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Abstract In this paper, we also give polynomial-time decision pro-
cedures for these logics; this time by devising sound and
In recent work Baader has shown that a certain descrip- complete proof systems for them and demonstrating that
tion logic with conjunction, existential quantification@n  proof search is polynomial time in these systems. While
with circular definitions has a polynomial time subsumption no genuinely new result, with the exception of the results in
problem both under an interpretation of circular definiton  Section 7, is obtained we think that the paper is of value for
as greatest fixpoints and under an interpretation as arbi- at least the following reasons: the decision procedures pro
trary fixpoints (introduced by Nebel). This was shown by vide a beautiful and new application of Gentzen-style proof
translating definitions in the description logic (“TBoxgs”  theory; our proofs are simpler and less ad hoc than the orig-
into a labelled transition system and by reducing subsump-inal ones; our method could be more easily extensible to
tion to a question of the existence of certain simulations. | other systems. Of course, all these points are arguable.
the case of subsumption under the descriptive semantics a
new ki.nd of simulation, _called synchronised.simulatiord ha 2  Preliminaries
to be introduced. In this paper, we also give polynomial-
Flme decision procedures for these logics; this time bysdevi A signatureis a pairs = (R, P) where? is a finite
ing sound and complete proof systems for them and demon- o ! . .
strating that proof search is polynomial for these systems. set of propc_)smonal_ letters arfd is a finite set Of relat_lon
We then use the proof-theoretic method to study the hith-SymbOIS' G|\{en a signatusthe set of formulas is defined
. o T . by the following grammar.
erto unknown complexity of description logic with univer-
sal quantification, conjunction, and GCI axioms. Finally, b =X | P|ony|Ire
we extend the proof-theoretic method to negation and thus
obtain a decision procedure for the description logic ALC Here X ranges over a set of propositiona] variablés,
with fixpoints. This last section is only sketched. ranges over the s@&, andr ranges over the s&..
A TBox is a list of equations of the fortt = ¢x where
a variable occurs at most once as a left hand side of an equa-
1 Introduction tion and the formulas on the right hand side only involve
variables appearing as some left hand side. The formula
In [1] Baader has shown that a certain description logic #x may involve X, though, which amounts to a circular
with conjunction, existential quantification and with airc  definition.
lar definitions has a polynomial time subsumption problem A formula over a TBoxT' is a formula containing no
both under an interpretation of circular definitions as grea Other variables than those definedZin
est fixpoints and under an interpretation as arbitrary fix-
points (deemed “descriptive semantics” by B. Nebel [6]).

This was shown by translating definitions in the descrip- I(X) = Z(ox)
tion logic (“TBoxes”) into a labelled transition system and I(pny) = Z(¢p)NI(Y)
by reducing subsumption to a question of the existence of I3r¢) = {x|3yel(d).I(r)(z,y)}

certain simulations. In the case of subsumption under the
descriptive semantics a new kind of simulation, called syn- We remark that most authors define an interpretation as a
chronised simulation, had to be introduced. mapping fronvariablesandlettersto subsets oDz which



is thenextendedo all formulas by taking the above require- P (Ex)
ments as definitions. This definition is equivalent to the one dr.¢ E Irap
given here.
Until further notice letT" be fixed TBox. Greek letters px EY (DEFL)
¢, 1, etc. will range over formulas ovér. We say that) XCvo
subsumes under the descriptive semanticgifp) C Z (1))
for all interpretations of the TBox. We writ@ C ges 9 tO Y E ox (DEFR)
denote that situation. Below in Section 6 we will consider Y EX
a coarser notion of subsumption called greatest fixpoint se-
mantics. PES (AX)
We say that a formula is a subformula of a formulg The sequents above the horizontal line of a proof rule

if ¢ occurs literally as a subterm of. We say that is a are calledantecedentsvhereas the sequent below the hori-
subformula of a TBoX if it equals one of its variables or ~ zontal line is callecconclusion The intuition is that if all

is a subformula of one of its right-hand sides. antecedents of a rule have been derived then its conclusion
The following example is from [1]. We tak® = may also be derived. Alternatively, a proof rule can be used
{Node} andR = {edge}. An interpretatior? of this sig- backwards. The task of proving the conclusion of a rule can

nature corresponds to a graph with nodeZ&@ode) and be reduced (by “invoking “ the rule) to the task of providing
egde relatiorZ (edge). Now consider the circular defini-  proofs for each of the antecedents.

