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Abstract

We show that a certain simple call-by-name con-
tinuation semantics of Parigot’s A,-calculus s com-
plete.  More precisely, for every A,-theory we con-
struct a cartesian closed category such that the ensu-
ing continuation-style interpretation of A, which maps
terms to functions sending abstract continuations to re-
sponses, is full and faithful.

Thus, any A, -category in the sense of is isomorphic
to a conlinuation model [{] derived from a cartesian-
closed category of continuations.

1 Introduction and Summary

Parigot’s A,-calculus [7] is a proof term assignment
system for propositional classical logic and can at the
same time be considered as a prototype for a call-by-
name functional programming language incorporating
explicit handling of continuations. The original moti-
vation for this calculus was to give a functional inter-
pretation for proofs in classical AFy—a certain system
of second-order arithmetic [3].

Ong [6] has defined a categorical notion of model for
this calculus for which the usual categorical complete-
ness theorem holds. In this sense Ong’s semantics can
be seen as a variable-free reformulation of the syntax
of A,. On the other hand, there exists a class of rather
concrete continuation models for A, where terms are
interpreted as functions' mapping abstract continua-
tions to answers. We prove in this paper that every
Au-theory (thus every model in the sense of Ong) is
induced by a particular continuation model.

A similar result for call-by-value lambda-calculus
with control operators has been obtained in [2]
by category-theoretic means and independently by
Felleisen and Sabry using syntactic back-and-forth
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Tn the sense of cartesian-closed categories

translations [10]. The technique we use here is in-
spired by the method used in [2] in the sense that
the morphisms of the continuation category to be con-
structed arise as special terms of a A,-theory. Whereas
in loc. cit. these special terms are defined by their syn-
tactic form we use an equational description involving
quantification over all observations.

Unlike in the case of [2] or [10] the equational ax-
iomatisation of A, under consideration was not spe-
cially tailored towards completeness for continuation
models, which were apparently not known to Parigot
at the time, but rather arose from syntactic consider-
ations. For instance, it gives rise to a confluent and
strongly normalising rewrite system [7].

The fact that by our result this axiomatisation 1is
complete for continuation models thus provides evi-
dence that these models are a very natural semantics
for “proof-relevant” classical logic.

A consequence of our result is that A -equality with-
out nonlogical axioms can be reduced to equality of
terms of simply-typed lambda calculus with products
via a certain CPS translation derived from our seman-
tics.

2 The ),-calculus

The presentation of A, we use follows Ong’s account
in [6]. Tt differs from Parigot’s original formulation only
in the aspect that we omit continuation variables of
type L. See loc. cit. for a more detailed comparison.

Assume a set B of base types. The types of A, are
the simple types over BU{L}, i.e. every base type is a
type, L is a type, and if A, B are types so is A = B.

There are two sorts of variables. Object variables
ranged over by Roman letters z,y,z,... and continu-
ation variables ranged over by Greek letters a, 3, .. ..
An object context is a partial type assignment to ob-
ject variables of the form xq: Ay, ..., x4 Ay, A contin-
uation context is a partial type assignment to contin-
uation variables of the form «aq: Ay, ..., a,: A, where
all the A; are different from L.

Assume a set C of typed constants.
judgements of A, take the form I'; A ¢ :

The typing
A where



I' is an object context, A i1s a continuation context, A
is a type, and t is a term. The precise form of the
terms 1s given implicitly together with the following
rules defining the typing judgement.

(Const) m lf C: A & C
; c:
Ix:A;AFt: B
(= -intro) kb
ARz At: A= B
(= —elim) ARt A= B IAFEs: A
-elim
I'AFts: B
(L-elim) A At L A2 L
e AR pa At A '
ARt A
(L-intro) ——o fa:AeA
AR [aft: L

As usual we identify terms up to renaming of both
object and continuation variables. Notice that A and
p bind variables as indicated, but that continuation
variable « occurs free in a term of the form [«]t.

