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@ Conversion is useful for small proofs and automation

@ How to do type-checking for a type theory with conversion?
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Conversion rule

© User point of view:
Why we need it and how we can use it?

@ Implementor point of view:

o Type inference Algorithm with conversion rule
e How to get an efficient conversion test
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Why we need it?

Because we do not want to do large and boring proofs
2+ 2 =4 in a deduction style:

eqTrans 1+4+2=5(0+2) eqS 0+2=2

S(0+2)=3=>1+2=3 S5(0+2)=3
eqTrans 2+2=S(1+2) eqS 1+2=3
S1+2)=4=2+2=4 S(1+2) =4

242=14

eqS i x=y=5=25y
eqlrans : x=y=>y=z=>x=z
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How to prove 2 +2 =4

Computational style: use the reduction rules

0+m — m
Sn+m — S(n+ m)

2+2— S(1+2) — SS(0+2) — S5(2)

Reason modulo rewriting rules:

4=4 24254
2+2=14
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Reflexivity

Use computations instead of deductions!

Principle

e A predicate P: T — Prop
e A decision procedure f : T — bool
e A correctness lemma  C : Vx:T. f x = true — P x

If f a reduces to true, then C a (refl_eq true) is a proof of P a

I refl_eq true : true = true true = true = f a = true

FCa:fa=true — Pa - refl_eq true : f a = true

I C a (refl_eq true) : P a
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Examples of reflexivity

Equational reasoning
Primality
Presburger arithmetic

Model checking

4-color theorem
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Equational reasoning: ring

@ Problem: given two terms t; and t, of the same type, decide
whether they are equal.
@ Approach:
e view t; and t, as interpretations of expressions e; and e, of an
equational theory
o check whether e; = e, is provable in the equational theory
e if so, conclude that t; is equal to t,
@ Provability in the equational theory is established by
comparing normal forms of expressions
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To show
2% sin(x) % x = x * sin(x) + sin(x) * x + 0 % x
Synthesize automatically

e1‘2>r<v*v/
/ / /
eg‘v*v—i—v*v +0xv

Normalize expressions and return proof
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Generalized tactic

To show
2 % sin(x) * x = x * sin(x) + sin(x") * x + 0 % x
Synthesize automatically

e1‘2>1<v>1<v’
/ 1 / /
eg‘v*v—i—v xv +0%xv

normalize expressions and return proof obligation

sin(x) = sin(x’)
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Example: primality proof

Pocklington criterion (formal proof by Oostdijk and Caprotti):

Let n be a positive integer, if
@ n—1=gq p1...p: where p; are prime numbers

@ there exists a such that

gcd(ap;i—l,n)zlforizl...t

® p1.p2...pr>+/n
then n is prime.

v

Using deduction style, it takes 18509 lines to prove the primality of
20988936657440586486151264256610222593863921

Can we use reflexivity?
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23217 n

Mersenne number:

259117086013202627776246767922441530941818887553125
427303974923161874019266586362086201209516800483406
550695241733194177441689509238807017410377709597512
042313066624082916353517952311186154862265604547691
127595848775610568757931191017711408826252153849035
830401185072116424747461823031471398340229288074545
677907941037288235820705892351068433882986888616658
650280927692080339605869308790500409503709875902119
018371991620994002568935113136548829739112656797303
241986517250116412703509705427773477972349821676443
446668383119322540099648994051790241624056519054483
690809616061625743042361721863339415852426431208737
266591962061753535748892894599629195183082621860853
400937932839420261866586142503251450773096274235376
822938649407127700846077124211823080804139298087057
504713825264571448379371125032081826126566649084251
699453951887789613650248405739378594599444335231188
280123660406262468609212150349937584782292237144339
628858485938215738821232393687046160677362909315071

A 969 digits number. The proof is 8461 chars!
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Is conversion good enough

@ Conversion is useful, but sometimes it is not strong enough
Vec (n+m) A is not convertible with Vec (m+n) A. Some of
these problems can be solved by a non-standard equality
(John Major equality)

@ For some extensions e.g. records conversion must be typed
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Type checking vs type inference

@ Type-checking: is a given judgement I = M : B derivable?
@ Type-inference: given I and M, is therea Bst. T M : B
derivable?
Rule of thumb:
@ TC is decidable for complex type systems a la Church: e.g.
for the Calculus of Constructions (Coquand 1985)

@ TC is undecidable for complex type systems a la Curry: e.g.
for second-order type assignment system (Wells 1994) and
domain-free type system

Gilles Barthe Type Checking Dependent Types



Syntax-directed algorithm

Due to R. Pollack. Ignores issues of convertibility.

