
Semantics of linear/modal lambda calculusMartin Hofmann�AbstractIn previous work the author has introduced a lambda calculus SLR withmodal and linear types which serves as an extension of Bellantoni-Cook's func-tion algebra BC to higher types. It is a step towards a functional programminglanguage in which all programs run in polynomial time. While this previouswork was concerned with the syntactic metatheory of SLR in this paper wedevelop a semantics of SLR in terms of Chu spaces over a certain categoryof sheaves from which it follows that all expressible functions are indeed inPTIME. We notice a similarity between the Chu space interpretation andCPS translation which as we hope will have further applications in functionalprogramming.1 IntroductionIn [10] we have introduced a lambda calculus SLR which generalises the Bellantoni-Cook characterisation of PTIME [4] to higher-order functions. The separation be-tween normal and safe variables which is crucial to the Bellantoni-Cook system hasbeen achieved by way of an S4-modality � on types. So �N is the type of normalnatural numbers over which primitive recursion is allowed and N is the type of safenatural numbers to which only basic primitive functions may be applied. Whilein op. cit. the syntactic properties of SLR were studied this paper is devoted toa semantic analysis of its strength. Notably, we prove that linear recursion withfunctional result type does not lead beyond polynomial time. This is done by in-terpreting SLR in a certain model of linear logic, namely a variant of so-called Chuspaces [20, 13], in which all type 1 functions are by de�nition in PTIME. The de-sired result then follows by relating this interpretation to the standard set-theoreticone by means of a certain logical relation.The work described here is part of a research programme aimed at extendingthe Bellantoni-Cook system and similar function algebra characterisations (see [6]for a survey) to higher-order typed (\HOT") functional programming languages.Section 9 contains a discussion of related work.1.1 The system BCLet us brie
y recall Bellantoni-Cook's system BC. Its purpose is to de�ne exactlythe PTIME-functions on integers using composition and a certain form of primitiverecursion. Unlike Cobham's system [7] where every primitive recursive de�nitionmust be annotated with an a priori bound on the growth rate of the function tobe de�ned, in BC no explicit mention is made of resource bounds. The restrictionto PTIME is achieved by separating the variables, i.e. argument positions, into twozones: the normal ones over which primitive recursion is allowed and the safe ones�Laboratory for Foundations of Computer Science, University of Edinburgh, JCMB, KB, May-�eld Road, Edinburgh EH9 3JZ, United Kingdom1



which can only serve as input to basic primitive functions such as case distinctionmodulo 2. It is customary to note such a function as f(~x; ~y) with the normalvariables before the semicolon and the safe variables after the semicolon.The crucial point which prevents us from reverting to ordinary primitive recur-sion by using normal variables and ignoring the safe variables is that in a primitiverecursion a recursive call to the function being de�ned may only be performed viaa safe variable. This ensures in particular that one is not allowed to recur over theresult yielded by a recursive call.It is this restriction which ensures that the time complexity of the de�nablefunctions does not explode as is the case with unrestricted primitive recursion.Applying this pattern to the familiar scheme of primitive recursion under whichf(x) may be de�ned in terms of f(x� 1) yields the elementary functions. In orderto get PTIME one must use the following scheme of recursion on notation which isa slight variant of the original one1 used by Bellantoni-Cook:From g(~x; ~y) and h(~x; x; ~y; y) de�ne f(~x; x; ~y) byf(~x; 0; ~y) = g(~x; ~y)f(~x; x; ~y) = h(~x; x; ~y; f(~x; �x2� ; ~y)), if x > 0In order that safe and normal variables are kept properly distinct the compositionscheme is restricted in such a way that a term may be substituted for a normalvariable only if it does not depend on safe variables:From f(~x; ~y) and ~u(~z; ) and ~v(~z; ~w) de�ne g(~z; ~w) byg(~z; ~w) = f(~u(~z; );~v(~z; ~w))The main result of [4] is that these patterns together with certain