The typing rules are such that we have
X1 AL, i Agsai By, am By, Bt A for
somet iff Ay AN ANA, A-BiA---A-B,, - Aisa
tautology of classical propositional logic. Under this
analogy the rule (L-elim) corresponds to proof by
contradiction: in order to prove A it suffices to deduce
a contradiction (L) from the assumption that A is
false (a: A). Rule (L-intro), on the other hand, is the
canonical way of constructing contradictions: from a
proof of A and an assumption that A is false (8: A).

We can also relate A, to classical se-
quent  calculus as  follows. We  have
X1 AL, i Agsai By, am By, Bt A for
some t iff the sequent Ay,..., A, F By,..., By, A is
derivable in Gentzen’s sequent calculus LK. Under
this analogy the two rules (L-intro) and (L-elim)
correspond to addition and removal of L on the right
hand side of the “turnstile”.

The rules of A, are such that logical rules always
have the last conclusion as main formula. Permuting
a conclusion into this “active” position is recorded by
an instance of (L-elim) (preceded by an instance of
(L-intro) unless the formula in the active position is
1). Thus, the purpose of the L-rules is to display (the

otherwise implicit) switching of focus, where “being in
focus” means to be the main formula of the next logical
rule.

We differ from Ong’s presentation in that we allow
for side context in rule (Axiom), i.e., the fact that vari-
ables other than # may be declared in I', and that «
may appear free in ¢ in rule (L-intro). Our (stronger)
rules are derivable in Ong’s system using the structural
rules (weakening and contraction) which in turn are ad-
missible in our system. Therefore, the same sequents
are derivable in either system.

Definition 2.1 A A,-theory (over a signature (5,C))
is a set £ of typed equations of the form I'; AFs=1¢: A
where I'; A s: A and I'; A ¢ : A such that

e & is a congruence stable under weakening,

e & contains all well-typed instances of the following
basic equality laws.

(8) (Az: At)s = t[s/x].

(n) Ar: Adr = ¢,

when z 1s not free in ¢.
(1-B)  [olpy: At =tla/y].

(wm) parAlat=t,
« not free in ¢.

poc A= Bt = et ApB: B[z g/ o,
when B #£ L.
(1-C)
poc A= L=z At[enx/ al.
v

The notation used in the equations deserves some ex-
planation. The term #[s/z] in rule (5) denotes the
capture-free substitution of s for « in ¢ and t[a/¥]
denotes the capture-free substitution of continuation
variable a for .

The term t[s:: 8 / o] called mized substitution of s
and § for continuation variable o« : A = B (where
B # 1) is defined inductively by the clauses in Figure 1
a:A =B, B# 1 3B, s:A.  Mixed substitution
of continuation variables of type A = 1 is defined
analogously the key clause being

([a]t)[s::% [ o] = (F[s::% [ &])s

Notice that x is part of the operation symbol.
Mixed substitution of continuation variables of type
A = L is defined analogously the key clause being

([a]t)[s::% [ o] = (F[s::% [ &])s



z[s=f/a] = =z
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Figure 1. Definition of mixed substitution

Notice that x is part of the operation symbol.

The idea behind this so-called muzed substitution is
that a continuation for a function of type A = B can
be understood as an argument s and a continuation
G for the ensuing result. The substitution operation
t[s:: B/ «] allows one to substitute such an “intended”
continuation for a continuation variable.

3 Continuation models of ),

The A,-calculus admits a simple and intuitive con-
tinuation semantics in an arbitrary category with
enough products and exponentials, in particular in any
cartesian closed category with a distinguished object R
of responses.

Definition 3.1 [Category of continuations] A category
of continuations is given by the following data:

1. A category C with a distinguished class T of ob-
jects of C called type objects.

. A distinguished type object R of responses.

. For every object I' and type object A a chosen
cartesian product I' - A.

. A chosen terminal object [] (for the empty con-
text).

. A chosen terminal object 1 € T (to interpret L).

. For every type object A a chosen exponential R4 €
T of R by A.

