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Abstract. This paper introduces a simply-typed lambda calculus with
both modal and linear function types. Through the use of subtyping
extra term formers associated with modality and linearity are avoided.
We study the basic metatheory of this system including existence and
inference of principal types.

The system serves as a platform for certain higher-order generalisations
of Bellantoni-Cook’s function algebra capturing polynomial time using a
separation of the variables into “safe” and “normal” ones.

The distinction between and the syntactic restrictions involved with the
safe and normal variables in the Bellantoni-Cook framework are captured
by the modal function space and the associated typing rules.

The linear function spaces on the other hand are used to enable a certain
form of primitive recursion with functional result type which is conserv-
ative over polynomial time.

The proofs associated with these applications are based on an interpre-
tation of the lambda calculus in a category-theoretic model in which all
functions are polynomial time computable by construction. The details
of this interpretation are not the main subject of this paper and will
appear elsewhere.

1 Introduction and summary

We introduce a simply-typed lambda calculus SLR with linear function spaces
and an S4 modality O. It combines the = —o fragment of intuitionistic linear
logic with Pfenning’s modal lambda calculus [16,9].

The system serves as a platform for certain systems of restricted primitive
recursion (due originally to Bellantoni-Cook [3]) which ensure that all definable
first-order functions belong to a certain complexity class, e.g., polynomial time
on a Turing machine. The S4 modality provides a type-theoretic formulation
of Bellantoni-Cook’s first-order notion of safe and normal variables: The type
(ON)™ — N™ — N corresponds to functions in m normal variables and n safe
variables. Semantically, a term of this type denotes a PTIMFE-function whose
size is polynomial in the size of its normal arguments and constant in the size of
its safe arguments. The modality allows us to formulate Bellantoni’s operation
of safe recursion as a single constant of second-order type.



Linearity on the other hand, provides a restricted version of safe recursion
with functional result type which (unlike the unrestricted version) does not lead
beyond polynomial time.

In this paper we will only give outlines of the proofs involved with these
applications; the technical details will appear elsewhere [11]. The main aim of
this paper is to describe the type system and its syntax which as we feel are rather
interesting in their own right and perhaps can be applied in other situations
where modality and/or linearity are required. Examples might be the use of
modality to delineate run time from compile time in [16] and the use of linear
types to optimise compilation described in Wadler’s papers [20, 19].

1.1 The type system

The most important novel feature of the system is the presence of a subtyping
which includes in particular the judgements A - B <:OA — B and A — B <:
A — B. This subtyping allows us to do without any explicit term forming
operations referring to linearity and modality. In particular, there is only one
kind of abstraction Az: A.e, which according to the context can be given any of
the four types A— B, 0A— B, A — B, A — B. Moreover, since the modality
(O is only allowed on the left of an arrow there is no need for explicit introduction
and elimination constructs for O such as the box and let box constructs used
in the modal calculi developed by Pfenning’s group [9, 16].

A similar situation arises with the linear types. As is well known, we can de-
fine the intuitionistic function space A — B as !4 —o B where ! is a certain modal
operator. If one gives ! the status of a first class type former then introduction
and elimination rules are needed; if we restrict its occurrences to left sides of
function spaces then we can avoid them.

Our type system is such that every closed term has a smallest type which
can be automatically inferred. As an illustration we give here a few terms with
their principal types indicated (A, B are arbitrary types)

Ar:Az:A— A
Af:A—=BAe:Afe: (A= B)—-A—=B
Af:0A = BAv:Afxr:(OA—> B)—o0OA—> B
Af:0A = BAgA—= Al Af(ge):
(0A—-B)—-0OA4—A) -UOA-B

The intuitive meaning of a linear function is that 1t uses its argument only once.
The intuitive meaning of a function of type OA — B is that it may recur on
its argument or on terms containing the argument, whereas a function of type
A — B is not allowed to do so. Notice that in the fourth typing the argument g
1s “modalized” because it appears as a subterm of an argument to f.

We consider both a strictly linear and an affine linear system. In the latter
system Ax: A Ay: A.x has principal type A—oA— A, whereas in the strictly linear
system it has principal type A— A — A. Thus, in the strictly linear system every
linear variable must be used exactly once whereas in the affine system it must
not be used more than once.



There is a base type N of natural numbers which has a property that N — A
and N — A are equal (and printed as N — A). Tt comes with two constants
So,S1 : N = N with intended meaning Sop(z) = 22 and S;(2) = 2+ 1 and a case
construct which introduces a further source for linearity. If e; : N and e5 : A and
e3, €4 : N — A then we have case4 e1 zero e4 even e3 odd ¢4 : A with the intended
meaning that if e; is zero then the result is es, if €1 is 2n then the result is egn
and if ey 1s 2n+ 1 then the result is e4 n. The important point is that if a variable
appears linearly in each branch of a case construct then it appears linearly in
the whole case expression although it makes up to three literal occurrences. We
illustrate this by giving more terms with their principal types.

divtwo = Az: N.casey z
zero ()
even Ay: N.y
odd Ay: N.y : N - N

Az:NAf: N — N.casey z
zero f(x)

even f

odd f: (N —N) —N —N

Af:N = NAg:N = N Az:N.f(g )
:(N—=>N)—-(N—=N)—N-—=N

In the third of these examples ¢ occurs linearly because by the above convention
on N the function f has in fact the type N —o N. With N replaced by A this
function would have principal type (A = A) - (A = A) > A —> A.