tion Inode = Node 1 Jedge.lnode. It asserts that from An inductive proofof a sequenty C v is a finite tree
anylnode there emanates an edge leading to andtiwie whose nodes are labelled with sequents, whose root is la-
and moreover that if Alode z is linked to aninode thenx belled with¢ C 1, whose terminal nodes (leaves) are la-

is anInode itself. Of course, this does not uniquely deter- belled with axioms (instances of rulexA and whose inter-
mine the concefdhode. We may putZ(Inode) = 0 or else nal nodes are always labelled with the conclusion of a proof
let Z(Inode) be the set of nodes from which there issues an rule whose antecedent(s) are the labellings of the children
infinite path or else the points on some isolated circle. In other words an inductive proof is what one would usu-
While the interpretation of the circularly “defined” con- ally just call a “proof”. We use the notatiop C ., ¢ to
cept is not unique it makes sense to ask what can be deindicate that the judgmexit C ¢ has an inductive proof.
duced from the knowledge that a node is laode, in
other words to study the subsumption problem. For exam-Example 3.1 Suppose thaf{ = P M 3r.X. Here is an
ple, if z is anlnode then there is a path of length three inductive proof ofX' T 3r. PP thus establishindl’ T oo
starting fromz and leading to anothdnode: we have  3r.PMP.
Inode C40sc Jdedge.dedge.dedge.lnode.

Below in Section 6 we introduce greatest fixpoint seman- PC P AX
tics which assigns a unique meaning to circularly defined F_XEP ANDL1
.
concepts. = DerL
A XEP E
X ——— EX
3 Proof system PCP Ir.X C Ir.P
———  ANDL1 ANDL2
POarXCP ParXC3drP
We will now show that descriptive subsumption is decid- ~ —————— DEerL XCap DEFL
able in polynomial time in the size of the TBox by devising = =" ANDR
a sound and complete Gentzen-style proof system. XC3rPOP
The proof system operates on sequents of the {prfm o
1. Here the symbdL is a syntactic separator. Lemma 3.2 (Cut elimination) If ¢ C<oc ¢ andy E<oc p
The proof rules of the system are as follows. theng Lo p.
¢Ep ANDLL _
MU Cp (ANDLI)  proof. The proof is entirely standard. For the sake of
- completeness we give an outline here.
YEp (ANDL2) Let D1, D, denote the two derivations in question. We
PP Cp proceed by induction on both these derivationsD{fends
with ANDL1, ANDL2, DEfFL, AX the claim follows di-
oLy oLCp rectly by applying he induction hypothesis to the immediate
T (ANDR) o
dCYNp subderivation of0; andDs.



Suppose for example that= ¢; M ¢, and that the last
rule of D; is ANDL1. The induction hypothesis then yields
#1 C<oo pand henceb; M ¢, C oo p by ANDLL. Theorem 4.2 The relationCqs. is decidable in polyno-

We proceed analogouslyT?, ends with ANDR, DEFR, mial time (in the size of the TBox and the two formulas in-
Ax. In all other cases we can apply the induction hypothesis Volved).
to the immediate subderivations of bdth and D, yield-
ing the desired result directly. For exampleDif ends with Proof. By the previous theorem it suffices to give a poly-
Ex and none of the previous cases applies tignmust nomial time decision procedure for the relation .. Sup-
end in E, too. E.g., AADL1 would be impossible. In  pose that we are given two formulas:) over the TBox.
this case, the induction hypothesis applies to both imme-We may assume that bothand+/ are actually subformulas
diate subderivations and we conclude with.E O of the TBox. All the proof rules have the subformula prop-

erty in the sense that if the conclusion of an instance of any
rule consists of subformulas of the TBox then the formulas
in its premises are also subformulas of the TBox.
Thus it is clear that any proof af T, v will only
4 Deciding descriptive subsumption involve subformulas of the TBox. The number of these for-
mulas is however polynomial (actually linear)|ifi|.

We can thus compute a value table fog ., restricted to
these formulas in polynomial time by bottom-up iteration
or dynamic programming.

More precisely, we set up an array that contains a

Theorem 4.1 ¢ Cgesc ¥ iff ¢ T 9, i.€., iff the judgment
¢ C v has an inductive proof.