. For any two type objects A and B a chosen carte-
sian product R4 x B € T of R4 and B.
¢

Clearly, [] = 1 and R4 x B = RA . B. The presence of
these 1somorphic copies of terminal objects and carte-
sian products is not strictly necessary, for instance, we

could postulate that a product R4 - B must be a type
object if A and B are. However, they reflect syntac-
tic distinctions and facilitate the formulation of term
models.

Particular examples of continuation categories are
the category of sets and various categories of domains
where a natural choice for R is the set (domain) of
screen outputs or alternatively booleans (for sets) and
the Sierpinski space (two element poset) in the case
of domains. A further important example 1s furnished
by the term model of a simply-typed lambda calculus
together with a distinguished base type R. This model
is generic in the sense that if a certain equation holds in
it then 1t must hold in any other continuation category.

Assume for the rest of this section a fixed category of
continuations. Any assignment of type objects [B] to
base types B extends to an assignment of type objects
to all types by the following two clauses.

[L]
[A = B]

1
RIAY < [B]

The intention is that [A] is the space of abstract con-
tinuations of type A. Accordingly, we call R4l the
(type) object of denotations of type A. This may ex-
plain the definition of [A = B]: A continuation for a
function is given by an argument (a denotation of type
A) and a continuation for the result.

Let ' = x1:Ay,...,2,: A, be an object context
and A = «y:By,...,qm: B,y be a continuation con-
text. We use the notation RI'T.[A] for the object
[- R . RIA . [B]- ... [Bm] The subsequent
interpretation of A, is motivated by the following two
natural isomorphisms familiar from the more special
case of CCC’s. The reader is invited to keep those in
mind when going through the semantic clauses below.

Proposition 3.2 Let A, B be type objects and X any
object of a continuation category C. We have the fol-



lowing two isomorphisms natural in X.

C(X - R4, RP)
C(X -A RY

>~ C(X,RR'xB)

~ C(X,R%)

Assume an assignment of denotations to the constants,
i.e. a morphism [c] : [] = R[4 if ¢: A is in C. To each
sequent I'; A+ ¢ : A we associate an arrow

[C; A+t A]: R [A] — R

by the clauses in Figure 2 where the internal language
of C is employed to simplify the notation. Notice that
we use pattern matching for abstractions over prod-
uct and unit types. For the case of untyped A, such
semantics has been defined in [9]. The crucial obser-
vation that R4 x B is an exponential of B by A in
the category Cg which has the same objects as C and
homsets given by Cr(X,Y) = C(R* RY) has been
made by several people around 1990, including [1] and

[4].

Theorem 3.3 (Soundness) The  A,-calculus  is
sound with respect to this interpretation in the
sense that the set of equations I'; A F t = &5 © A
where ti,ts are appropriately typed terms and
[T;AFE Al = [T A F £y A] ds a Ay-theory.

Proof. Induction on derivations using appropriate
substitution lemmas. d

4 Completeness of continuation seman-
tics

Our aim in this section is to establish the following
completeness result for the continuation semantics.

Theorem 4.1 For every A,-theory £ over a signature
(B, C) there exists a continuation category (C, R) with
the following two properties.

1. & is the theory induced by this continuation model
(C,R).

2. Let T' be an object context, A be a continuation
context and A be a type. FEvery C-morphism f :
R [A] — R arises as the interpretation of
some Ay -term I AR Al

For the rest of this section assume a fixed signature
(B,C) and a theory £. When we refer to continua-
tion contexts or terms it will always be relative to this
signature. We will use the notation from Def. 2.1 to

refer to the continuation category which we are going
to construct from these data.

