ⊑∞ ψ then by König’s Lemma
there exists a single infinite proof ofφ ⊑ ψ out of which
proofs ofφ ⊑n ψ for arbitraryn arise by replacing appro-
priate subproofs by instances of START.

Establishing cut elimination (transitivity of⊑∞) directly
is somewhat awkward which is why we take an alternative
route to soundness as follows.

Definition 6.1 We writeφ 
 ψ to denote that the judge-
ment φ ⊑ ψ can be derived with rulesAX, ANDL1,
ANDL2, DEFL.

The following is direct.

Lemma 6.2 If φ 
 ψ andψ ⊑n ρ thenφ ⊑n ρ.

Lemma 6.3 (Generation) Suppose thatn > 0.

1. θ ⊑n P iff θ 
 P ,

2. θ ⊑n ψ1 ⊓ ψ2 iff θ ⊑n ψ1 andθ ⊑n ψ2.

3. θ ⊑n ∃r.ψ iff θ 
 ∃r.ρ andρ ⊑n ψ for some subfor-
mulaρ of either the TBox or ofθ, ∃r.ψ.

4. θ ⊑n+1 X iff θ ⊑n φX

Proof. The “if” directions are immediate using appropri-
ate proof rules and Lemma 6.2. For the “only if” directions
we proceed by induction on derivations. The idea is that the
only rules applicable are the ones defining
 or else the rule
which decomposes the formula on the right hand side. Con-
sider for example Case 3. If the last rule used was EX then
we are done withρ = ψ. Otherwise, the last rule used was
one of AX, ANDL1,2, DEFL and we can apply the induc-
tion hypothesis and conclude with that same rule. 2

The following is clear.

Lemma 6.4 Let I be an interpretation. Ifφ 
 ψ then
I(φ) ⊆ I(ψ).

Theorem 6.5 (Soundness)If φ ⊑∞ ψ thenI(φ) ⊆ I(ψ)
for any interpretation under the greatest fixpoint semantics.

Proof. We want to show that for allθ, φ and interpretation
I (under the greatest fixpoint semantics) we have

θ ⊑∞ φ =⇒ I(θ) ⊆ I(φ)

Equivalently, we may try to prove that for eachφ and inter-
pretationI one has

⋃

θ⊑∞φ

I(θ) ⊆ I(φ)

Writing J (φ) :=
⋃

θ⊑∞φ I(θ) for the left hand side this
would follow if we can prove thatJ satisfies (dis)equations
(1)-(4).

This, however, is a direct consequence of Lemma 6.3.
Consider for example the case of Equation 3. Ifx ∈
J (∃r.φ) then by definition ofJ there exists a formulaθ
such thatθ ⊑∞ ∃r.φ andx ∈ I(θ). By Lemma 6.3 this
means that we can findρ such thatθ 
 ∃r.ρ andρ ⊑∞ φ.
Strictly speaking, Lemma 6.3 may furnish a differentρ for
eachn, for a global one it suffices to take oneρ (of the
finitely many possible) that occurs for infinitely manyn.
By Lemma 6.4 we now havex ∈ I(∃r.ρ) so there exists
y ∈ I(ρ) with I(r)(x, y). 2

Theorem 6.6 (Completeness)If φ subsumesψ under the
greatest fixpoint semantics thenψ ⊑∞ φ.

Proof. We use a similar interpretation as in the proof of
Theorem 4.1 with⊑<∞ replaced by⊑∞ or 
. More pre-
cisely,

DI = subformulas of the TBox

I(r)(φ, ψ) ⇔ φ 
 ∃r.ψ

I(φ) = {ψ | ψ ⊑∞ φ}

The fact that this interpretation satisfies the (1)-(4) is a di-
rect consequence of Lemma 6.3. Consider the case where
φ = ∃r.φ1. If ψ ∈ I(∃r.φ1) thenψ ⊑∞ ∃r.φ1, so by
Lemma 6.3 there existsρ such thatψ 
 ∃r.ρ andρ ⊑∞ φ1.

This means thatI(r)(ψ, ∃r.ρ) and ρ ∈ I(φ1) as re-
quired. Conversely, ifψ 
 ∃r.ρ and ρ ⊑∞ φ1 then
ψ ⊑∞ ∃r.φ1 by EX and Lemma 6.2.