simple basicfunctions, notably constants, the constructors S0(; y) = 2y and S1(; y) = 2y + 1,and case distinction de�ne exactly the class of PTIME functions.Before we continue let us look at a few simple examples. We introduce thenotations jxj = dlog2(x + 1)e[x] = 2jxjfor length of x in binary notation and for the least power of 2 exceeding x.A function of quadratic growth, namely sq(x; ) = [x]2 is de�ned bysq(0; ) = 1sq(x; ) = S0(S0(sq(�x2� ; )))We have sq(x; ) = 4jxj where jxj = dlog2(x+1)e is the length of x in binary notation.If we attempt to iterate sq to form a function of exponential growth rate likeexp(0; ) = 1exp(x; ) = sq(exp(�x2� ; ))then we violate the stipulation that recursive calls must happen via safe argumentpositions only. So the de�nition of exp is ruled out in BC.It is the purpose of the work described in this paper and in [10] to extendthis framework to higher types, i.e., functions of arbitrary functional type. UnlikeBellantoni-Cook's system BC! [2] which merely is a simply-typed lambda calculuswith two base types, we aim at a faithful generalisation of the pattern of safecomposition to higher types.1In that scheme one has two recurrence functions h0 and h1 employed according to whetherthe recursion variable is even or odd. This scheme can be de�ned in terms of the present one anda conditional construct which we de�ne later on.2



1.2 Modal typesIt turns out that the right way to do this is by using a modal operator � ontypes with the understanding that �A is the type of normal objects of type A. Inparticular, �N is the type of normal integers whereas N itself is the type of safeintegers. Since normal values may always be used in place of safe ones there is acoercion function unboxA : �A!A.Safe recursion can then be formulated as a single higher-typed constant calleda recursor. saferec : �N!N!(�N!N!N)!Nwhere f(x) = saferec(x; g; h) means f(0) = g and f(x) = h(x; f(�x2�)) when x > 0.We see that the second (recursive) argument of h is of type N so that h cannot recurover this argument. Notice that in the presence of lambda calculus parameters neednot be explicitly mentioned in the type of the recursor. E.g., if g : A!N and h :A!�N!N then we can de�ne f : A!�N!N by �a:A:�x:�N:saferec(x; g(a); h(a)).How can we ever create an object of type �N in order to apply saferec? Theidea is that if an expression t : N contains only free variables of modal type, i.e., oftype �A for some A then we should be allowed to form a term raise(t) of type �N.This corresponds to the rule of necessitation in modal logic.Such new term formers unbox and raise make terms less readable and compli-cate programming. The system described in [10] makes unbox an implicit subtypecoercion and avoids raise by restricting � to argument positions of function types.In other words, rather than having a type operator � we have two function spacesA!B (ordinary function space) and �A!B (modal function space). The freevariables of a term are still grouped into two zones: modal and nonmodal ones.In order to apply a function f : �A!B to a term t : A one must check that tdepends on modal variables only. In function abstraction the \aspect" of a vari-able need not be given explicitly, e.g., if g : N and h : �N!N!N we can writef = �x:N:saferec(x; g; h) and the type �N!N will be inferred for f . More gener-ally, if f = �u:N!N:�x:N:saferec(u(x); g; h)then f has the type �(N!N)!�N!N. The \type" �(N!N) refers to a functionwhich does not contain any free variables of nonmodal type. For example, we canapply this f to S0, but not to �x:N:y, unless y is a modal variable.1.3 Linear recursionThe system described in [10] additionally contains linear function types which con-tain functions using their argument at most once (as far as this can be detectedsyntactically). The purpose of these linear types is that they allow one to for-mulate a restricted version of safe recursion with functional result type which isconservative, i.e., does not lead beyond PTIME.In general, if we allow functional result type in a safe recursion then we cande�ne exponentiation.Example 1.1 We haveg = S0 : N!Nh = �x:N:�u:N!N:(�y:N:u(u(y))) : �N!(N!N)!(N!N)and the function f : �N!N!N de�ned by safe recursion with result type N!N,i.e., f(0) = g, f(x) = h(x; f(�x2�)) has exponential growth rate, namely we havef(x; y) = 2[x] � y. 3