Before embarking on the actual construction let us
first provide some intuition. Assume for the moment
that £ happens to be induced by a hypothetical con-
tinuation category C. It suggests itself to recover C
from the A,-theory by using the continuation contexts
as objects. Unfortunately, morphisms from [A] to [A]
do not arise as meanings of terms so that there is no
straightforward way to recover the C-morphisms from
terms. However, the meaningofaterm ;AF¢: A= L
is a C-morphism from [A] to REM > pRM D Now
every morphism f : [A] — [A] induces a morphism
from [A] to RE™ by composition with the curried
evaluation map npay(a: [A]) = Ap: RIAL pa. Alas, in
general, it seems to be impossible to tell whether a
given morphism h : [A] — RE™ factors through 7.
However, those h which do, satisfy a certain equation.
Namely?, let Nr2([a]) and R2(77|[A]|) be the two canoni-
cal maps from R*([A]) — R*([A]), i.e., (in A-calculus

notation)

7732(|[A]|)(80) =
AQ: R3([A])-@(p)

R (npan) () =
A®: R3([A]).o(Az: [A].@(Ak: R([A]).kx))

Then, since nge([a]) © Na] = RZ(U[A]]) o ay by A-
calculus, we have ngz(ayy o b = R (1)) o b, whenever
h factors through npay, 1.e., can be written in the form
npaje h’. We can also argue element-wise and conclude
that if 7' : R*([A]) is of the form npaj(a) for some
a: A, e, F'= Ak.ka, then

(1) @(F) = FQa:[A]-2(npay(x)))
for all ®: R*([A])

So we are led to decree that a morphism from A to
Ais a Ay-term ;A F 0 A = L satisfying this prop-
erty (which, of course, has to be translated into A,-
equations). The morphisms into contexts rather than
merely types are then constructed as tuples of these.

Unfortunately, since npqp is in general not the
equaliser of ngz([a]), R?(npaj) this equational condition
i1s necessary, but not sufficient for factoring through
npay- Therefore, the category thus obtained need not
be equivalent to a possibly already existing (or hypo-
thetically assumed) category C, but fortunately does
the job, nevertheless.

In the sequel we will carry out the construction of
this syntactic category explicitly and demonstrate that

2We follow Paul Taylor in using the notation R"(X) for an
R-tower of height n, so R2(X) stands for RE™.



[T;AF 2 AJ(Z; Q) =
[T;AF Az At A= B](#,d) =

Me, B): RIAY < [B][T, x: A; At : B](Z,2;8)3

[T; AFts: B)(Z; &) = M[B]T;AFt: A= BJ(Za){[T;AF s: Al(Z &), 3)
[T;AF pa: Al A(Z; &) = A AT A e At L(F &, a)*

[T; AF [e5]t s L](Z; @)

A LT ARt A(E @)

Figure 2. Interpretation of A, in a A,-category

it meets the requirement of the main theorem. Sur-
prisingly, the main effort consists of showing that the
C-maps (as we will call them) compose and thus form a
category at all. The reason is that composition cannot
be defined as syntactic substitution.

Convention 4.2 In order to avoid messy case analy-
ses we shall henceforth adopt the convention that lower
case Greek letters range over continuation variables as
well as L. We extend p-abstraction and p-application
by the settings p L .M := M and [L]M = M. It is clear
that this preserves typing and that equations involving
w and [L] L generalise accordingly.

With this convention the two parts of rule (p-C) can
be subsumed under the first one.

4.1 Thegeneric continuation category

Definition 4.3 Let A be a continuation context and
Abe atype. A continuation term (C-term for short) in
context A and of type Ais a A -term ;AFZ: A= L
such that for every A -term [NAA'Fo: (A= 1) =
1 (subsequently called an observer) we have

[;AA ot = t(pa: Aco(Az: Afa]z)) : L

More generally, a continuation map (C-map) from A to
O = a1:Ar,...,an Ay is an n-tuple (£1,...,t,) such
that ¢; is a C-term of type A; in context A. O

We remark that ¢ is a C-term of type A iff for
each @:[A] the element Ad: RIAL[t](; &@)(d, ) (that i

o~

w

[t](; @) transported along the isomorphism R% A
R*([A])) satisfies condition (}) above.

Notice that by Convention 4.2 a term ¢ : L = L is
a C-term of type L if for

[;A A Fot =t(o(Az: Lx)): L

for every observer I; A/ A'Fo: (L= 1)= L.
The desired continuation category C will have the
continuation contexts as objects and the C-maps as

morphisms. In order to define composition of C-maps
we need to develop some machinery first.