The other cases are analogous. It remains to show that
I is indeed the greatest interpretation. To see this, assume
thatJ is a function from formulas to subsets ofDI that also
satisfies (1)-(4) and coincides withI on propositional letters
and relation symbols. We need to show thatJ (ψ) ⊆ I(ψ)
for all ψ. In other words, ifφ ∈ J (ψ) thenφ ⊑n ψ for all
n ∈ N. We show this by course of values induction onn
and a subsidary induction onψ.

If ψ = P this is clear by assumption onJ

5



If ψ = ψ1 ⊓ψ2 thenφ ∈ J (ψi) and we may inductively
assume thatφ ⊑n ψi soφ ⊑n ψ by ANDR.

If ψ = ∃r.ψ1 then there exists a formulaρ ∈ J (ψ1) with
φ 
 ∃r.ρ. The subordinate induction hypothesis applied to
ψ1 givesρ ⊑n ψ1 and thus∃r.ρ ⊑n ∃r.ψ1 by rule EX and
thusρ ⊑n ψ by Lemma 6.2.

If, finally, ψ = X we distinguish two cases. Ifn = 0
thenφ ⊑n ψ by START. Otherwise,n = n′ + 1 andψ ∈
J (φX) sinceJ (X) ⊆ J (φX). The induction hypothesis
givesφ ⊑n′ φX and we obtainφ ⊑n X by DEFR. 2

Theorem 6.7 The relation ⊑g (subsumption under the
greatest fixpoint semantics) is decidable in polynomial time.

Proof. By the previous result it suffices to decide the rela-
tion⊑∞. As already mentioned, one has⊑n+1⊆⊑n, so one
can compute these relations by iteration. More precisely we
maintain two tables of polynomial size to hold the relations
⊑n and⊑n−1. Initially, we putn = 0 and set⊑n to be the
total relation in view of rule START. If relation⊑n−1 has
already been computed we compute⊑n from it by iteration
as in the proof of Theorem 4.2 and so forth. As soon as
we have reached ann0 for which⊑n0

=⊑n0+1 we may stop
since for suchn0 one has⊑∞=⊑n0

. But if ⊑n+1(⊑n then
⊑n+1 must contain at least one pair less than⊑n which im-
plies thatn0 exists and is polynomial in|T | and the goal.
This implies a polynomial runtime of the decision proce-
dure. 2

7 Universal quantification and GCI

After seeing an earlier version of this paper Baader asked
the author about the complexity of the subsumption prob-
lem for a description logic that has a universal quantifier
(∀r) dual to the existential we already saw, conjunction
(⊓) as before, and general concept inclusion (GCI) ax-
ioms. In particular, he suggested that this problem might
lie in PSPACE. We will now show how the proof-theoretic
method naturally leads to an EXPTIME algorithm for this
subsumption problem and at the same time allows one to
easily establish EXPTIME hardness. This is a new result
although in the meantime Baader, Brandt, and Lutz simul-
taneously found an alternative proof of EXPTIME hardness
using a reduction to Datalog [2]).

Signatures are defined as before as pairsΣ = (R,P).
Formulas are now given by the grammar

φ, ψ ::= P | φ ⊓ ψ | ∀r.φ

Variables are not needed in this case.
A TBox is a list of GCI axioms of the formφ ⊑ ψ as in

Section 4. Semantics is defined as in that Section with the
additional requirement that

I(∀r.φ) = {x | ∀y∈DI .I(r)(x, y) → y∈I(φ)}

Subsumptionφ ⊑desc ψ with respect to a TBox is defined as
before asI(φ) ⊆ I(ψ) for all interpretations of the TBox.
Our proof system now operates on sequents of the formΓ ⊑
φ whereΓ is a finite set of formulas.

The intended interpretation of such a sequent isφ1 ⊓
· · · ⊓ φn ⊑desc φ whenΓ = {φ1, . . . , φn}. In this situa-
tion we writeΓ ⊑desc φ. We writeΓ, φ for Γ∪ {φ}. If Γ =
{φ1, . . . , φn} then we write∀r.Γ for {∀r.φ1, . . . ,∀r.φn}.
The proof rules are as follows.