1.2 Safe recursion

The O-modality is put to use in the type of the “safe recursor”
saferecy :ON > A—> (ON > A —> A4) > A

with the following intended meaning

saferecaOgh =g
saferec4 n g h = hn(saferecy |n/2] g h), when n > 0.

Thus saferec4 allows us to define a function f : ON — A from a constant g : A
and function ~ : ON — A — A describing the passage from n and f(|n/2]) to
f(n). We will mostly be interested in the fragment where A = N.

The important point about safe recursion is that the function A is required
to be of type ON — A — A rather than ON — OA — A so that & cannot recur
on its (recursive) second argument (if A = N.)

For example, the following function computes a value in the order of 22.

sq = Ax:N.
saferecy # 1 (Ay: N.Aq: N.So(Soq)) : ON = N



The above equations then specialise to

sq0=1
sq x = So(So(sqlz/2]))

hence sq(2) = 2%*. Now our type system allows us to iterate sq:
Az:N.sq(sqx) : ON — N

Intuitively, this is so because sq can be ”lifted” to the (non-existing) type ON —
ON using the S4 rules. We will give a precise explanation below in Section 2.3.

However, the following term which would compute an exponentially growing
function 1s ill-typed

Az: N.saferecy # 1 (Ay: N.Az: N.sq x)

because Ay: N.Az:N.sqz has type N — ON — N which is not a subtype of the
required type ON — ON — N.

By generalizing Bellantoni’s proof (which was for a first-order system) one
can show that all functions definable using saferecy are computable in polynomial
time. In a nutshell, the idea is to prove by induction on terms that if ¢ : (ON)™ —
N® — N then ¢ is an (m + n-ary) PTIME-function and moreover the length?
[t(z,y)| of t(x,y) is bounded by p(|2|) + max(|y|) for some m-variate polynomial
p. In order to get the induction through in the presence of higher typed functions
we need to prove a somewhat stronger statement, see Section 4 below.

On the other hand, Bellantoni’s first-order system embeds into the present
one so all PTIMFE-functions can be defined in our calculus. More precisely, for
each Bellantoni-Cook definable function f(«;y) in m normal variables and n
safe variables we can construct a closed term f : (ON)™ — N™ — N whose
denotation agrees with the one of f. This construction is by direct induction on
the definition of f in Bellantoni-Cook’s system.

We remark that the linear types are not required for this higher-order exten-
sion of Bellantoni-Cook’s system and for the definition of all PTIME-functions.
Their role is to provide a certain form of safe recursion with functional result
type thus allowing for more direct and shorter definitions.

1.3 Linear recursion

Unfortunately, the explicit definition even of simple functions in Bellantoni’s
original system can become rather complicated.

For example, if we want to define an addition function on natural numbers
using digit-wise addition with carry then we run into the problem that in the
recursive call we want to change the carry bit, in other words we want to perform
a substitution of parameters. In a system with higher types primitive recursion

! Here and in the sequel |z Lef [log,(z+1)] denotes the length of the binary expansion

of v. If ® = (z1,...,xp) then || = (|z1],. .., |za]).



with substitution of parameters can be elegantly expressed using higher result
type, for instance using saferecy_,n. However, primitive recursion with higher
result type leads beyond PTIME. The reason is that in saferecy_ynx g h the
funection saferecy_,n|2/2| g h may be called more than once and even nested.
For example,

f = Ax:N.safereey,n « Sop (Ay: N AN = N Az:N: f.(f 2)) :ON - N —> N

satisfies f(0,y) = 2y and f(z,y) = f(lz/2], f(|#/2],y)) and thus f(z,y) =
22|E|y. In saferecon_yn such nesting is ruled out by the typing, but we can still
define PSPACE complete functions by calling f(|2/2], —) more than once in the
computation of f(x,y). For example, given an appropriate encoding of quantified
boolean formulas we can define a function f such that f(z,y) = 1 if y = [¢]
is the code of a true quantified boolean formula ¢ and z > y. The definition of
flz, [¢]) proceeds by case distinction on the outermost constructor of ¢. If e.g.
¢ = Va.p(x) then we call f(|z/2], [¢(tt)]) and F(|=/2], [¢(D]).

The task of linearity is to rule out the blow up in complexity caused by higher
result type. If we allow f(|2/2], —) to be called at most once in the computation
of f(x,y) then we remain in PTIMF. To do this formally, we introduce constants

linrecy :ON > A—-(ON—>A—oA)—= A

with the same intended meaning as saferec 4. Their type ensures that exactly
one (at most one in the affine system) recursive call is made at each unfolding
step.

We will demonstrate below that linrec4 for A of the form N — ... - N — N,
does not lead beyond PTIME. For example, using linrecy,n—n—N We can define
an addition function

add :CON - N —-N—-N —N
where
addlzyc=&+ y+ (¢ mod 2).

where & = # mod 2I1=1. In other words, # consists of the |/| — 1 least significant
bits of .

add = M:N.
linrecn_sN—sN—N
(Az: N Ay: NoAe: Noe mod 2)
(Au:NAa:N = N = N = N Az: N Ay: Node: N.
let carry = (2 A (yVe)) V((mz) Ay Ac))in
casenz Dy Dec

zero So(a [x/2] |y/2] carry)
even Au:N.(So(a |2/2] |y/2] carry)
odd Au:N.(So(a [/2] |y/2] carry))



Here let...in is syntactic sugar for a [-expansion and the auxiliary functions
V, A, ... are the indicated boolean functions of type N - N and N - N = N
defined using casey. They only look at the last bit of a number. Finally, |—/2]
and — mod 2 are quotient and remainder with respect to division by two also
defined using casey .