Proof. If ¢ T 1 then clearlyp Caesc ¢ by ruleinduc-  boolean entryd[¢, ] for any pair of subformulas, i of

tion. All the proof rules are obviously sound with respect to the TBox.

the descriptive semantics. This array has siz€(n?) whenn is the size of the TBox.
For the converse we assume for simplicity that) are Initially, all the entries are set to “false”. We now do théfo

subformulas of” (otherwise extend the TBox with two def-  Jowing repeatedly: for every instance of a proof rule with
initions X = ¢,Y = ¢ whereX, Y are fresh) and construct premisesr; C 7;,i = 1,...,¢ and conclusiom C 1 (No-
an interpretatiorDz as follows. The domaif®z is the set  tice ¢ € {0, 1,2}) with the property thatd[o;, 7;] equals

of subformulas of". A propositional letter is interpreted by “true” for i = 1,...,¢, setA[¢,+] equal to “true”. No-
tice that the condition is vacuously true for rulexAo that
Z(P)={¢| ¢ Ccx P} Alo, ¢] will be “true” after the first stage.
One stops as soon as this procedure stabilises, i.e., no
Arrelation symbol- is interpreted by more entries can be set to “true” that are not “true” already.
At this pointone hag C ., ¢ iff A[¢,1)] equals “true”.
Z(r)(¢,¢) <= ¢ Ecoo Ir¢p The number of iterations required@:([n?).] O

F I h i
ormulas, then, are interpreted by This performance of this procedure can be improved by

Z(¢) = {4 | ¥ Ceoo &} filling the array in a demand-driven fashion by searching
=< for a proof in a top-down fashion with possible backtrack-

Let us check that this is indeed an interpretation. We begining in the case of rules ROL1, ANDL2. All partial results
with the caseb = ¢; M. If ¥ T 61 Moo thenwe also  OPtained in the course of this search will of course be tab-

havey Co.. ¢; fori = 1,2 by Lemma 3.2. Conversely, if ~ulated in the array and looked up rather than being recom-
¥ |:<oo_¢i fori — 1.2 thénz/; C o ¢1 M é2 by ANDR. puted when needed again. We remark that the described
T ’ " decision procedure is an instance of the general framework

The case) = X is analogous. ) i i
described by McAllister and Ganzinger [4].

Finally, consider the case whe¢e= Jr.¢;. Suppose
Y € I(Ir.g), e, Coo Ir.g1. By definition, we then
haveZ(r)(¥, ¢1) and of coursey, € Z(¢1) by Ax. Con- 5 Descriptive semantics with GCI axioms
versely, suppose th&k(r)(y, 7), i.e., » Cco Ir.m and
T Ceoo ¢1. We then have) C., Jr.¢; by Ex and We will now consider the problem where the TB@x
Lemma 3.2. in addition to fixpoint equations contains arbitrary assump
Now, if ¢ Cqesc % thenin particulaZ (¢) C Z(v) by the tions of the form¢ C ¢ whereg, v are formulas. Such
definition of Cgesc, SO SiNCep T ¢ by AX, we obtain assumptions are callegneral concept inclusiofGClI) ax-
¢ C< ¥ asrequired. O ioms. The subsumption problem for this extension has been



studied in [3] who gives the following instructive example
of a GClI in the context of medical terminologies.

ulcer 1 3has_loc.stomach C
Jhas_loc.(lining 1 Jis_part_ofstomach)

6 Greatest fixpoint semantics

Let us revert to TBoxes with, possibly circular, defini-
tions only. An interpretation of such a TBox under the
greatest fixpoint semantids an interpretatiod which has
the further property that whenevgris a function mapping

This GCI asserts the fact that an ulcer located in the stomact‘formmas over the TBoX to subsetsDf in such a way that

will be located in the lining of the stomach. (The author is
unable to assess the truth of this fact.)

An interpretation of a TBox with axioms is an interpreta-
tion of the TBox in the descriptive sense which in addition
validates all the axioms, i.e., one ha&p) C Z(v) when-
ever the axiomy C ¢ is contained in the TBox.

Subsumption with respect to a TBox with axioms is de-
fined as before, i.e¢ Caesc ¢ if Z(¢) T Z(¢) for all
interpretations of the TBox with axioms.

We claim that even in the presence of axioms this rela-
tion is decidable in polynomial time thus re-establishimg t
main result of [3]. To this end we augment our proof system
by the following rule:

pEo YLCO

=0 (CoNCEPT)
pE

wheneverw C ¢ € T

Lemma 3.2 continues to hold for if one of the partici-
pating derivations has @VCEPTas its last inference then
the induction hypothesis may be applied to one of the two
subderivations of GNCEPTand the other derivation. One
then concludes with an instance 0b&cepPT. Of course,
CONCEPTIs sound.