Proposition 4.4 If a: A is a continuation variable
(declared in A) then the term v, = Ax:Ala]z is a
C-term of type A.

Proof. Assume [AA' F o @ (A = 1) = L.
We must show that (in context T;A;A’) we have
oV = Vo(pa:A.o(vy)). By (5) the right hand side
equals [a](pa: A.o(vy)) which equals the left hand side
by (p-8). O

Henceforth, we will use capital letters M, N, U,V
to range over C-terms. The following characterises C-
terms of negated type.

Proposition 4.5 The C-terms of type (A = L) are
precisely those of the form Af: A = L.ft for arbitrary
term t : A. In particular, if M s a C-term of type
A= 1 then

M =Af: A= L fluo: AM(v,))

Proof. To prove the equation let f: A = 1 be a fresh
variable. We calculate as follows. Employing the ob-
server o = Am.f(pa: A.m(vy)) we can rewrite the body
of the left-hand side as M (up: A = L.o(v,)) which
equals M(Ax: A.f(poJalx)) by (p-€) and finally M f
by (p-n) and (). We conclude by abstracting from f.

The proof that Af.ft is a C-map is similar to the
proof of Prop. 4.4 a

Definition 4.6 Let ¢ be a term of type B = L possi-
bly containing a free continuation variable o : A and s
be a term of type A = L. The term t[a:=s] of type
B = 1 is defined as Az: B.s(pa: Atz). O

Proposition 4.7 If M is a C-term of type B (possibly
containing o: A) and N is a C-term of type A then
MJa:=N] is a C-term of type B.



Proof. Let o : (B = 1) = L be an observer.
We demonstrate the required identity o(M[a:=N]) =
Ma:=N](up:B.o(vg)) by showing that both sides
equal N (pa.o(M)).

Using the observer

o' =An: A= Lo(Ax: Bn(ua: A.Mz))
we obtain

o(M[a:=N]) = N(ua: A.o'(va))
Notice that the left-hand side is o' (N). By (3),(p-3),
and (n) this equals N (po.o(M)).

On the other hand, M[a:=N](u8: B.o(vs)) equals
N(pe.o(M)) using the observer o applied to M. O

We will now show that the C-terms of the form v_
and L[L:= 1] behave like variables and substitution in
ordinary A-calculus.

Lemma 4.8 The following equations hold whenever
they are well-typed and M, N, U,V are C-terms as in-
dicated.

1. vola=M]=M

2. vgla:=N]=vg, if « £ .

3. Mlai=vy] =M.

4. M[a:=U] =M, if a not free in M.

9. Mla:=U][p:=V] = M[Bg:=V][a:=U[g:=V]], if o
s not free in V.

6. Mla:=Ul[5:=V] = M[B:=V][a:=U] if a, 3 are
not free in U, V.

7. M[a:=U][8:=V] = M[a:=U[B:=V]], tf B not
free in M.

Proof. First, observe that if a: A is a continua-
tion variable and M is any term of type L then
Vo(pa: A.M) = M by (8) and (u-3).

We will omit type annotations as they depend upon
the unspecified typing of the equations.

Ad 1. vola:=M] = Ae. M(paver) = de.Me = M
by (u-n) and (7).

Ad 3. Mla:=v,] = Axwvg(pa.Mz) = M by the
above observation followed by (1-5) and (7).

Ad 5. The right hand side expands to Az.o(V') where

o= Av.o(pB.U(pa.o(pB.Mx)))

Since V is a C-term this equals

Ax V{(pByg(ps.U(pavs(p8.Ma))))

observation this
which 1s a

By the above
Ar.V(pB.U(po.Mz))
of the left hand side.