Remark 1. In an earlier draft version of this paper it was stated that all functions
definable using saferecqn_,y were in PSPACE. Unfortunately, this is not the case,
as we can apply f(|#/2],—) to values of size polynomial in the size of y when
computing f(z,y) because y is normal in this case. For example, we can make
the following tail recursive definition of exponentiation:

f = Ax: N.saferecon_n # (Ay: Noy) (Aw: N Aw: ON — N.sg)

e, f(0,y) =y and f(x,y) = f(|2/2], s¢(y)). In order to rule this out, we might
introduce a constant

saferec’qy_, : ON — (ON — N) — (ON — (ON — N) — (N — N)) — (ON — N)
and in addition an application functional
app: (ON = N) - ON - N —> N

with intended meaning app(f, z,y) = f(min(z,y)). This application functional
is needed so that we can define a PSPACE-complete function. We conjecture
that in this way we do indeed capture PSPACE computation, but concede that
this solution is rather ad hoc.

1.4 Related work

The modal part of our system builds upon the modal lambda calculi by Pfen-
ning et. al. [9]. As already mentioned the inference of modalities and the use of
subtyping is new.

The idea of restricting modalities to the argument position of function types
arises in Pfenning and Cervesato’s Linear Logical Framework [7] and also in
Plotkin’s formulation of linear system F [17]. Again, none of these systems allows
for automatic inference of modality.

Wadler et. al. [20,19] describe type systems for linearity inference which em-
ploy universal quantification over so-called use variables instead of subtyping.
These systems assign possibly linear types to untyped lambda terms and thus
solve a more general problem than the (linear part of) the present system. The
price is a very high complexity of the type system which makes a detailed com-
parison difficult.

Leivant and Marion also have studied lambda calculus characterisations of
polynomial time [13] and other complexity classes [14]. Their approach is based
on a countable number of copies of the base type (“tiers”). Since application
and abstraction are to respect these tiers ordinary simply-typed lambda calculus



suffices. It might, however, be interesting to design a type system which tries to
assign tiers to terms of simply-typed lambda calculus with a single base type.

Another difference to Leivant-Marion’s work is that they do not use linear-
ity to restrict the complexity of primitve recursion with functional result type.
Indeed, in [15] they show that a certain form of tiered recursion with functional
result type captures the class PSPACE.

After the presentation of this work at the CSL ’97 conference Bellantoni,
Niggl, and Schwichtenberg [2] have independently come up with a very similar
system in which linear recursion for arbirtary result types built up from N and —
(not just the first-order ones) is sound w.r.t. PTIME. We believe that this result
also holds for the present system (see [11] for some discussion in this direction),
but a proof must await further research. The work by Bellantoni et al. does not
treat the issues of subtyping and type checking studied in this paper.

1.5 Overview

The next section gives the formal definition of SLR. It contains the definitions
of types and subtyping, of bindings and contexts, and finally the typing rules.
Section 3 contains our main result. We show that SLR admits reconstruction of
principal types, i.e. that the omission of linearity and modality annotations in
abstractions and applications does not represent a loss of information. Unlike
in other systems with subtyping like Cardelli’s F.. [5] we first need to prove a
stronger result: existence of principal solutions to typechecking, of which existence
of principal types is a simple corollary.

In Section 4 we give some applications of SLR to Computational Complexity.
We give two characterisations of PTIME as the functions definable in certain
subsystems of SLR. The proofs of these results are only briefly sketched in this
paper; the full version will appear elsewhere [11]. The technique to obtain such
results is an interpretation of SLR in various models based on presheaves and
Chu-spaces [18,12]. These models can serve as a justification of the system in
their own right.

2 Syntax

In this section we define types, contexts, and expressions and give the rules for

typing and subtyping.

2.1 Types and subtyping

The type expressions of the calculus SLR are given by the following grammar.
A B:=N|A—B|A—-B|UOA— B|OA—B

An aspect is a pair (I, m) where | € {—-, -} and m € {@,0}. We order the aspects
componentwise where -+ < — and 0 < @. An aspect (—,m) is called linear; an



aspect (—,m) is called nonlinear; an aspect (/, @) is called nonmodal; an aspect
({,0) is called modal.

Now we use the following generic notations for the four function spaces where
a 1s an aspect.

A% Bis A— B whena=(—,n)
A% BisOA — B when a = (—,0)
A% Bis A— B whena=(-,n)
A% BisOA — B when a = (—,0)

The subtyping relation <: between types is defined by the rules in Figure 1.
The subtyping rule for function types contains (by reflexivity) the special cases

S-R
BRL A

N—-A<:N—-A
ON - A<:ON— A

A< C
Bi <: A1 Ax <: B> alga

S-Ax1
S-Ax2

S-TRANS

S-ARR

A L}AQ <ZB1LI>B2

Fig. 1. Subtyping rules

A—-oB<A— B<:UOA— Band A— B <:U0A— B <:0A — B. Note
that A — B and A — B are incomparable, but have A — B and 0A — B as
greatest lower bound and least upper bound, respectively.

The subtyping axioms S-AX1,2 mean that linearity is a higher-order concept;
first-order functions are always linear by definition.

Proposition 1. Subtyping is decidable by a syntaz-directed procedure.

Proof. Combining the subtyping axioms with appropriate instances of S-ARR
yields a transitivity-free presentation of subtyping which immediately gives rise
to a syntax-directed procedure by backward application of these rules.