It remains to show that the interpretation defined by
Z(¢) = {¥ | ¥ Ccoo ¢} indeed validates all the axioms
of the TBox. If¢ C ¢ is an axiom andx € Z(¢) then
a Coo ¢ by definition, soa C. ., ¥ by CONCEPTand
AX.

Finally, the method of iteratively tabulating all derivabl
judgments of the fornp C. ., ¢ continues to work in the
presence of rule GNCEPTSso0 that we have shown PTIME
decidability of descriptive subsumption with axioms.

Brandt (loc. cit.) also considers role inclusion axioms of
the formr C s with the understanding th&(r) C Z(s)

JP) = I(P) 1)
J(X) < J¢x) (@)
Jeny) = J@)nIW) 3)
J@Er¢) = {z|3eT(@)I(r)(z,y)} (4

thenJ (¢) C Z(¢) for all ¢.

We remark that such an interpretatidns uniquely de-
terminedby and may be explicitly computefilom its re-
striction to propositional letters by Knaster-Tarski'gidint
theorem as the union of all functiopg&satisfying the above.

For example, in the example from Section 2 the greatest
fixpoint semantics ofihode is the second of the possibilities
given there, namely the set of all nodes from which there
issues an infinite path.

We say thatyy subsumesp under the greatest fixpoint
semantics, writterp T, 1, if Z(¢) C Z(1) for all inter-
pretationsZ under the greatest fixpoint semantics.

Clearly,C,y, is a coarser relation thafges.. For exam-
ple, if the TBox contains the definitio’s = P 3r.X and
Y = PN 3rY thenX L, Y holds, whileX Chese YV
does not hold.

Indeed, the attempt of constructing a prooffC Y
in the above proof system leads to an infinite regress: one
of the subgoals generated will B¢ C Y again. It is thus
tempting to use a co-inductive interpretation of the proof
rules, i.e., to ask for a possibly infinite proof tree.

Unfortunately, infinite proofs are not sound for greatest
fixpoint subsumption. For example, ify = X then we
have an infinite proof oX T P for any P. This, however,
is clearly unsound since the greatest fixpoint interpremtati
of suchX isZ(X) = Dz.

Infinite proofsare sound if all definitions in the TBox
are guarded in the sense that any self-referential ocatgren
of a variable in the right-hand side occurs in the scope of
an3Jr. operator. Alternatively, we may impose certain “live-

whenever such an axiom is present. These can effectively’€ss” conditions on infinite proofs that appropriatelyniest
be subsumed (sic!) under subsumption axioms by intro- the iterated usage of €FL. Both kinds of restrictions are

ducing an axiomdr.¢p T Js.¢ wheneverg is a subfor-
mula of the TBox. Of course, any interpretation that val-
idates a role inclusion axiom C s will validate these
new axioms. Conversely, if a judgemeptC ) follows
from these new axioms then it will be validated by the
“universal interpretationZ(¢) = {p | p Cce ¢} and
Z(r) = {(¢,v) | ¢ Ccx Ir.ip}. However, this latter for-
mula satisfies the role inclusionC s by rule CONCEPT.

somewhat unwieldy to formalise which is why we prefer an
indexed formulation of a proof system for greatest fixpoint
subsumption.

More precisely, we define a family of relationsC,,
for n € N as follows.

1. ¢ Cq o for all ¢, 1. (START)
2. ¢ C, ¢forall ¢ and alln € N.



3. The relationsZ,, are closed under the rulesngL1,
ANDL2, ANDR, DEFL, Ex above.

4. If p C,, ¢x thenop C,,11 X. (DEFR)

Let us writep C, ¢ to mean that) C,, ¢ forall n € N.

Notice that if¢ x = X thenX C., P doesnothold, in
fact we do not even hav& C; P. Notice alsothap C,,, ¥
implies¢ C,, v» whenevern > n.

To see, why indeed alt € N are needed, consider the
TBox X = PN 3r.X,Y = PN 3r.(PN3r.P). We have
Y C3 X, butnotY T4 X.

We also remark that ip C ., 1 then by Konig’s Lemma
there exists a single infinite proof @f C ¢ out of which
proofs of¢ C,, ¢ for arbitraryn arise by replacing appro-
priate subproofs by instances of &RT.