@ Weak-head reduction —, is defined by
(AxA. P) Q —un P{x = Q}

@ The relation ' Fpat M @ Ais defined next slide
@ Let » pbearelationon 7. T Fnyt M :— pAif

[ Fpat M: A

!/
JA eT. { A pA
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Typing rules

<> Fnat S1: 52
r |_nat A —>wh S

Mx:AFpe x: A
[ Fpat A:B T Fpat Ci»un s
MNx:C Fpat A:B
[ Fnat A= up 51
x:A bFpat B:i=>un s
I Frat (Mx:A. B): s3
I Frat Fiopun (MxAB) T bpat a: A
[ Fnat Fa:B{x:=a}
[x:AbFpt b:B T ot NMxA. B s
[N Frat AxA. b TIx:A. B

(s1,52) € A

x € V' \ dom(I)

x € V\ dom(I)
AeVUS

(517527 53) c R

A=y A
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Soundness and completeness?

@ Soundness
Mot MIA = T HM:A
o Completeness?

I Fpat M2 A

. /
FI—M.A:>EIAET.{A o
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What goes wrong?

Induction on the structure of derivations fails in the abstraction
casel

Nx:AFb:B I+ (NxA.B):s
N MxA. b:TIxA. B
By induction hypothesis

, Mx:AbFpt b: B
dB' e T. { B—s B
and
1CeT { I Frat (MxA.B): C
s=5C
But we need
. 7\ .
1CeT { [ Frat (MxA.B'): C
s=5C
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The premise of the abstraction rule is needed but contains much

redundancy!
From I, x: A M: B we already know that A and B are legal
types, i.e.

r= A: 51

Nx:AF B:s
We only need to find what are the possibilities for s; and s, and
look at R
Different solutions according to the class of type systems
considered
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Checking convertibility

Testing convertibility of two terms is decidable for type systems
whose expressions are (strongly) normalizing, using confluence of

(B-reduction.
A = B
/ " \

NF(A) = NF(B)

How to check convertibility efficiently?
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A finer look at 3-reduction

(-reduction = (-rule + contextual closure:

B

t — t/

c(t) L ¢

What is a context?
Weak reduction C == [[N|M][]|Ax[]. M| Nx:]. B

[IN|MI | x[]. M| Nx]]. B
| A:T.[] | NxA. ]

Strong reduction C

@ NF: Normal form using strong reduction
o WNF: Normal form using weak reduction
@ WHNF: Normal form using C :=[| N
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Checking conversion in the A-calculus

terms t o= x| Ax.t|tt
values(WNF) v = Ax.t|xvi...v,

Conversion algorithm:

tL =1t WNF(t;) = WNF(t2)
th =b =10
Vi = X=y Vi=w,
Vi =w XVI...Vp =y Wi...Wp
WNF(Ax.M z) = WNF(Ay.M' z) z fresh
.M = \y.M'

Correctness of algorithm: t =5 t' iff t =t/
g B
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Computing the WNF

type term =
Var of var | Abs of var * term | App of term * term

let rec wnf t =

match t with

| Var _ | Abs _->t

| App(tl, t2) ->

let vl = wnf tl in

let v2 = wnf t2 in

match v1 with

| Abs(x,u) -> wnf (subst u x v2)
| --> App(vl,v2)
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WNF by compilation

Computing WNF is similar to execution of ML-like program

Compilation Execution
- bytecode
A-term y Abs. Machine value

Compilation techniques (abstract machines) only work for closed
terms. How to compute WNF(Ax.Mz)?
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ZINC abstract machine