The reason for this growth is that u is called twice in the body of h. In order torule this out syntactically, we introduce a linear recursorlinrecA : �N!A!(�N!A(A)!Afor A = Nk!N. Here ( denotes the linear function space.Informally, a function(al) is linear if it uses its argument at most once. This isobviously not the case for the functional �x:N:�u:N!N:�y:N:u(u y) appearing inthe de�nition in Example 1.1 above. It has the type �N!(N!N)!(N!N) ratherthan �N!(N!N)((N!N) as required by linrec and so this function cannot bede�ned using linrec.Its type-theoretic formulation requires a similar setup as we already have forthe modal function space. The variables are now associated with one out of four\aspects" where an aspect is a pair (l;m) where l 2 flinear; nonlinearg and m 2fmodal; nonmodalg.A variable of linear aspect can appear at most once in a term (see below for twoexceptions to this rule). If a variable appears more than once then it must be givennonlinear aspect. A term e : B containing free variable x : A can be given typeA(B if e : B can be derived with x having linear aspect. If this is not possiblethen the weaker type A!B must be assigned. For example, we have�x:A:x : A(A�f :A!B:�x:A:f x : (A!B)(A!B�f :A(A:�x:A:f(f(x)) : (A(A)!A(A�f :A!A:�g:A!A:�x:A:f(g x): (A!A)((A!A)!A!AIn the last example g is dubbed nonlinear although it appears only once. The reasonis of course that it appears as the argument of a nonlinear function.Apart from counting the number of occurrences there are two further sourcesfor linearity brought about by the base type N. First, a variable of type N is linearby de�nition. This is expressed by a subtyping N!A � N(A. (We always havethe subtyping A(B � A!B.).Second, we have the following case construct for integers. If e1 : N and e2 : Aand e3; e4 : N!A then we have caseAe1 zero e2 even e3 odd e4 : A with the intendedmeaning that if e1 is zero then the result is e2, if e1 is 2n then the result is e3 n and ife1 is 2n+1 then the result is e4 n. The important point is that if a variable appearslinearly in each branch of a case construct then it appears linearly in the whole caseexpression although it makes up to three literal occurrences. We illustrate this bygiving more terms with their (principal) types.divtwo = �x:N:caseNxzero 0even �y:N:yodd �y:N:y : N!N�x:N:�f :N!N:caseNxzero f(x)even fodd f : N!(N!N)(NTo illustrate the fact that functions on integers are always linear we notice thatthe last function of the previous suite gets type (A!A)((A!A)((A!A) in caseA = N for then f has in fact type N(N.We also notice that by this convention the �rst-order safe recursor saferec fromabove is subsumed under the linear recursor linrecA for A = N, i.e., k = 0.4



In [10] we have used linrecN3!N to de�ne an addition function add : �N!N!N!Nwith the speci�cation that add l x y c equals x̂+ ŷ+(cmod2) where x̂ = xmod2jlj.This is not an entirely trivial task because on the binary integers addition mustbe de�ned using the algorithm for digit-wise addition with carry. In particular, anaive attempt to de�ne addition with ordinary safe recursion fails because in therecursive call the carry bit may change.add = �l:N:linrecN!N!N!N l(�x:N:�y:N:�c:N:cmod 2)(�u:N:�a:N!N!N!N:�x:N:�y:N:�c:N:let carry = (x ^ (y _ c)) _ ((:x) ^ (y ^ c)) incaseNx� y � czero S0(a bx=2c by=2c carry)even �u:N:S0(a bx=2c by=2c carry )odd �u:N:S0(a bx=2c by=2c carry))Here let : : : in is syntactic sugar for a �-expansion and the auxiliary functions _;^; : : :are the indicated boolean functions of type N!N and N!N!N de�ned usingcaseA. They only look at the last bit of a number. Finally, b�=2c and �mod2 arequotient and remainder with respect to division by two also de�ned using caseN.Notice that although the function amakes two literal appearances in the body ofthe third argument to linrec the latter is still counted as a linear functional becausethe appearances belong to di�erent branches of a case construct.We see from this example that the main purpose of linear recursion is to providea user-friendly syntax for �rst-order recursion with substitution of parameters. Ifwe were to use �rst-order recursion with substitution we would have to put togetherthe substitution functions using another case distinction.Indeed, we will semantically reduce linear recursion to recursion with parametersubstitution