2.2 Typing
The expressions of our language are given as follows.
e T (variable)
(e1 62) application)

abstraction)
constants)
case distinction)

|
| Aa: A
| e
|c

e =

casey €] zero es even e3 odd ey



Here x ranges over a countable set of variables and ¢ ranges over the set N U
{So, S1,saferec 4, linrec4 } where A is a type. The expressions are identified up to
renaming of bound variables. The type 7(c) of a constant ¢ is defined by

7(¢) = N, when ¢ is an integer constant

(c
E) 7(S1) =N =N
(

<

T(saferecy) =0ON - A—> (ON - A= A4) > A
T(linrecy) =0ON > A— (ON > A—oA) > A

In order to assign types to the other expressions we need to introduce contexts
(also known as type assignments).

If x is a variable and A is a type then a binding with variable x and type A
is one of the following.

b=z A (ordinary binding)

| Ox: A (modal binding)

| A (linear binding)

| Ox% A (modal linear binding)

. a a
We also use the notation z: A where z: A means

z: A when a = (-,7)
Oz: A when a = (-, 0)
' A when a = (—,1)
Ozt A when a = (—,0)

A context is a set of bindings with pairwise distinct variables. If 7" 1s a context
we write dom(I") for the set of variables bound in I'. If z® A € I' then we write

I'(x) for A and I'((x)) for the aspect a.

The bindings z: A and Oxz: A are called nonlinear; the bindings Oz: A and
Ozt A are called modal. A context I' is nonlinear (modal) if all its bindings are
nonlinear (modal).

Two contexts I', A are disjoint if the sets dom(/") and dom(A) are disjoint.
If I and A are disjoint we write I, A for the union of I" and A.

For example, if I' = {#:N, "N — N, Oz:N, Ow:N — N} then dom(I") =
{z,y,z,w}. Furthermore, I'(z) = N, I'(w) = N = N, I'((y)) = (-, ), etc.

The typing relation I' - e : A between contexts, expressions, and types is
defined inductively by the rules below. We suppose that all contexts, types, and
terms occurring in such a rule are well-formed; in particular, if I'; A or similar
appears as a premise or conclusion of a rule then I and A must be disjoint for



the rule to be applicable.

z € dom([I")
y € dom(I"), y # « implies I'((y)) nonlinear

T-Var I'tz:T'x)

I'Fe: A A< B

T-Sus I'te: B

F,x(:lAl—e:B

T-ARR-1 =
I'tFAx:Ae: A— B

IN'AiFe: A B I'Askey: A
I" nonlinear
2" X €T, Ay implies d’ < a

T_ARR_E F, Al, Az l_ (61 62) - B

F,All—el:N
F,Az"@z:A
F,Az"@gZN—)A
F,Az"@;}ﬁN—)A

I" nonlinear

T-CASE
Iy Ay, As - casey eg zero e; even ez odd eq 1 A

I" nonlinear

T-CoNsT m

Remark 2. Alternatively, we can define an affine linear system in which weaken-
ing is allowed, and only duplication of variables is forbidden. Then the variable
rule would be replaced by

z € dom(I)
T-VAR-AFF ———
I'tz:T'x)

Furthermore, the nonlinearity premise to (T-Con) would be dropped.

Remark 3. The application rule T-ARR-FE specialises to the following four cases.

F,A"611A—)B F"@zZA Fl,Fz,All_elile—OB Fl,Azl_eziA

I" nonlinear I 2 nonlinear [, Ay modal

F,A"(@lez)ZB Fl,Fz,Al,Azl_(elez)ZB

Fl,FQ,Al_(BlZDA—)B F1|_621A F,All_eliA—OB F,Az"@z:A

I 2 nonlinear [ modal I" nonlinear

Fl,Fz,Al_(elez)ZB F,Al,Azl_(elez)ZB




2.3 Examples

Let us see how the type system assigns the correct types to the examples from
Section 1.2. We have y:N,¢:N F Spq : N by rules T-Var, T-ConsT, and T-
ARR-E with @« = (@,»), I' = A = 0, Ay = y:N,¢:N. Similarly, we get
y:N,¢:N F Sp(Soq) : N. Therefore, ¢ def Ay:NAG NSy (Sog) : N = N = N,
and ¢t : ON — N — N by T-SuB. Now z:0ON F saferecy 1% : N by T-CoONsT
and three instances of T-ARR-E; the first with a = (0, —). Finally, T-ARR-I

gives sq L' \z: N.saferecz 1¢: ON — N.
Now 2:0N F sqgz : N and thus :0ON + sq (sq )N by rule T-ARR-E with
a = (D,—>).

3 Syntactic metatheory

The expression eq[es/x] denotes the capture-free substitution of es for # in e;.
The proofs of the following two propositions are straightforward inductions on
derivations.

Proposition 2. The rules WEAK and SUBST below are admassible. The rule
WEAK-AFF below is admissible in the affine system.

I'te: A A nonlinear

WEAK
I'N'AbFe: A
W A I'Fe: A
EAK-AFF _
I'N'AbFe: A

F,Al,x(:lAl—el B I''Askes: B
I" nonlinear
v Y €I, Ay impliesd < a
F,Al,Az l_ 61[62/l‘] . B

SUBST

Proposition 3. 1. If ' 2 : A then © € dom(I") and I'(x) <: A and either
I'(x) is nonlinear or I' = I, 2 X where I'" is nonlinear and a is linear. In
the affine system we only know » € dom(I") and I'(x) <: A.