Ad 4. By definition M[a:=U] = Az.U(pa.Mz).
By Lemma 4.5 applied to U and ¢ := Mz this equals
Az.Mwz. The conclusion follows by (7).

equals
(B)-contraction

The remaining parts 2, 6, 7 are immediate conse-
quences of 5 and 4. |

This allows us to carry out the usual construction [8]
of a category with finite products from a substitution
calculus. Let M be a C-term of type A in context A =
ar: A1, ... ant Ay Furthermore, let f= (Ny,..., Ny)
be a C-map from O to A. We define the C-term M o f
of type A in context © as M[aq:= N1]...[an:= Ny

More generally, if ¢ = (My,..., My) is a C-map
from A to ¥, we define the composition g o f as (M o
£y, My o f). Finally, the identity C-map ida : A —
A is defined as (va,, ..., Va, )

The proof [8] that the term model of an equational
theory forms a category can now be copied word for
word so as to demonstrate that the continuation con-
texts and C-maps form a category C. The continuation
contexts of length one which we will henceforth identify
with types form the subset T of C. It also follows from
this proof that the empty context [] forms a terminal
object and that the extended context A, a: A forms a
cartesian product of A and type Aif A # L. We define
the cartesian product A - L as A. The projection on
L is given by v_. By abuse of notation we decree that
A, a: 1 means A.

The type object of responses R is defined as the type
1 = 1. This setting is motivated by the observation
that the meaning of type L = L in an arbitrary con-
tinuation category equals R' x 1 which is isomorphic

to R.

The following proposition exhibits the remaining
structure required to deomnstrate that C is a category
of continuations. We omit its proof by straightforward
equality reasoning.

Proposition 4.9 Let A, B be types, 1.e. type objects of
C. The exponential R* in C can be given by A = 1;
the product R* x B in C can be given by A = B. The
type L is a terminal object. The associated morphisms



and operators are given as follows.

app(M, N) = \.N (e MO ([o]2))
curga(M) = Afr A= L.f(pa: AL M(v_))

(Af: RA.ft,NYy = \f: A= B.N(ft)

M1 =rlp:=M] = Af: R* M(\z: A.uB: B.fz)
M.2 = Xb: B.M (Ax: A.b)

*x = V_

Notice that the definition of pairing is exhaustive in
view of Prop. 4.5.

4.2 Interpretation of A,

We have seen that C with the described settings
furnishes a continuation category. Interpreting base
types by themselves we obtain immediately

Proposition 4.10 For any A,-type A the interpreta-
tion [A] in C equals A.

Accordingly, the semantics of a continuation context
A can be chosen as A itself (the choice only affects
the names of continuation variables). Next, we ex-
amine the interpretation of combined contexts I'; A
where I' = #1:Ay,...,2,: A, 18 an object context.
Its interpretation RI'T . [A] is the continuation con-
text w1: A1 = L, ... on: Ay = L, A where the ¢; are
freshly chosen continuation variables. We introduce the
notation ¢, for the continuation variable in RI'T . [A]
corresponding to object variable & in I', in other words
we have ¢, = ;. If Z is a sequence of object vari-
ables we write gz for the corresponding sequence of
continuation variables.

If ¢: A is a constant then [¢]] := Af: A = L.fcis
a C-term of type RIAl yielding an interpretation for
the constants. We thus obtain an interpretation of our
Ap-calculus in the continuation category C which asso-
clates with every A -term I'; A F¢: A a C-term [[{] of
type RIAl = A = 1 in context RI'T. [A] = ¢1: 41 =
Lo oniAn = L, A The key to the completeness
result is the following direct characterisation of this in-
terpretation.

Theorem 4.11 Whenever T;A F 1 : U then [T; A F
t: U] is equal, w.r.t. £, to the following term

RV AR A U= Lf(t): RV = L

where t* is obtained from t by replacing each object
vartable x;: A; by the term By = pa: A; [pz]va-

Proof. By induction on derivations. As a represen-
tative example we treat the case of rule (= -intro), i.e.,
where U = A = B and t = Az: A.s. Let us write §
for s with every free object variables y of s except x
replaced by @,. That is to say, we have s* = §[g,/x].
The equational calculation displayed in Figure 3 where
we have used the following sublemma.