which is known not to lead beyond polynomial time. If we wouldprovide an operator for recursion with parameter substitution then we would haveto extract the substituting functions and put them into a separate position thusleading to a much less readable syntax.Linear recursion with second-order result type such as (N!N)!N also leadsbeyond PTIME as can be seen from the following example:Example 1.2 Let A be (N!N)!N and de�ne g : A by �u:N!N:u 1 and h :�N!A(A by �x:N:�F :A:�u:N!N:F (�z:N:u(u(z))))Here we have f(x)(u) = u([x])(1) as can be seen by notational induction on x; hencef(x)(S0) = 2[x].Then f : �N!A de�ned by f(0) = g and f(x) = h(x; f(�x2�)) satis�es f(x)(u) =u([x])(1) as can be seen by notational induction on x; hence f(x)(S0) = 22jxj.Notice that, again, a nonlinear use of a functional argument was the culprit. Indeed,we believe that linear recursion with result types (N!N)(N stays within PTIME,but the methods described in this paper do not allow us to prove this.The following example shows that linear recursion with result type �N!N mustalso be forbidden:Example 1.3 Let A = �N!N and de�ne g : A by �y:N:y and h : �N!A(Aby �x:N:�u:A:�y:N:u(sq(y)) where sq : �N!N is given by sq(x) = [x]2. Thenf : �N!A de�ned by f(0) = g and f(x) = h(x; f(�x2�)) satis�es f(x)(y) = y2jxj .5



1.4 Semantics of SLRBellantoni-Cook's proof that the system BC de�nes PTIME-functions is based onthe invariant that if f(~x; ~y) is de�nable then f(~x; ~y) is in PTIME and moreoverjf(~x; ~y)j � p(j~xj) +max(j~yj) for some n-place polynomial p.In [9] we show how to lift this invariant to an invariant of the purely modalfragment of SLR by using presheaves over the category of the PTIME-functionswhich satisfy Bellantoni and Cook's growth restrictions. In this paper we extendthis method to the linear recursor with �rst-order result type. The main idea is touse an interpretation in which a linear functional F of type (N!N)(N is modelledas an element arg : N and a function rest : N!N such that F (u) = rest(u(arg)). Inthis way, semantically, the linear recursion can be reduced to recursion with groundresult type and substitution of parameters.The advantage of using linear recursion rather than recursion with parametersubstitution right away is a pragmatic one. A recursor with substitution of param-eters substrec : �N!(N!N)!(�N!N!N!N)!(�N!N!N)!N!Nwith intended semanticsf(x; y) = substrec(x; g; h; u; y) ()f(0; y) = g(y)f(x; y) = h(x; f(�x2� ; u(x; y)))requires the user to isolate the substituting function u from the de�ning equationsfor f . This requires code duplication if a case distinction is part of the de�nitionof f like in the addition example below. Furthermore, it leads to less readableprograms as the de�nition of f is split among the three components g; h; u.So linear recursion|like any high-level programming construct|leads to shorterand more intuitive programs.2 SyntaxThe basic type of SLR is N|the type of binary natural numbers. IfA, B are types soare A!B (function space), �A!B (modal function space), A(B (linear functionspace). In order to simplify the rules we use a generic notation A a�! B wherea 2 fnonlinear; linearg � fmodal; nonmodalg n flinear;modalg for any of the threefunction spaces. Such a pair a is called an aspect. If, e.g., a = (modal; nonlinear)then A a�!B means �A!B.The aspects are ordered componentwise by \nonlinear" � \linear" and \modal"�\nonmodal". Notice that we do not use the fourth theoretically possible aspect(linear; nonmodal) which would correspond to \linear, modal"-functions. We as-sume that every modal function is automatically nonlinear.The subtyping relation between types is the least re
exive, transitive relationclosed under the following rules:A0 � A B � B0 a0 � aA a�!B � A0 a0�!B0N!A � N(ANotice the contravariance of the �rst rule w.r.t. the ordering of aspects so that,e.g., A(B � A!B and A!B � �A!B. Types A and B are called equivalent ifA � B and B � A. Notice that N(A and N!A are equivalent. In [10] we also6