Establishing cut elimination (transitivity &f ..) directly

Proof. We want to show that for al, ¢ and interpretation
7 (under the greatest fixpoint semantics) we have

0 Coo ¢ = Z(0) C 1(9)

Equivalently, we may try to prove that for eagtand inter-
pretationZ one has

Writing J(¢) = U, Z(0) for the left hand side this
would follow if we can prove thaf/ satisfies (dis)equations
(1)-(4).

This, however, is a direct consequence of Lemma 6.3.
Consider for example the case of Equation 3. zlfe
J(3r.¢) then by definition ofJ there exists a formulé

is somewhat awkward which is why we take an alternative such tha) C., 3r.¢ andz € Z(#). By Lemma 6.3 this

route to soundness as follows.

Definition 6.1 We write¢ I ¢ to denote that the judge-
ment¢y C 1 can be derived with ruleAx, ANDL1,
ANDLZ2, DEFL.

The following is direct.
Lemma 6.2 If ¢ IF ¢ andy C,, ptheng C,, p.
Lemma 6.3 (Generation) Suppose that > 0.
1.0C, PiffoI- P,
2. 0 T,y b1 My iff 0 T, b1 andl T, 1o,

3.0 C, JIryiff 0 IF Ir.p andp C,, ¢ for some subfor-
mulap of either the TBox or of, 3r.¢).

4. 0 Cpypq Xiff0 C, ox

Proof. The “if” directions are immediate using appropri-

means that we can findsuch tha I+ Jr.p andp C, ¢.
Strictly speaking, Lemma 6.3 may furnish a differerfor
eachn, for a global one it suffices to take one(of the
finitely many possible) that occurs for infinitely mamny
By Lemma 6.4 we now have € Z(3r.p) so there exists
y € Z(p) with Z(r)(z, y). O

Theorem 6.6 (Completeness)f ¢ subsumes) under the
greatest fixpoint semantics thénC . ¢.

Proof. We use a similar interpretation as in the proof of
Theorem 4.1 withc ., replaced byC, or IF. More pre-
cisely,

Dz = subformulas of the TBox
Z(r)(s,¢y) & ¢lF3ry
I(¢) = {¢v[vEx ¢}

ate proof rules and Lemma 6.2. For the “only if” directions The fact that this interpretation satisfies the (1)-(4) is-a d
we proceed by induction on derivations. The idea is that therect consequence of Lemma 6.3. Consider the case where

only rules applicable are the ones definingr else the rule

¢ = Ir.gr. If ¢ € Z(3Ir.¢1) theny Co Iy, SO by

which decomposes the formula on the right hand side. Con-Lemma 6.3 there exisssuch that) I- 3r.p andp T, ¢1.

sider for example Case 3. If the last rule used waglien

This means thaZ (r)(v,3r.p) andp € I(¢p1) as re-

we are done witlp = . Otherwise, the last rule used was quired. Conversely, iy I+ 3r.p andp T, ¢1 then

one of Ax, ANDL1,2, DEFL and we can apply the induc-
tion hypothesis and conclude with that same rule. O

The following is clear.

Lemma 6.4 Let Z be an interpretation.

Z(¢) S Z(¥).

Theorem 6.5 (Soundness)f ¢ Co, ¢ thenZ(¢) C Z(v)
for any interpretation under the greatest fixpoint semamtic

If¢ I+ ¢ then

1) C Ir.¢1 by EX and Lemma 6.2.

The other cases are analogous. It remains to show that
7 is indeed the greatest interpretation. To see this, assume
that.7 is a function from formulas to subsets®f that also
satisfies (1)-(4) and coincides wifhon propositional letters
and relation symbols. We need to show thydt)) C Z(¢))
for all 4. In other words, if¢p € J(¢) theng C,, ¢ for all
n € N. We show this by course of values inductionon
and a subsidary induction aft