Γ, φ, ψ ⊑ ρ

Γ, φ ⊓ ψ ⊑ ρ
(ANDL)

Γ ⊑ φ Γ ⊑ ψ

Γ ⊑ φ ⊓ ψ
(ANDR)

∆ ⊑ ρ

Γ, ∀r.∆ ⊑ ∀rρ
(FORALL)

φ ∈ Γ

Γ ⊑ φ
(AX)

Γ ⊑ λ Γ, ρ ⊑ φ

Γ ⊑ φ
(CONCEPT)

where of course CONCEPTis applicable only when the GCI
axiomλ ⊑ ρ is contained in the TBox. An intuitive reason
as to why judgements of the formφ ⊑ ψ are no longer suf-
ficient stems from the fact that, unlike existential quantifi-
cation, the universal quantification commutes with conjunc-
tion. Thus in particular, the following judgement should be
provable:(∀r.φ)⊓(∀r.ψ) ⊑ ∀r.φ⊓ψ. The proof is straight-
forward by rules AX, FORALL, ANDL, but there would be
no proof if we had ANDL1 and ANDL2 instead of ANDL
as before.

Let us writeΓ ⊑<∞ φ to indicate that the sequentΓ ⊑ φ

is provable in the sense that it has an inductive proof.
The following two are direct by induction on derivations.

Proposition 7.1 (Soundness)If Γ ⊑<∞ φ thenΓ ⊑desc φ.

Lemma 7.2 (Weakening) If Γ ⊑<∞ φ thenΓ, ρ ⊑<∞ φ

is provable by a proof of the same depth.

Lemma 7.3 (Cut) If Γ ⊑<∞ φ andΓ, φ ⊑<∞ ψ then also
Γ ⊑<∞ ψ.
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Proof. By induction on derivations. If the last rule of the
first derivation is CONCEPT then we have shorter deriva-
tions of Γ ⊑ λ andΓ, ρ ⊑ φ. The induction hypothesis
yieldsΓ, ρ ⊑<∞ ψ and we obtainΓ ⊑<∞ ψ by CONCEPT.
If, on the other hand, the last rule of the second derivation
was CONCEPTthen we have shorter derivations ofΓ, φ ⊑ λ

andΓ, φ, ρ ⊑ ψ. The induction hypothesis yieldsΓ ⊑<∞ λ

andΓ, ρ ⊑<∞ ψ. The result follows with rule CONCEPT.
The other cases are similar. 2

Theorem 7.4 (Completeness)If Γ ⊑desc φ thenΓ ⊑<∞

φ.

Proof. As usual, we assume that all formulas inΓ, φ are
mentioned in the TBox.

Let us writeF for the set of subformulas of the TBox.
We construct an interpretationI over the domainDI =
P(F) containing sets of subformulas of the TBox.

Propositional letters are interpreted byI(P ) = {Γ |
Γ ⊑<∞ φ}. Roles are interpreted byI(r)(Γ,∆) iff ∆ con-
sists of allφ ∈ T for which Γ ⊑<∞ ∀r.φ. We extend the
interpretation to all formulas by taking the required equa-
tions as an inductive definition.

Sublemma: If φ ∈ F thenI(φ) = {Γ | Γ ⊑<∞ φ}.

Proof of Sublemma: By induction onφ. If φ is a letter
then this is true by definition. Ifφ = φ1 ⊓ φ2 andΓ ∈
I(φ) = I(φ1) ∩ I(φ2) then by the induction hypothesis
Γ ⊑<∞ φ1 andΓ ⊑<∞ φ2, soΓ ⊑<∞ φ1 ⊓ φ2 by ANDR.
Conversely, ifΓ ⊑<∞ φ1 ⊓ φ2 then alsoΓ ⊑<∞ φi by
ANDL and the Cut Lemma. Ifφ = ∀r.φ1 andΓ ∈ I(∀r.φ)
then let∆ be the (unique) set withI(r)(Γ,∆). We obtain
∆ ∈ I(φ1) so, by induction,∆ ⊑<∞ φ1. Rule ALL yields
∀r.∆ ⊑<∞ ∀r.φ andΓ ⊑<∞ φ by the Cut Lemma and the
defining property of∆. Conversely, ifΓ ⊑<∞ ∀r.φ1 then
φ1 ∈ ∆ and∆ ⊑<∞ φ1 by AX. By induction∆ ∈ I(φ1)
and soΓ ∈ I(φ). 2

It remains to check that this interpretation indeed sat-
isfies all GCI axioms: Ifλ ⊑ ρ is such an axiom and
Γ ∈ I(λ) thenΓ ⊑<∞ λ by the sublemma. On the other
hand,Γ, ρ ⊑<∞ ρ by AX, soΓ ⊑<∞ ρ by CONCEPTand
Γ ∈ I(ρ) by the sublemma.