had an equivalence between �N(A and �N!A, but since it does not seem to haveany applications and is rather di�cult to model we prefer to omit it. In fact, in ourmodel the type �N(N contains those functions of type �N!N which arise from afunction of type N!N by subsumption.We emphasize, however, that although �N!N and �N(N are kept distinct,linearity is primarily a higher-order concept used to express that a higher-orderfunction evaluates its functional argument at at most one point.The types Nk!N are de�ned by N0!N =def N and Nk+1!N =def N!Nk!N.The expressions of SLR are given by the grammare ::= x (variable)j (e1 e2) (application)j �x:A:e (abstraction)j c (constants)j caseAe1 zero e2 even e3 odd e4 (case distinction)where x ranges over a countable set of variables and c ranges over the set N [fS0; S1; linrecAg. The type in caseA is arbitrary; the type A in linrecA must be ofthe form Nk!N. The expressions are identi�ed up to renaming of bound variables.The type � (c) of a constant is given by� (c) = N;when c is an integer constant� (S0) = � (S1) = N!N� (linrecA) = �N!A!(�N!A(A)!AA type assignment is a partial function from variables to pairs of aspects and types.It is typically written as a list of bindings of the form xa: A. If � is a type assignmentwe write dom(�) for the set of variables bound in �. If xa: A 2 � then we write �(x)for A and �((x)) for the aspect a.A type assignment � is nonlinear if all its bindings are of nonlinear aspect.Two type assignments �;� are disjoint if the sets dom(�) and dom(�) aredisjoint. If � and � are disjoint we write �;� for the union of � and �.2.1 Typing rulesThe typing relation � ` e : A between type assignments, expressions, and types isde�ned inductively by the rules in Figure 1. We suppose that all type assignments,types, and terms occurring in such a rule are well-formed; in particular, if �;� orsimilar appears as a premise or conclusion of a rule then � and � must be disjointfor the rule to be applicable. The typing rules described here are the a�ne onesfrom [10]. Their syntactic metatheory is easier, however, they are a little moredi�cult to justify semantically. Our purpose in introducing the truly linear systemin op. cit. was to demonstrate that the type checking algorithm also works in thismore di�cult situation. The main result of [10] is that typing is decidable by asyntax-directed procedure in the following sense.From a type assignment � and a term e we can compute a type assignment �and a type A such thati. � ` e : Aii. dom(�) � dom(�) and �(x) = �(x) for each x 2 dom(�)iii. Whenever � ` e : B and dom(�) � dom(�) and �(x) = �(x) for eachx 2 dom(�) then A � B and dom(�) � dom(�) and �((x)) � �((x)) foreach x 2 dom(�). 7



x 2 dom(�)� ` x : �(x) (T-Var)� ` e : A A � B� ` e : B (T-Sub)�; xa:A ` e : B� ` �x:A:e : A a�!B (T-Arr-I)�;�1 ` e1 : A a�!B �;�2 ` e2 : A� nonlinearxa0: X 2 �;�2 implies a0 � a�;�1;�2 ` (e1 e2) : B (T-Arr-E)�;�1 ` e1 : N�;�2 ` e2 : A�;�2 ` e3 : N!A�;�2 ` e4 : N!A� nonlinear�;�1;�2 ` caseAe1 zero e2 even e3 odd e4 : A (T-Case)� ` c : � (c) (T-Const)Figure 1: Typing rules
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The last statement means that given the typing of the variables prescribed by � thetyping � ` e : A is optimal in the sense that any other typing yields a weaker typeunder stronger assumptions.2.2 Set-theoretic semanticsThe calculus SLR has an intended set-theoretic interpretation which in particularassociates a function N!N to a closed term of type �N!N. The main result inthis paper is that all these functions are computable in polynomial time.To each type A we associate a set [[A]] by [[N]] = N and [[A a�!B]] = [[A]]![[B]]where ! denotes set-theoretic function space. To each constant c we associate anelement [[c]] 2 [[� (c)]] by [[n]] = n[[S0]](v) = 2v[[S1]](v) = 2v + 1[[linrecA]](x; g; h) = fwhere f(0) = gf(x) = h(x; f(�x2�)), if x > 0The interpretation of terms is w.r.t. an environment � which assigns values to vari-ables:[[x]]� = �(x)[[�x:A:e]]� = �v2 [[A]]:[[e]]�[x7!v][[e1 e2]]� = [[e1]]�([[e2]]�)[[caseA e1 zero e2 even e3 odd e4]]� = 8<: [[e2]]�; if [[e1]]� = 0[[e3]]�(v); if [[e1]]� = 2v[[e4]]�(v); if [[e1]]� = 2v + 1[[c]]� = [[c]]3 Review of functor categories over concrete cat-egoriesLet C be a small concrete category with cartesian products (written �) and terminalobject (written >). That C is concrete means that the functor G : C!Sets de�nedby G(X) = C (>; X) and G(f)(x) = f �x for f 2 C (X;Y ), x 2 G(X) is faithful;i.e. every morphism in C is uniquely determined by its functional action on globalelements. Notice that G preserves cartesian products and terminal object up toisomorphism.We denote by bC