If ¢» = P this is clear by assumption Q#i



If ¥ =41 Mo theng € J(1;) and we may inductively  Variables are not needed in this case.
assume thap C,, ¢; s0¢ C,, ¢ by ANDR. A TBox is a list of GCI axioms of the form C « as in
If ¢» = 3r.apy then there exists a formutac 7 (¢4 ) with Section 4. Semantics is defined as in that Section with the
¢ I 3Ir.p. The subordinate induction hypothesis applied to additional requirement that
11 givesp C,, ¥1 and thusir.p C,, Jr.¢p; by rule Ex and
thusp C,, ¢ by Lemma 6.2. I(Vr.¢) = {x | VyeDr.I(r)(z,y) — yEI(¢)}
If, finally, v = X we distinguish two cases. #f = 0
theng C,, ¢ by START. Otherwisepn = n’ + 1 andy € Subsumption Cqesc 7 With respect to a TBox is defined as
J(¢x) sinceJ (X) C J(¢x). The induction hypothesis  before asZ(¢) C Z(v) for all interpretations of the TBox.
givesg L, ¢x and we obtai C,, X by DEFR. O Our proof system now operates on sequents of the fofm
¢ wherel is a finite set of formulas.
The intended interpretation of such a sequenp.ig
<o M ¢ Cdesc @ WhenD = {¢1,...,¢,}. In this situa-
Theorem 6.7 The relation C, (subsumption under the tion we writel’ Cgesc ¢. We writel', ¢ for T U {¢}. If T =
greatest fixpoint semantics) is decidable in polynomiagtim  {¢,,..., ¢,} then we writevr.T' for {Vr.¢y,...,Vr.é,}.
The proof rules are as follows.

Proof. By the previous result it suffices to decide the rela- Lo, Cp

tion C .. As already mentioned, one has ., ; CC,,, SO one WL (ANDL)
can compute these relations by iteration. More precisely we

maintain two tables of polynomial size to hold the relations rco rcy

C,, andC,,_;. Initially, we putn = 0 and set_,, to be the T TCeny (ANDR)
total relation in view of rule $ART. If relationC,,_; has o

already been computed we compuig from it by iteration ACp

as in the proof of Theorem 4.2 and so forth. As soon as T.VrACVip (FORALL)
we have reached an, for whichC,,,=C,,,+1 we may stop -

since for such one has_ .=L,,,. Butif C,,,1CC,, then pel

C,,.+1 must contain at least one pair less tfignwhich im- TCo (AX)
plies thatn, exists and is polynomial ifi’| and the goal. -

This implies a polynomial runtime of the decision proce- | L,pCo

dure. O TCo (CoNCEPT)

where of course GNCEPTIs applicable only when the GCI
axiom\ C p is contained in the TBox. An intuitive reason
as to why judgements of the forsnC « are no longer suf-

7 Universal quantification and GCI ficient stems from the fact that, unlike existential quantifi
cation, the universal quantification commutes with conjunc

After seeing an earlier version of this paper Baader askedlion. Thus in particular, the following judgement should be
the author about the complexity of the subsumption prob- Provable:(vr.¢)r(vr.,) C Vr.¢rip. The proofis straight-
lem for a description logic that has a universal quantifier forward by rules A, FORALL, ANDL, but there would be
(vr) dual to the existential we already saw, conjunction O proof if we had AIDL1 and ANDL2 instead of AVDL
(M) as before, and general concept inclusion (GCI) ax- s before.
ioms. In particular, he suggested that this problem might Letuswritel' C_ ., ¢ to indicate that the sequeRtC ¢
lie in PSPACE. We will now show how the proof-theoretic is provable in the sense that it has an inductive proof.
method naturally leads to an EXPTIME algorithm for this The following two are direct by induction on derivations.
subsumption problem and at the same time allows one to
easily establish EXPTIME hardness. This is a new result Proposition 7.1 (Soundness)f I' C .o ¢ thenl’ Cgese .
although in the meantime Baader, Brandt, and Lutz simul-
taneously found an alternative proof of EXPTIME hardness
using a reduction to Datalog [2]).

Signatures are defined as before as pairss (R, P).
Formulas are now given by the grammar

Lemma 7.2 (Weakening)If I' C., ¢ thenT',p C. ¢
is provable by a proof of the same depth.

Lemma 7.3 (Cut) If I' C., ¢ andI', ¢ C. ¢ then also
¢, =P oM | Vr.d I'Ccx .



Proof. By induction on derivations. If the last rule of the
first derivation is @NCEPT then we have shorter deriva-
tions of ' © XA andT',p C ¢. The induction hypothesis
yieldsT', p C., ¥ and we obtaii® E ., ¢ by CONCEPT.

Proof. The sound and complete proof system given above
enjoys the subformula property. Thus there are only expo-
nentially many possible sequents occurring in a proof. By
dynamic programming one can systematically determine

If, on the other hand, the last rule of the second derivation the provable ones among these. Alternatively, one may note

was GNCEPTthen we have shorter derivationslafy T A
andl’, ¢, p C . The induction hypothesisyieldSC ., A
andI’, p C., %. The result follows with rule ONCEPT.
The other cases are similar. O

Theorem 7.4 (Completeness)f I' Cyesc ¢ thenT” T

o.