Now, again by the sublemma and AX we haveΓ ∈⋂
γ∈Γ I(γ), so Γ ∈ I(φ) and, finally,Γ ⊑<∞ φ as re-

quired. 2

Theorem 7.5 There is an EXPTIME algorithm for deciding
subsumption in description logic with∀,⊓ and GCI axioms.

Proof. The sound and complete proof system given above
enjoys the subformula property. Thus there are only expo-
nentially many possible sequents occurring in a proof. By
dynamic programming one can systematically determine
the provable ones among these. Alternatively, one may note
that top down proof search can be performed by an alter-
nating PSPACE machine. Either way, the EXPTIME bound
follows. 2

Conversely, deciding the relation⊑<∞ and hence by
soundness and completeness the relation⊑desc is EXP-
TIME hard.

We will show this by reduction to pushdown games
which we describe here in a suitable version: LetΣ be a
finite alphabet andQ be a finite set (of states) containing
a special accepting stateqA. A configuration is a pairwq
wherew ∈ Σ∗ andq ∈ Q. A rule is an expression of the
form a1, a2 → a3 wherea1, a2, a3 are configurations.

The pushdown game is played between two players I and
II on configurations. In configurationa Player I chooses a
rule a1, a2 → a3 such thata = wa3 for somew ∈ Σ∗.
Thereafter, Player II chooses a numberi ∈ {1, 2} and the
subsequent configurationwai is reached. Player I wins once
the configurationǫqA is reached. In all other cases Player II
wins. It is EXPTIME-hard to decide whether Player I can
win from a given configuration [8].

We remark that we can equivalently view a pushdown
game as a Horn Theory whose propositional letters are the
configurations and whose axioms are the Horn formulas of
the formwa1, wa2 → wa3 wherea1, a2 → a3 is a rule and
w ∈ Σ∗ is arbitrary. Clearly, Player I wins the game iffqA
is provable in this Horn Theory. The pushdown games thus
consitute an exponentially more concise schematic presen-
tation of certain Horn Theories.

Suppose we are given such a pushdown game. We con-
struct a TBox as follows: The propositional letters are the
states of the game whereas the roles are the letters inΣ. For
w ∈ Σ∗ we write ∀w.φ to abbreviate∀r1 . . .∀rk.φ when
w = r1 . . . rk. A configurationwq is represented as the for-
mulapwqq := ∀w.q. A rule a1, a2 → a3 is represented by
the GCI axiompa1q ⊓ pa2q ⊑ pa3q.

Now qA is subsumed bypaq if and only if Player I
wins from a. To see this we first notice that the moves
of a winning play froma immediately give rise to a proof
of qA ⊑<∞ paq. Just mimick the moves of Player I by
the appropriate choice of instances of CONCEPTS. For
the converse, we argue semantically and consider an in-
terpretation on the domain of pairs(w, a) wherew ∈ R∗

anda a configuration. The transition relation is given by
I(r)((w, a), (wr, a)) and the interpretation is generated by
the following interpretation of the letters:

I(q) = {(w, a) | Player I can force play fromwq to a.}
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Now, by induction on the definition ofp q one obtains

I(pa1q) = {(w, a) | Player I can force play fromwa1 to a.}

It follows that all GCI axioms are validated by this interpre-
tation. Indeed, if(w, a) ∈ I(pa1q⊓pa2q) then Player I can
force the play toa from bothwa1 andwa2. In this case, he
also wins fromwa3 by choosing the rulea1, a2 → a3.

Now, if qA ⊑<∞ paq then, since(ǫ, qA) ∈ I(qA) we
have(ǫ, qA) ∈ I(paq) so that Player I wins froma.