Sublemma Lett be a Ay-term of type L containing
object variable x: A and let ¢: A = L be a fresh con-
tinuation variable. Then pp: A = Lt[@/x] = Ax: At

To see this, we use (p-C) to expand pp.t[p/z] as
Az: At[g/x][x:x /@] which is identical to Azx.t[(Blz::%/
¢]) / ] by definition of substitution. Now Plz::x/¢] =
(palplva) [ x /o] = po.a]e = « by (p-1). Hence the
result. d

Proof of Theorem 4.1. For faithfulness it is suffi-
cient to consider the special case where I' is empty. So
let that ; A ¢; : Afor i = 1,2 be two terms of A, with
equal semantics in the generic continuation category
C constructed from &£. By Theorem 4.11 this implies
that we have Af: A= L.ft; = Af: A= L.ft,. Notice
that ¢ = ¢;. Application to v, where a: A is a fresh
continuation variable gives [a]t; = [a]ts from which we
get t1 = ta by p-abstraction of a followed by (p-7).

For the second part we may also assume that I' is
empty because of the isomorphism from Lemma 3.2. So
let F be a C-morphism from [A] to RI4). By definition
of C this means that F' i1s a C-term of type A = L in
context A. In view of Prop. 4.5 this means that F
takes the form

AFMNiA= Lft: (A= 1) =L

for some A,-term ¢ of type A. But by Theorem 4.11
this implies that F' is the interpretation of ¢. a

4.3 Universality of continuation models

In [6] is defined a categorical semantics of A, called
Ay-categories. By the categorical completeness re-
sult of loc. cit. these models are in 1-1-correspondence
with A,-theories. Thus, our results can be stated in
category-theoretic terms as follows. The soundness
theorem (Thm. 3.3) says that every category of contin-
uations can be organised into a A,-category with the
same objects and whose homsets Fa (A1, ..., An), B)
are given by C(A - R4t ... .. R4« RB). The complete-
ness theorem (Thm. 4.1), on the other hand, expresses
that every A,-category is (up to isomorphism) of this



[Aa: A.s]
= cury.gaxp(app([s]lpe:=vy.1], vy.2)

A (g 2(pB: B.[s][pe:= vy 1]vg))

= A (v 2(pBvy 1(pes.[s]vs)))

= A f(pvy 2(pBvy U pps [ B3[P/ 2])))
= A f(pvy 2(pBvy 1(Az.[0]5)))

= A f(ﬁ”/) vy 2(pB.[Y] e u B [5]8))

= A f(py.[](Ae: ApB. [ e pp [F)3))
= A f(Az: A.pp: B.[5]5)

= M.f(Az.5)

= A f(Ax.s(pz/7])

= M. f(t[pz/7])

)
Afi (A= B)= L.f(p: A= B.app([s]les:=vy.1], vy.2)v_)

by definition of [Az.s]
expansion of cur
expansion of app
expansion of [s][pe:= vy .1]
induction hypothesis

by sublemma

expansion of vy .1
expansion of vy .2

(=€) on 1, (p-p)

(k-n)

Figure 3. Calculation in the proof of Theorem 4.11

form. Namely, by Ong’s categorical completeness re-
sult every A,-category is isomorphic to the term model
of its theory which in turn (by our main result) is iso-
morphic to the A,- category induced by the associated
syntactic category of continuations.

Thus, continuation models are universal in the sense
that every model of A,, i.e. any A,-category is isomor-
phic to a continuation model. We have preferred to
stick to the more traditional syntactic presentation of
our results as this simplifies the calculations. It might,
however, be instructive to explicitly compute the con-
tinuation model which induces the game-theoretic A,-
category described in loc. cit.

4.4 Completenessof A, for CPS-translation

Of particular interest is the “free” A -calculus over
some signature (B,C) without non-logical axioms. Tt
can be interpreted in the (cartesian closed category
associated with) simply-typed lambda calculus with
products and terminal object over base types B U {R}
and constants of appropriate type. In this particular
case the interpretation gives rise to the following CPS
translation of A,.