ZINC : a stack based abstract machine in call by value

@ Instructions : Acc, Closure, Grab, Pushra, Apply, Return
@ Values v: represented as closures [c, €]

e Environment e : maps variables to values [vi;...; v4]

Components of the machine:

¢ code pointer
e environment
s stack (arguments + intermediate results + return address)

n number of arguments available on the top of s
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Compilation scheme and execution of variables

Compilation scheme

[tk ~ ¢

The resulting code ¢ computes the value corresponding to t,
pushes it on top of the stack, then restarts the execution of k

[x]k = Acc(i); k
where i is the deBruijn index of x
Code Env Stack +# args

Acc(i); k e s n
k e e(i).s n
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Compilation and execution of applications

[f a1 ... aiflk = Pushra(k);
[ai] - [au] [71 Apply(7)

Code Env Stack F#args
Pushra(k);c e s n
c e (k,e,n).s n
Apply(7) e [c,€]vi...vilk,e,n).s n
c e vi...vi.{lk,e,n).s i
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Compilation and execution of functions

[Axi....Axp.tJk = Closure(c); k

c = Grab;...;Grab; [t]Return
n times

Code Env Stack Fargs
Closure(c); k e s n

k e [c,e]l.s n

Grab; k e v.s n+1

k v.e s n
Return e v.(k,e,n.s 0

k e v.s n
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Compilation with free variables

Code Env Stack #args
Acc(i); k e s n
k e e(i).s n

Free variables have no associated value in the environment

Add values for free variables l

Issues:

@ What should be the value associated to a free variable?

@ What happens when this value is applied?
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Symbolic calculus

Extension of calculus that allows to provide the computational
behavior of a free variable

Terms t = x|tt|v
Values v o= Ax.t|[k]
Accumulators k = X| kv

Reduction rules:

(M.t)v — t{x:=v}
[Klv — [kV]

The value associated to a free variable is a function that
accumulates its arguments

Gilles Barthe Type Checking Dependent Types



Encoding accumulator

@ In an extended abstract machine whose moves implement
exactly symbolic reduction

o Key feature of encoding: the representation of [k] looks like a
function

= No need to test at application time whether the function is a
closure or an accumulator
= No overhead on evaluation of closed terms
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Correctness of method

How do we know that the method is correct, i.e. sound and
complete

@ Some information is erased
@ Some information is compiled

We must prove the correctness of each
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Domain-free terms

@ Do not carry type of variable in A-abstraction:
E=VI[S[Eefav.elnv:Ee
@ Obvious notion of -reduction and (3-conversion
(Ax.M) N —5 M{x := N}
@ Obvious erasure function |.| : £ — &£ with
|IAx:A. M| = Ax. |M|

Domain-free terms are used in domain-free type systems
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Convertibility vs. domain-free convertibility

One can show that domain-free type systems coincide with type
systems a la Church for normalizing type theories (counter-example
with non-normalizing type theory).

Soundness and Completeness

FI'FA:sand TH A’ : s, we have

A=g A iff Al =3 |4
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Extension to inductive types

@ The compilation method extends to inductive types using an
extended abstract machine that deals with case analysis and
letrec. (The method does not introduce overhead for
t-reduction.)

@ The erasure function omits parameters in inductive definitions
so checking convertibility between cons A a | and
cons A" &' I does not involve checking convertibility between
A and A’. (The correctness result for domain-free checking
extends to inductive types)
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Experimental results: 4-color theorem

Perimeter | Coq | Cog-vm OCaml | OCaml
bytecode natif
11 | 56.7s 1.68s 1.18s 0.30s
12 | 259s 6.50s 6.18s 1.92s
13 | 680s 14.8s 15.5s 4.11s
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Prime numbers

Size time

1234567891 (10)
Deductive 3099 13.26 s
Reflexive 58 0.59 s
20988936657440586486151264256610222593863921 (44)
Deductive : 18509 1862.52 s
Reflexive 95 21.30 s
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