2. IfI'F Az Ae:C then T, 2'AFe: B for some a and B such that A= B <:
C.

3. If 't (e1 e2) : B then we can find a decomposition I' = I, Ay, Aa, a type
A and an aspect a such that I'", A1 Fe1 : A= B and I, Ay b e5 : A and

I is nonlinear and whenever z* X in I'', Ay then ' < a.

4. If I' - casey ey zero e even ez odd e4 @ B then A <: B and we can find a
decomposition I' = I'' | Ay, Ay where I is nonlinear and I'', Ay F e; : N and
I''Asbes: Aand I''Asbegq: N — A



5. IfI'Ec: A then m(c) <: A and I' is nonlinear. In the affine system I' can
be arbitrary.

In the following development we assume that we are not in the affine system.
We discuss below what changes (simplifications) need to be made in order to
account for the latter.

Let I', A be contexts. We say that A is a subcontext of I' if A(z) = I'(x) for
each x € dom(A). Notice that we do not require I'((x)) = A((x)).

Definition 1. Let A, A’ be contexts. We write A < A’ to mean that A((z)) <
A'((z)) for each x € dom(A') and that A((x)) is nonlinear if x not in dom(A’).

Proposition 4. If A A and A'Fe: A then At e: A.

Definition 2. Let I' be a context and e be an expression. Say that typechecking
e under [ fails if At/ e : A for all subcontexts A of I' and types A. Say that
(A, A) is a principal solution for the typechecking problem (I',e) if

— A is a subcontext of I'
- AFe: A
— whenever A"t e: A" and A’ is a subcontext of I' then A’ < A,

In other words, typechecking (I, e) fails if we cannot assign a type to e even if
we allow to omit variables from /" and to assign arbitrary aspects to the leftover
bindings. A principal solution (A, A) is obtained by omitting from I" as many
variables as possible and to relax the required bindings as little as possible so
as to obtain a type for e. One might think that the thus obtained type isn’t
necessarily the best possible or in other words that one could perhaps obtain a
smaller type by further relaxing the context. Fortunately, our type system is such
that this cannot happen. The reason is that relaxing the context (by omitting
variables or relaxing aspects) can only help to typecheck a term at all, but not
to decrease the type of an already typable term.

Notice that the aspects in I" do not affect the solvability of a typechecking
problem (I, e). In fact, we only use I' to ascribe types to the variables.

We are now ready to formulate our main result.

Theorem 1. Let I' be a context and e an expression. Fither typechecking e
under I' fails or there exists a principal solution for the typechecking problem
(I'e). Moreover, there exists a syntax-directed procedure which decides whether
a principal solution exists and computes it in the affirmative case.

Proof. By induction on the structure of e.

Case e = x. If x & dom(I") then typechecking x under I" obviously fails. Other-
wise, we claim that ({z:I'(z)}, I'(z)) is a principal solution. To see this, assume
Az A for some subcontext A of I'. Then by generation of typing we must
have A(z) <: A and either A is nonlinear or A = A’ 2% X where A’ is nonlinear
and a is linear. In each case A’ < % A(z). The claim follows as A(x) = I'(»)
by assumption on A.



Case e = Ax: A.¢’. We may assume w.l.o.g. that z is not in dom(I"). If Ak e: C

for some subcontext A of I' then by generation of typing we have A,J;(:lA F
e’ : B for some B,a and A -+ B <: C.Therefore, typechecking (I, ¢) fails if
typechecking (I',x: A, ') fails. Assume that this is not the case and let (A, B)
be a principal solution of (I, z: A, e’). We have two cases to distinguish.

1. # € dom(A). Then (A, A — B) is a principal solution.
2. A=Ay, 2" A where x ¢ dom(A;). Then (A;, A~ B) is a principal solution.

In case 1 we have A, z: A+ ¢ : B by WEAK and thus AF e: A — B. In case
2 A Fe: A-S Bis immediate from T-ARR-I. For principality assume that

A’k e : C for some subcontext A’ of I'. By the above analysis we get A’, xazl AF
e’ . B’ for some a',B’ with A a—l> B’ <: U. The induction hypothesis gives us
Al xazl A<« Aand B <: B'. If # is not in dom(A) then we also have A’ <« A and
by definition of < we know that a’ is nonlinear. Thus, A — B <: Aa—I>B’ <: C.
If A= Ay, 2% Athen we get Ay < Aanda’ < a, hence A—5B <: Aa—I>B’ <:C.

Case e = (e1 e2). By generation of typing we know that if either (I, e1) or (I, e2)
fails then the problem (I, ey e9) fails. So assume that (A, A1) and (As, As) are
principal solutions to these latter problems. Generation of typing gives us that
A; = B C for some B, C,ag. If As is not a subtype of B then typechecking
€1 es obviously fails. Otherwise, we define an improved aspect a > ag by ¢ =
(—,m)if B =N, ap = (I,m) and a = ag otherwise. Notice that A; F e; : B-4LC
by S-Ax1,2. We claim that the principal solution is (A, C') where A is the largest
(w.r.t. < ) context satisfying the following requirements.

dom(A) = dom(A;) Udom(As,)

z € dom(A;) implies A((z)) < Ay ((2))

z € dom(As) implies A((z)) < As((2))

z € dom(A,) implies A((z)) < a

z € dom(A;) Ndom(As3) implies that A((z)) is nonlinear

T W N =

To see that A F e : C' we decompose A as @, A1, Ay where Ay is A restricted
to dom(A;) \ dom(A3) and As is A restricted to dom(As) \ dom(4;) and O is
the rest, i.e., A restricted to dom(A;) Ndom(Asz). From (5) we know that O is

nonlinear. Furthermore, if z* X in @, A; then o’ < a by (4) so rule T-ARR-E
yields At e: C.
For principality assume that A’ F e : C’. Generation of typing yields a

i
a

decomposition A" = ©, Ay, As where @ is nonlinear and @, A; Fe; : B —
and @, Ay b ey : B and y": Y € ©, A, implies a” < a'. The induction hypothesis
gives @, A, € Ay and O, Ay € Ay and B C <: B' 25 C’" and B <: B'. By
definition of subtyping we get a’ < a and C' <: C".