[] = =

[e] = e

[Azt] = Ap.(Az.[t] p.1)p.2
ER
[pet] = Ae i)

[[e]t] = Aa: 1.[t]e

These clauses are derived by instantiating the defin-
ing clauses in Section 3 with the term model of simply
typed lambda calculus where we keep using the same

name for a syntactic and semantic variables. This par-
ticular semantics is already complete for free A,.

Proposition 4.12 We have ['; At =15 1 A
only if [11] = [12].

of and

Proof. If [t1] = [t2] then ¢; and ¢ have equal
interpretation in any continuation category because
simply-typed lambda calculus is initial for those. Thus
ARt =t : A by Thm. 4.1. The other direction 1s
immediate from soundness (Thm. 3.3). O

This result means that the free A,-theory can be
decided by way of the above CPS translation.

5 Conclusions and further work

We have presented a natural continuation style in-
terpretation of call-by-name A,-calculus and demon-
strated that the equational theory of A, is complete
with respect to this interpretation. Unlike in [10] or [2]
the equational theory predated the continuation style
interpretation which provides evidence for its canonic-
ity. Indeed, although known for a while, the present
CPS translation using pairs does not seem to have re-
ceived the attention it deserves. We hope that this
paper will help to popularize it.

It should be stressed that the precise formulation of
our notion of model, e.g. the restriction of exponenti-
ation to certain rather peculiar objects and the dupli-
cation of products and terminal object, is not essential
for completeness and universality.

As mentioned above, every cartesian-closed cate-
gory together with a distinguished object R defines a



category of continuations. Conversely, given an arbi-
trary category of continuations (C, R) the category of
presheaves C is cartesian closed and the full and faith-
ful Yoneda embedding ¥V : C — C preserves existing
products and exponentials. Therefore, the continua-
tion semantics with respect to C and Y(R) agrees up
to isomorphism with the interpretation in (C, R) com-
posed with ). Thus, the completeness result Thm. 4.1
continues to hold for the restricted class of cartesian
closed A,-categories.

Some directions for further work suggest themselves.
Although our formulation of A,-syntax is very general
and emcompasses, e.g., fixpoint operators and recursive
types (via fold/unfold constants), it does not immedi-
ately extend to an untyped formulation of A,. The
reason is the special role of the type 1. However, it
seems that our constructions can also be applied to an
appopriate untyped version in which we would have
two judgements T'; A ¢ o (to mean that ¢ is a “com-
putation”) and T'; A ¢ (to mean that ¢ is an “obser-
vation”). The details remain to be worked out.

We want to stress that although our completeness
result encompasses arbitrary A,-theories it does not
say anything about their consistency. It is easy to see
that the abovementioned extension by general recur-
sion and recursive types is indeed consistent, e.g., using
the cartesian closed category of dcpos with the Sier-
pinski space as object of responses. Moreover, some-
what more interestingly, the category of continuations
C = Set with R = IN gives rise to a model of A, with a
base type of natural numbers N where [N] = [L] = 1.
This model supports system T style iterators

Ra A= (N=>A=>A)=>N=>A4

together with the equations

(R-0) Razf0 =1z

(R-suce) Razf(suce(x)) = fe(Razfr)

as well as all instances of the induction principle for
equations.

However, under the more canonical interpretation
[N] = RN not even the computation rules for the iter-
ator are valid in general. That is, rule R L suce must
be confined to the case where x is a numeral, i.e., of the
form suee™(0). Given this difficulty with the interpre-
tation of inductive data types a call-by-value formula-
tion of A, is perhaps more appealing from a practical
point of view.

Indeed, very recently, Ong and Stewart [5] have
come up with a call-by-value variant of the equational
theory of A,. Preliminary investigations have shown
that this theory is also complete with respect to a more
traditional continuation semantics encompassing val-
ues. To achieve this result we have to combine the

present approach with Hofmann’s earlier results in [2].
A joint paper with Ong on this subject is in prepara-
tion.
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