the functor category SetsCop . An object of bC assigns to eachobject X 2 C a set FX and to every morphism u 2 C (X;Y ) a function Fu : FY!FXin such a way that Fid (x) = x and Fu� v(x) = Fv(Fu(x)) for each x 2 FX and u 2C (Y;X), v 2 C (Z; Y ). A morphism m 2 bC (F;G) assigns a function mX : FX!GXto each X 2 C in such a way that mY (Fu(x)) = Gu(mX (x)) for each x 2 FX andu 2 C (X;Y ). The objects of bC are called presheaves; the morphisms are callednatural transformations.For each object X 2 C we have the representable presheaf Y(X) 2 bC de�ned byY(X)Y = C (Y;X) and Y(X)f (g) = g � f . The assignment Y extends to a functorY : C!bC|the Yoneda embedding|by Y(f)Z (g) = f � g whenever f 2 C (X;Y ) andg 2 Y(X)Z = C (Z;X). The well-known Yoneda Lemma says that this functor is9



full and faithful; indeed, if m : Y(X)!Y(Y ) then f =def mX (idX ) 2 C (X;Y ), andwe have m = Y(f). Notice that since mZ(g) = f �g we have G(f) = m>. In viewof concreteness of C we can take this latter equation as the de�nition of f .The Yoneda Lemma says more generally, that the natural transformations fromY(X) to some presheaf F are in 1-1 correspondence with the elements of FX ; indeed,if m : Y(X)!F then mX (idX ) 2 FX and mY (f2 C (Y;X)) = Ff (mX (idX)) bynaturality.The functor category bC forms an intuitionistic universe of sets, in particular it iscartesian closed. On objects the product and exponential of two presheaves F;G 2 bCare given by (F �G)X = FX �GX and (F ) G)X = bC (Y(X)�F;G). This meansthat an element of (F ) G)X assigns to each Y 2 C and each morphism f 2 C (Y;X)a function FY!GY in a natural way. In particular, from u 2 (F ) G)X we get afunction from FX to GX by application to the identity morphism. Notice here thesimilarity to the treatment of implication in Kripke models. A terminal object isgiven by >X = f0g.It will greatly simplify the subsequent calculations if we exploit these propertiesof bC by using an informal typed lambda calculus with the objects and morphismsof bC as base types and constants in order to denote particular morphisms in bC . E.g.if f : A!B and g : C!D thenh(x:C) =def �y:A:hf(y); g(x)ide�nes the evident morphism from C to A) (B �D) constructed from f and g.We will also use set-theoretic notation for equalisers, e.g., if f; g : A!B thenfx:Ajf(x)=g(x)g denotes the equalizer of f and g in bC given explicitly byfx:Ajf(x)=g(x)gX = fx2AX jfX(x) = gX(x)gThe inclusion map from the equalizer into A is not written.So, in fact, we use a dependently typed lambda calculus in the spirit of Martin-L�of's extensional type theories [16]. This lambda calculus is referred to as theinternal language of bC . De�nitions and veri�cations in the internal language arealways with respect to some ambient \context presheaf" �. In the beginning thiscontext is the terminal object. Using phrases like \let x:A" the current context �may be replaced by � � A. Or, if A depends on � then �(�; A) is used instead of��A where the elements of �(�; A)X are pairs (
; a) where 
 2 �X and a 2 AX(
).Such temporary extensions can be discharged by phrases like \we have thus de�nedan object of A)B" or \we have thus shown 8x:A: : : :".If X is an object of C and F 2 bC then we can de�ne FX 2 bC by FXY = FY�X ,FXf = Ff�idX .Lemma 3.1 Let F 2 bC and X 2 C . The presheaf FX de�ned by FXY = FY�X andFXf = Ff�idX is isomorphic to the function space Y(X))F .Proof. We have (Y(X))F )Y �= bC (Y(Y ) � Y(X); F ) �= bC (Y(Y � X); F ) �=FY�X �= FXY . 2In order to simplify notation we will treat the isomorphisms guaranteed by theabove as identities. Similarly, we will identify the set of global elements bC (>; F )with the set F> in view of Y(>) �= >. So, for example, in order to de�ne a globalelement of presheaf Y(X))Y(Y ))F we may simply provide an element of FY�X .One could formally achieve equality between Y(X))F and FX by de�ningfunction spaces G)F in bC by case distinction on whether G is equal to Y(X) forsome X or not, taking FX in the former case. We prefer, however, not to do thisand to view the convention as a shorthand for more verbose de�nitions in whichisomorphisms are inserted in various places.10