The definition of context relaxation yields in particular that if @, A; and
6, A3 contain variables not mentioned in A; » hence A then those are bound



nonlinearly. So to show A’ « A it is enough to show that A’ restricted to
dom(A) meets requirements (2-5) above.

From the induction hypothesis we get A'((#)) < A1 ((2)) if # € dom(A;) and
A'((z)) < Aq((2)) if © € dom(Ay). Furthermore, if # € dom(Az) then A'((z)) =
O, As3((2)) < @ < a. Finally, ¢ € dom(A;) Ndom(A,) implies z : dom(O) as
Ay, Ag are digjoint. Hence A'((z)) = ©((z)) is nonlinear. Thus A" <« A by
definition of A.

Case e = casey €1 zero ey even ez odd ey. Let (A;, A;) be the principal solutions
of (I'ye;) for i = 1...4. If those do not exist then we fail. We also can assume
that Ay = N, Ay <t A, Az4 <: N = A for otherwise typechecking obviously
fails.

We claim that a principal solution is (A, A) where A is the greatest (with
respect to < ) context such that the following hold

1. dom(A) = dom(A;) Udom(Az) Udom(Az) Udom(A,).

2. If # € dom(4;) then A((z)) < A;((x)).

3. If € dom(A;) N (dom(As)Udom(As)Udom(A,)) then A((x)) is nonlinear.

4. If x € (dom(A;) Udom(As) Udom(Az)) \ (dom(A;) Ndom(As) Ndom(Asz))
then A((x)) is nonlinear.

We can decompose A as @, A1, Az where Ay is A restricted to dom(A;)
(dom(Az)Udom(Az)Udom(A,)) and Ay is A restricted to (dom(Az)Udom(As)
dom(A4))\dom(A;) and @ is the rest, i.e., A restricted to dom(A;)N(dom(Asz)
dom(Az)Udom(Ay)); therefore @ is nonlinear by (3). Now dom(@, A1) = dom(4,)
so @, Ay < Aq by (2). Similarly, dom(@, A2) is dom(A;) Udom(A2) Udom(As
and we have ©, Ay < Ay 34 from (2) and 4. So AF e : A follows with T-CasE.
For principality suppose that A’ e : A’. By generation of typing we know
that A <: A’ and A’ = @, Ay, Ay where @ is nonlinear and @, A; F e; : N and
O, A3 F e Aand ©, A3 - e34 : N = A. The induction hypothesis gives us
0,4 € Ay and ©, 45 < Az 34. As in the case of application we know that
the variables in A’ which are not bound in A are bound nonlinearly in A’ so
to show A’ <« A it is enough to show that A’ restricted to dom(A) meets the
requirements (2,3,4). Part (2) is immediate from the induction hypothesis. If
z € dom(A’) and either ¢ € dom(A;) N (dom(A3) U dom(As) U dom(Ay)) or
z € dom(Az) Udom(Az) Udom(Ay) \ (dom(Az) Ndom(Asz) Ndom(Ay)) then »

must have been declared in ©, thus is nonlinear in A’.

\
u
u

Case e = c. The principal solution is (§, 7(c)). Clearly, } - c: 7(c) . If ' c: A
then generation of typing yields 7(¢) <: A and I" nonlinear. Thus I" < .

Corollary 1. Gwen [I'|e it is decidable whether there exists a type A such that
I'Fe: A

Proof. Let (A, A) be the principal solution of the problem (I e). If none exists
then clearly no such A can exist. Otherwise check whether I < A. If yes then by
context subsumption we also have I' - e : A; otherwise I' I e : B is impossible
by principality.



Corollary 2. Let I' be a context and e be a term. Either e is not typable in I’
or there exists a typing I' - e : A such that whenever I' e : A’ then A <: A’.

Proof. Let (A, A) be the principal solution of (I'je). If I' <« A then A has the

required property, otherwise e is not typable.

Remark 4. In order to account for the affine system in which arbitrary weakening
is allowed we need to make the following changes to the proof of Theorem 1

— The definition of I' <« A is changed to I'((z)) < A((x)) for all x € dom(A).

— In subcase (1) of case e = Ax:A.¢’ we get A — B instead of A — B as
principal type.

— Clause (4) in case e = casey €1 zero e even ez odd e4 can be dropped

— Clauses (1-3) in case e = (e e2) are in the affine case equivalent to A < Ay
and A < Aj. Clauses (1,2) in case e = case.; zero e; even ez odd e4 are in
the affine case equivalent to A < A;.

Remark 5. The type checking algorithm proceeds by direct structural induction
on terms and does not maintain large intermediate results. It therefore is of low-
degree polynomial complexity. We hope that future extensions of the system
presented in this paper allow us to infer such estimates automatically from the
typing of the checking algorithm in a functional programming language with
modal and linear types.