Proof. As usual, we assume that all formulasling are
mentioned in the TBox.

Let us write F for the set of subformulas of the TBox.
We construct an interpretatidh over the domairDz =
B(F) containing sets of subformulas of the TBox.

Propositional letters are interpreted ByP) = {I' |
I’ C.w ¢}. Roles are interpreted I85(r) (T, A) iff A con-
sists of allp € 7 for whichT' T, Vr.¢. We extend the
interpretation to all formulas by taking the required equa-
tions as an inductive definition.

Sublemma: If ¢ € FthenZ(¢) = {T'| T Ccoo ¢}

Proof of Sublemma: By induction on¢. If ¢ is a letter
then this is true by definition. 1& = ¢, M ¢ andT’ €
Z(¢) = Z(¢1) N Z(¢2) then by the induction hypothesis
r E<oo d)l andl’ E<oo ¢2| sol' E<oo d)l M ¢2 by ANDR.
Conversely, ifl" C. ¢1 M ¢ then alsol’ T, ¢; by
ANDL and the Cut Lemma. 1§ = Vr.¢y andT’ € Z(Vr.¢)
then letA be the (unique) set witi(r)(T", A). We obtain
A € Z(¢1) so, by inductionA C., ¢1. Rule ALL yields
Vr.A Eco Vr.gp andl’ E. o, ¢ by the Cut Lemma and the
defining property ofA. Conversely, ifl’ C ., Vr.¢; then
¢1 € AandA C. ¢1 by AX. By inductionA € Z(¢1)
and sal’ € Z(¢). O

It remains to check that this interpretation indeed sat-
isfies all GCI axioms: IfA C p is such an axiom and
I € Z()) thenT' C., A by the sublemma. On the other
hand,I’, p C. p by AX, sol' L., p by CoNcEPTand
I' € Z(p) by the sublemma.

Now, again by the sublemma andxAwe havel’ €
N,erZ(7), sol' € I(¢) and, finally,I' C.oc ¢ as re-
quired. O

Theorem 7.5 There is an EXPTIME algorithm for deciding
subsumption in description logic with 1 and GCIl axioms.

that top down proof search can be performed by an alter-
nating PSPACE machine. Either way, the EXPTIME bound
follows. |

Conversely, deciding the relatioh.., and hence by
soundness and completeness the relatigp,. is EXP-
TIME hard.

We will show this by reduction to pushdown games
which we describe here in a suitable version: bebe a
finite alphabet and) be a finite set (of states) containing
a special accepting statg,. A configuration is a paiivg
wherew € ¥* andq € Q. A rule is an expression of the
formay, as — a3z whereay, as, az are configurations.

The pushdown game is played between two players | and
Il on configurations. In configuratiom Player | chooses a
rule a;,as — a3 such thata = wag for somew € ¥*.
Thereafter, Player 1l chooses a numbeg {1,2} and the
subsequent configuratiain; is reached. Player | wins once
the configuratiorq 4 is reached. In all other cases Player II
wins. It is EXPTIME-hard to decide whether Player | can
win from a given configuration [8].

We remark that we can equivalently view a pushdown
game as a Horn Theory whose propositional letters are the
configurations and whose axioms are the Horn formulas of
the formwa, was — was whereaq, as — as is a rule and
w € ¥* is arbitrary. Clearly, Player | wins the game iff;
is provable in this Horn Theory. The pushdown games thus
consitute an exponentially more concise schematic presen-
tation of certain Horn Theories.

Suppose we are given such a pushdown game. We con-
struct a TBox as follows: The propositional letters are the
states of the game whereas the roles are the lett&rskor
w € X* we write Vw.¢ to abbreviaterr; ... Vr;.¢ when
w =7y ...7,. A configurationwq is represented as the for-
mulaTwq™ := Vw.q. Aruleai,as — ag is represented by
the GCl axiom a; "MTay™ C Tag™.