4 The category of polymax functionsDe�nition 4.1 A function f : Nm � Nn!N is (m;n)-polymax if it is in PTIMEand there exists an m-variate polynomial p such thatjf(~x; ~y)j � p(j~xj) + max(j~yj)for each ~x 2 Nm and ~y 2 Nn.The category B has pairs (m;n) of natural numbers as objects; a B-morphismfrom (m;n) to (1; 0) consists of an m-ary PTIME-function; a B-morphism from(m;n) to (0; 1) consists of an (m;n)-polymax function. A morphism from (m;n)to (m0; n0) consists of m0 morphisms from (m;n) to (1; 0) and n0 morphisms from(m;n) to (0; 1). We view such a morphism as a function from Nm+n to Nm0+n0 .It follows by an easy calculation that this is indeed a category, i.e., that the set-theoretic composition of two B -morphisms is a B -morphism again. We may write amorphism in B ((m;n) ; (m0; n0)) in the form (~u;~v) where ~u consists of m0 PTIME-functions of arity m and ~v consists of n0 (m;n)-polymax functions. We write hi forthe empty vector, thus in the above situation (~u; hi) is a morphism from (m;n) to(m0; 0). It is also easy to see that B has a terminal object, viz. (0; 0) and cartesianproducts given on objects by (m;n)� (m0; n0) = (m +m0; n+ n0).Notice also that since morphisms of B are particular functions the category B isconcrete.The following shows that polymax functions are closed under simultaneous saferecursion on notation and thus provides a slight generalisation of one direction ofthe central result in [4].Proposition 4.2 Let m;n; k be natural numbers and let ~g 2 B ((m;n) ; (0; k)), ~h 2B ((m + 1; n+ k) ; (0; k)). The function(s) ~f : Nm+1 � Nn!Nk de�ned by~f (~x; 0; ~y) = ~g(~x; ~y)~f (~x; x; ~y) = ~h(~x; x; ~y; ~f(~x; �x2� ; ~y)) if x > 0is in B ((m + 1; n) ; (0; k)).Proof. Let pg and ph be polynomials such that max j~g(~x; ~y)j � pg(j~xj) + max j~yjand max j~h(~x; x; ~y; ~u)j � ph(j~xj; jxj)+max(j~yj; j~uj).We have max j~f(~x; x; ~y)j � jxj � ph(j~xj; jxj)+ pg(j~xj) + max(j~yj)so the obvious Turing machine computing f runs in polynomial time and f ispolymax bounded. 2The following proposition shows closure of polymax functions under simultaneoussafe recursion with safe parameter substitutions. The case k = 1 appears also in[2].Proposition 4.3 Let m;n; k be natural numbers and let ~g 2 B ((m;n) ; (0; k)), ~h 2B ((m+1; n+k) ; (0; k)), and ~u 2 B((m+1; n) ; (0; n)). The function(s) ~f : Nm+1�Nn - Nk de�ned by~f (~x; 0; ~y) = ~g(~x; ~y)~f (~x; x; ~y) = ~h(~x; x; ~y; ~f(~x; �x2� ;~u(~x; x; ~y))) if x > 0is in B ((m + 1; n) ; (0; k)). 11



Proof. De�ne ~v 2 B((m + 2; n) ; (0; n)) (using Prop. 4.2) by~v(~x; x; 0; ~y) = ~y~v(~x; x; y; ~y) = ~u(~x; � x2jyj � ;~v(~x; x; �y2� ; ~y)) if y > 0As y varies from 0 to x the function ~v(~x; x; y; ~y) takes on the parameter values onwhich ~f is called recursively in the course of the computation of ~f (~x; x; ~y).Now consider the function(s)~F (~x; x; y; ~y) = ~f (~x; j x2jxj�jyjk ;~v(~x; x; j x2jyjk ; ~y))Routine calculations now show thati. if jyj � jxj then F (~x; x; y; ~y) = f(~x; x; ~y),ii. ~F (~x; x; 0; ~y) = ~g(~x;~v(~x; x; x; ~y))iii. F (~x; 0; y; ~y) = g(~x; ~y)iv. if jyj � jxj then F (~x; x; y; ~y) = ~h(~x; � x2jxj�jyj� ;~v(~x; x; � x2jyj� ; ~y); ~F (~x; x; �y2� ; ~y)).v. if jyj > jxj then F (~x; x; y; ~y) = F (~x; x; �y2� ; ~y)Notice that, (v) follows directly from (i).Now, using the fact that characteristic functions for the relations jyj � jxj andjyj > jxj with x; y normal are polymax we �nd that clauses (ii){(v) give rise toa de�nition of F by safe recursion on notation on y (without any substitution ofparameters. Once we have de�ned F we can recover f using the special case of (i)where y = x. 25 Presheaves over polymax functionsOur aim is to interpret the calculus SLR in the functor category bB in such a waythat terms of type �N!N, say, will be interpreted as morphisms from Y(1; 0) toY(0; 1) hence|by the Yoneda lemma|as PTIME functions. (Notice here that thefunctions in B ((1; 0) ; (0; 1)) are in 1-1 correspondence with the PTIME-functions.)For the linearity-free fragment this has already been achieved in [9] so we will onlybrie