4 Denotational semantics and application to complexity
theory

The results in this section are only briefly sketched and serve mainly as a moti-
vation for the system SLR. The details will appear elsewhere [11].
We can associate a set [A] to each type A by interpreting N as the set I of

natural numbers and A — B as the full function space [[B]]|[A]I = [A] — [B]
thus ignoring aspects. Note that all the subtypings become identities.

To every term I' F e : A we can then associate a function [I" & ¢] :
(erdom(F) [I'(x)]) — [A] by interpreting variables as projections, function ab-
straction and application as set-theoretic function abstraction and application,
the case construct by set-theoretic case distinction and the constants saferec 4
and linrec 4 as explained in the introduction.

We can also define an operational semantics which effectively computes the
set-theoretic meaning of closed terms of type N.

Such operational semantics can be formalised either using an inductive de-
finition of a big-step evaluation relation or by compiling terms into ordinary
functional programs which do not use the modalities. This is what we have done
in our prototype implementation. We will not go into details here. The important
point is that any reasonable operational semantics or even equational theory will
be faithful w.r.t. the above set-theoretic semantics so that our soundness theorem
below (Theorem 2) encompasses all these operational semantics.



Of course, this does not automatically imply that an operational semantics
allows for PTIME execution of SLR-programs. However, the constructive nature
of proof of Thm. 2 allows us to extract a (not necessarily PTIMFE) algorithm
which compiles any SLR-term e of type ON — N into a PTIMFE-algorithm
computing the function [e].

4.1 Discussion of subject reduction

We remark that this semantic definition of what it means for a function to
be definable in SLR relieves us from having to stick to a particular notion of
reduction. Indeed, the issue of reduction semantics for SLR is not unproblematic
because the subtyping rule N -+ A <: N — A destroys subject reduction for -
reduction:

If f: N —= N — N then the function h = Az:N:(.fz ) gets type N = N
hence N —o N. Thus Ag:N — N:A.(g0) gets type (N — N) — N. However, our
type system gives the weaker type (N = N) — N to the S-reduced term Ag:N —
N: f. (9 0)(g0).

It is possible that a more refined type system could give the stronger type
(N — N) — N here. Notice, however that such stronger type system would have
to give type (N = N) — N to Ag: N — N: f. (ge1) (g e2) if there exists a common
ancestor of e; and es, in particular, if e; reduces to es.

Thus the type system would need to examine the run time behaviour of terms
which is usually not what one wants to do in order to enable fast type checking.
We thus prefer to sacrifice subject reduction and to impose on the programmer
the task of inserting [-expansions (or the syntactically more appealing let-
expansions) if the stronger typing in examples like the above is desired. Of course,
this means that we cannot rely on subject reduction to establish soundness
properties like Theorem 2 below. But as said above all we need to know from
an operational semantics is that it all its reductions are equalities in the set-
theoretic interpretation.

However, it is easy to see that if we remove the special treatment of linearity
at ground type then SLR does enjoy the subject reduction property w.r.t. -
reduction. If @ F (Ax: A.ey)es : C then there exists B <: C' and a decomposition
© =141, Ay with I' nonlinear and I'; A1 F Az: A.eq : A-% B and I Asbeq:
Aand (T, A2)((y)) < aforall y € dom(I', As). Now, without the axioms S-AX1,

S-AX2 we can conclude I, Ay, z* A’ b ey : B for some @ < a’ and A <: A’. The
result then follows from the derived rule SUBST.

4.2 Characterisations of polynomial time

We will now consider subsystems of SLR by restricting saferec4 and linrec4 to
certain instances A. We will refer to such a restriction by the recursion operators
available in that system. Let us say that a system defines a function f : N"* — N
if there exists a closed term ¢ : ON — ON — ... — ON — N such that f arises
as the set-theoretic meaning of g. We say that a system captures a complexity



class (for example PTIME) if the functions definable in the system agree with
the functions belonging to this complexity class.
We have the following result.

Theorem 2. 1. saferecy captures PTIME.
2. saferecy + linrecysN_s ... sN captures PTIME.

Outline of proof. Part (1) is a higher-order extension of Bellantoni-Cook’s re-
sult [3]. In order to prove it we interpret SLR in the category of presheaves
over the category C of polymaz-bounded PTIME-functions which is defined as
follows: Objects of C are pairs (m,n) where m,n € N. A morphism from (m, n)
o (1,0) is an m-ary PTIMF-function. A morphism from (m,n) to (0,1) is a
m + n-ary PTIME-function f(x;y) for which there exists a polynomial p such
that f(az y) < p(l®]) + max|y|. A morphism from (m,n) to (m/,n’) consists
of m" morphisms from (m,n) to (1,0) and n’ morphisms from (m,n) to (0, 1)
Composition in C is set-theoretic composition. The presheaf category C = Set€”
furnishes a model of SLR with the following settings.

[[N]](m’ n) = C((m’ n) ) (0’ 1))
[A— B] =[A— B] = [A] = [B]
[0A — B] = [04 — B] = O[A] = [B]

Here = denotes the function space of presheaves and for presheaf F' € C the
presheaf OF is defined by (OF)(m,n) = F(m,0). One can show that the natural
transformations from O[N]™ x [N]" to [N] are in 1-1 correspondence with the
set C((m,n), (0,1)) from which the result follows using an appropriately defined
logical relation, see [11,10] for a detailed description.