Now ¢4 is subsumed by« if and only if Player |
wins froma. To see this we first notice that the moves
of a winning play froma immediately give rise to a proof
of g4 Cco Ta™. Just mimick the moves of Player | by
the appropriate choice of instances obXCEPTS For
the converse, we argue semantically and consider an in-
terpretation on the domain of paifs, a) wherew € R*
anda a configuration. The transition relation is given by
Z(r)((w, a), (wr,a)) and the interpretation is generated by
the following interpretation of the letters:

Z(q) = {(w, a) | Player | can force play fromvg to a.}



Now, by induction on the definition 6. one obtains [ox En A

(SDEFL)
IXGE, A
Z("a1") = {(w, a) | Player | can force play frorwa; to a.}
Irc, A,
It follows that all GCI axioms are validated by this interpre E_Li;»;( (SDEFR)
tation. Indeed, ifw, a) € Z("a; "M az ) then Player | can [Enp 4,

force the play ta: from bothwa, andwas. In this case, he ~ Given an interpretation (in the greatest fixpoint sense) we
also wins fromwas by choosing the rule;, as — as. define
Now, if g4 C<oo Ta™ then, sincele,qa) € Z(ga) We

U —
have(e,ga) € Z("a™) so that Player | wins from. I = HI(¢)
S
Theorem 7.6 Deciding subsumption in description logic n o
with vV, 1 and GCI axioms is EXPTIME hard. T = ¢DFI(¢)
8 Extension with negation (sketch) Here the empty intersection is understood to be théget

whereas the empty union is the empty intersection.

We extend formulas with negation (and hence disjunc- Theorem 8.1 ¢ C

if and only ifp C,, v is provable
tion and universal quantification which then become defin- ¢ o1 c . Ceto ¥ yito Lo visp

able) by adding a new clauge:= ...|—¢]| ... tothe gram-
mar for formulas. The proof of this result will appear in the full paper; it fol-
The semantic clause for negation is lows essentially the proof of Theorems 6.5 and 6.6 above
with the notable complication that the completeness proof
I(—¢) = Dz\I(¢) () now requires the use of maximally consistent sets of formu-

Furthermore, we require that every variablepin appears las. . ) . ]
under an even number of negation signs so that greatest fix- Dynamic programming as before now directly yields an
points actually exist. We are in this section only interdste EXPTIME algorithm for subsumption (notice that the num-
in greatest fixpoint semantics, the descriptive semanges b Per of sequents is now exponential) matching the known
ing actually easier and analogous. lower bound.
In order to capture subsumption syntactically we intro-
duce another proof system which this time operates on se9 Conclusion and related work
quents of the form" C A wherelI’, A are (possibly empty)
sets of formulas over the TBox. We have given sound and complete proof systems for
In the sequel we use capital Greek letters to denote setgjescription logic with circular definitions both under thee d
of formulas over the TBox, we writ€, A for ' U A and  scriptive semantics and under a greatest fixpoint intespret

I, ¢forI'U{¢}. tion. We also have considered the case of arbitrary axioms.
We have the following proof rules. The main tool was Gentzen-style proof theory and dynamic
(SSTART) programming to obtain algorithms from proof systems.
ICoA While such proof systems were known for various modal
INA#D logics they seem to be new for the extension with circular
TC. A (SAX) definitions. Also the indexed formulation of a proof system
= for greatest fixpoints appears to be new.
rc, Ao (SNEGL) The idea of systematically tabulating derivable judge-
IooEn A ments has also been used by Ganzinger and McAllister [4]
to derive efficient algorithms and complexity bounds from
I'¢CnA (SNEGR) logic programming formulations of solutions to problems.
FC, A =¢ The programme set out in this paper can be carried out
T, 6.0 C, A for other description logics and various combinations af fe
— (SANDL) tures. Superficial investigations show that in each case the
LNy En A known bounds are achieved. It remains to be seen to what
I'C, A, é IC, A extent further new results can be achieved in this way.
TC.Aon0 (SANDR) Of course, the description logic with greatest fixpoint se-
- mantics is a subsystem of Kozeniscalculus [5] and thus
L,V (SEx) logics and decision procedures for the latter can in priecip
I, 3r.¢C, Irv, A also used in our context. However, cut-free proof systems



for u-calculus are not availabl@and thus do not give riseto  [8] Igor Walukiewicz.  Pushdown Processes: Games
decision procedure. Indeed, all known decision procedures  and Model Checking.Information and Computatign
for p-calculus rely on automata-theoretic methods. More- 164(2):234-263, 2001.

over, all these methods have exponential complexity due to

the EXPTIME hardness qi-calculus. We have attempted

to extend the method of indexed, infinite proofs from Sec-

tion 6 tou-calculus, but not yet to complete satisfaction.
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