Theorem 7.6 Deciding subsumption in description logic
with ∀,⊓ and GCI axioms is EXPTIME hard.

8 Extension with negation (sketch)

We extend formulas with negation (and hence disjunc-
tion and universal quantification which then become defin-
able) by adding a new clauseφ ::= . . . |¬φ| . . . to the gram-
mar for formulas.

The semantic clause for negation is

I(¬φ) = DI \ I(φ) (5)

Furthermore, we require that every variable inφX appears
under an even number of negation signs so that greatest fix-
points actually exist. We are in this section only interested
in greatest fixpoint semantics, the descriptive semantics be-
ing actually easier and analogous.

In order to capture subsumption syntactically we intro-
duce another proof system which this time operates on se-
quents of the formΓ ⊑ ∆ whereΓ,∆ are (possibly empty)
sets of formulas over the TBox.

In the sequel we use capital Greek letters to denote sets
of formulas over the TBox, we writeΓ,∆ for Γ ∪ ∆ and
Γ, φ for Γ ∪ {φ}.

We have the following proof rules.

Γ ⊑0 ∆
(SSTART)

Γ ∩ ∆ 6= ∅

Γ ⊑n ∆
(SAX)

Γ ⊑n ∆, φ

Γ,¬φ ⊑n ∆
(SNEGL)

Γ, φ ⊑n ∆

Γ ⊑n ∆,¬φ
(SNEGR)

Γ, φ, ψ ⊑n ∆

Γ, φ ⊓ ψ ⊑n ∆
(SANDL)

Γ ⊑n ∆, φ Γ ⊑n ∆, ψ

Γ ⊑n ∆, φ ⊓ ψ
(SANDR)

φ ⊑n Ψ

Γ, ∃r.φ ⊑n ∃r.Ψ,∆
(SEX)

Γ, φX ⊑n ∆

Γ, X ⊑n ∆
(SDEFL)

Γ ⊑n ∆, φX

Γ ⊑n+1 ∆, X
(SDEFR)

Given an interpretation (in the greatest fixpoint sense) we
define

I⊔(Γ) =
⋃

φ∈Γ

I(φ)

I⊓(Γ) =
⋂

φ∈Γ

I(φ)

Here the empty intersection is understood to be the setDI

whereas the empty union is the empty intersection.

Theorem 8.1 φ ⊑gfp ψ if and only ifφ ⊑n ψ is provable
for all n ∈ N.

The proof of this result will appear in the full paper; it fol-
lows essentially the proof of Theorems 6.5 and 6.6 above
with the notable complication that the completeness proof
now requires the use of maximally consistent sets of formu-
las.

Dynamic programming as before now directly yields an
EXPTIME algorithm for subsumption (notice that the num-
ber of sequents is now exponential) matching the known
lower bound.

9 Conclusion and related work

We have given sound and complete proof systems for
description logic with circular definitions both under the de-
scriptive semantics and under a greatest fixpoint interpreta-
tion. We also have considered the case of arbitrary axioms.
The main tool was Gentzen-style proof theory and dynamic
programming to obtain algorithms from proof systems.

While such proof systems were known for various modal
logics they seem to be new for the extension with circular
definitions. Also the indexed formulation of a proof system
for greatest fixpoints appears to be new.

The idea of systematically tabulating derivable judge-
ments has also been used by Ganzinger and McAllister [4]
to derive efficient algorithms and complexity bounds from
logic programming formulations of solutions to problems.

The programme set out in this paper can be carried out
for other description logics and various combinations of fea-
tures. Superficial investigations show that in each case the
known bounds are achieved. It remains to be seen to what
extent further new results can be achieved in this way.

Of course, the description logic with greatest fixpoint se-
mantics is a subsystem of Kozen’sµ-calculus [5] and thus
logics and decision procedures for the latter can in principle
also used in our context. However, cut-free proof systems
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for µ-calculus are not available1 and thus do not give rise to
decision procedure. Indeed, all known decision procedures
for µ-calculus rely on automata-theoretic methods. More-
over, all these methods have exponential complexity due to
the EXPTIME hardness ofµ-calculus. We have attempted
to extend the method of indexed, infinite proofs from Sec-
tion 6 toµ-calculus, but not yet to complete satisfaction.
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