For Part (2) we only consider the case linrecy_,n. Suppose that ¢ : N and « :
ON—->N—=Nand h:ON—N — N — N. Say that f : ON — N — N is defined

from g, u, h by safe recursion with substitution of parameters if (semantically)

f(O,x) :g($)
f(n,2) = hin,z, f(|n/2],u(n,z))

One can show directly that in this case f admits a definition from g, h, u using
saferecy. (Leivant and Marion [14] report that in their systems of tiered recursion
substitution of parameters allows one to define a PSPACE complete function.
This does not contradict the above, as they consider a more general notion of
parameter substitution under which f(|n/2],—) may be applied to more than
one argument in the computation of f(n,z). )

Now 1n order to reduce linrecy_,ny to safe recursion with substitution of
parameters we interpret SLR in the category of Chu-spaces over the presheaf
category C from above. In order to convey the gist of the argument it is enough
to consider Chu-spaces over the category of sets.

A Chu space is a triple A = (|A], A*,(—|=)) where |A|, A* are sets and
(=|-): |A| x A* =- N.

A linear map from Chu space A to Chu space B is given by a function

|f] : |A] — |B| and a function f* : B* — A* with (f(a)|5) = (a|f*(3)) for all



a € |A| and @ € B*. A nonlinear map from A to B is simply a function from A
to B

The nonlinear maps form a Chu space A — B where |A — B| = B4 and

(A = B)* is |A] x B*. Furthermore, {(f|(a,5)) def (f(a)|B3). Similarly, we can

define a Chu space A — B of linear maps.

The Chu-space [N] is given by [[N]| = N, [N] = N¥ and (n|v) = v(n).
Notice that [N] — A4 = [N] — A.

Now a linear map from [N] — [N] to [N] consists of a functional ' : (N —
N) — N together with a function F* : NN — N x N¥ such that (F(f)|v) =
(fIF*(v)). Let @ € N and r € N be the two components of F*(id). Unfolding
the definitions yields F'(f) = r(f(u)). So a linear functional is indeed “linear” in
the sense that it uses its argument exactly once. We can now set up a semantics
which interprets types as Chu spaces and open terms as linear or nonlinear maps
between them (according to the aspect of the binding). The above analysis then
allows us to show that semantically an instance of linrecy_n 18 equivalent to
an instance of safe recursion with substitution of parameters. Now, since the
latter recursion pattern is available in C we can interpret linear recursion in the
category of Chu spaces. a

There are further characterisations which have not yet been fully verified. One
is the already mentioned characterisation of polynomial space using the ad-hoc
modification of saferecoy_,n from Remark 1. Another one is that saferecy_,n and
in fact saferec 4 for arbitrary O-free A captures the Kalmar elementary functions.
Similarly, in view of [2] we expect that linrecs for arbitrary O, —-free A remains
within polynomial time.

A rather pedestrian observation is that we can lift the other first-order char-
acterisation of complexity classes using safe recursion contained in [1] and [8];
in particular the one for the parallel complexity class NC to SLR using appro-
priately typed recursors and basic functions. The soundness proof would then
employ a category constructed like C above but with PTIMFE replaced by another
complexity class.

5 Conclusions and further work

We have presented a simply-typed lambda calculus with linear types and modal-
ity in which various higher-order extensions of Bellantoni-Cook’s notion of safe
recursion can be formulated and tested. The presence of subtyping allows for a
particularly simple formulation of the syntax; notably there are no additional
term formers having to do with linearity and modality. This is not so in existing
formulations of modal and linear lambda calculus [16], [4] with the exception
of [19]. We hope that our formulation might be of further use for more compli-
cated systems of linear or modal types which go beyond our application to safe
recursion.

A contribution of our work to the field of subsystems of primitive recursion
is (apart from the results in Section 4) that SLR provides a pragmatically more
satisfying formulation of safe recursion than the original one. The advantages of



SLR are on the one hand that it allows for higher-order functions and on the
other hand that the aspects (safe or normal) of variables need not be explicitly
stated but can be inferred automatically in the most general way.

Our rationale in introducing the linear recursor was that it provides a more
flexible syntax for safe recursion with substitution of parameters. In particular,
the substitution function « (in the notation of the proof of Theorem 2, Part
2 above) need not be isolated and put in front of the definition thus yielding
more readable programs. However, the simple-minded evaluation of linrecy_n
using higher-order primitive recursive definitions is rather inefficient. We hope
that it might be possible to derive an automatic compilation of linrecy_y into
first-order primitive recursive definitions with substitution of parameters using
a non-standard operational semantics derived from the Chu-space semantics.

More speculatively, we hope that it might also be possible to make use of
the O-modality for optimising evaluation, for example based on the fact that
a function of type N — N cannot recur on its argument and thus could be
evaluated symbolically.

The long-term goal behind this research is the development of a fully-fledged
functional programming language based on linear and modal types. Of course,
such a language will have to contain arbitrary primitive recursion and even
general recursion; however, the type system could issue a warning if a recursion
pattern cannot be formulated using saferec and thus encourage the programmer
to use safe recursion wherever possible and hence to remain within polynomial
time. Such a programming language would also have to encompass structural
recursion over other datatypes such as lists or trees. An important observation
in this context is that in the presence of datatypes with binary constructors
such as trees linearity becomes important already at ground type; for example
the constructor for trees must be given the type Tree —o Tree —o Tree rather
than Tree — Tree — Tree for otherwise we could define exponentially large
trees by iterating the function Az:Tree.node z x. Caseiro’s thesis [6] contains a
semantic account of this phenomenon for first-order functions. Preliminary work
has shown that her results can at least partly be expressed type-theroetically in
an appropriate extension of SLR.

We also remark in this context that a prototype implementation of SLR exists
and is made available on the author’s homepage (see the references).
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