y review this construction and then focus on the issue of linearity.We will write N for the functor Y(0; 1). Notice that N(m;n) consists of the(m;n)-polymax functions. Since B has cartesian products the characterisation offunction spaces in Lemma 3.1 applies to the present situation and we obtain inparticular that the function space N)F in bB is isomorphic to the functor FNde�ned by FN(m;n) = F(m;n+1).5.1 De�nition by casesThe category of all presheaves is not quite yet suitable for our purposes as it doesnot behave well w.r.t. case distinction. Consider the constant presheaf 2 given by2(m;n) = f0; 1g. As follows from naturality every morphism in bB fromN to 2 mustbe constant. In particular, there can be no morphism which would perform casedistinction, e.g. be 0 on even numbers and 1 on the odd ones. Intuitively speaking,the reason for this is that N does not consist of natural numbers, but rather ofN-valued functions de�ned on Nm � Nn where (m;n) is the \current stage". The12



existence of a morphism parity : N - 2 which is 0 on even numbers and 1 onthe odd ones would mean that every such function either yields even values only oryields odd values only. This is obviously not the case. What we can say, however,is that for every such function there exists a �nite partition of its domain such thatin each patch it yields either even or odd values.A well-known category-theoretic concept, namely the notion of sheaf, allows usto cater for such local case distinctions.De�nition 5.1 Let (m;n) be an object of B . A cover of (m;n) consists of a mor-phism t 2 B((m;n) ; (0; 1)) with range f0; 1g. In other words, every m + n-aryPTIME-computable function with range f0; 1g is a cover.A presheaf F 2 bB is a sheaf if for each (m;n) and every cover t 2 B ((m;n) ; (0; 1))and elements f0; f1 2 F(m;n) there exists a unique element f 2 F(m;n) such that forevery u : B ((m;n) ; (m;n)) such that t �u is constant, we have Fu(f) = Fu(fi).Notice that it would su�ce to require the latter property for those u which are theidentity on some t�1(i) for i = 0; 1 and constant outside. The general case wouldthen follow by the functor laws.We say that f is obtained by pasting f0; f1.We could de�ne a more general notion of cover which uses functions with a rangeof the form f0; : : : ; n � 1g and accordingly, n elements f0; : : : ; fn�1 as \input" topasting. However, it is easy to see that the resulting notion of sheaf agrees withthe present one. This is for the same reason as generalised case distinction can bede�ned from binary if-then-else.One can show that a sheaf in our sense is a sheaf for a suitable Grothendiecktopology on B (see [17] for an accessible account of Grothendieck topologies.) It fol-lows from this fact that the subcategory Sh(B ) of bB consisting of the sheaves is closedunder products, function, spaces, and equalisers and that these are constructed inthe same way as for sheaves.Proposition 5.2 The representable presheaf N = Y((0; 1)) is a sheaf.Proof. Let t 2 B ((m;n); (0; 1)) be a cover and let f0; f1 2 N(m;n) be polymax-functions. We de�ne f 2 B ((m;n); (0; 1)) byf(~x; ~y) = ft(~x;~y)(~x; ~y)The veri�cation is left to the reader. 2The reason for the introduction of sheaves is the following.Proposition 5.3 Let C be a sheaf. There exists a morphismifzC :N �C � C - Csuch that ifzC(0; c0; c1) = c0and such that for every nonzero global element x : > - N we haveifzC(x; c0; c1) = c1Moreover, ifzC is natural in C in the sense that if f : C - D is a morphismbetween sheaves then f(ifzC(n; c0; c1)) = ifzD(n; f(c0); f(c1))13



Proof. Notice that we only specify the behaviour of ifzC when the �rst argu-ment is a global element. Let us now de�ne a morphism ifzC with the requiredproperties. Assume (m;n) and f 2 N(m;n) and c0; c1 2 C(m;n). The functiont 2 B((m;n) ; (0; 1)) de�ned byt(~x; ~y) = � 0, if f(~x; ~y) = 01; otherwisede�nes a cover on (m;n). We de�ne (ifzC)(m;n)(f; c0; c1) as the unique elementc 2 C(m;n) such that t �u = i 2 f0; 1g implies Cu(c) = ci.Naturality of the thus de�ned family of maps (ifzC)(m;n) is a direct consequenceof uniqueness of pasting. (Going both sides of the naturality square yields elementssatisfying the requirement of a pasting.) The desired property of ifzC is also aconsequence of uniqueness: if f is constantly 0 so is t and then c0 itself is a pastingthus equal to c. Similarly, if f is constantly 1. Finally, this line of argument alsoestablishes naturality of ifzC in C. 25.2 A comonad on bBWe have a functor � : bB!bB de�ned by (�F )(m;n) = F(m;0) and (�F )(~u;~v) = F(~u;0).If f : F!G is a morphism in bB then �f : �F!�G is given by (�f)(m;n) = f(m;0).It is easily seen that this is indeed a functor. More specially, it extends to acomonad on bB and restricts to Sh(B ). The notion of comonad is dual to the morewell-known concept of a monad de�ned e.g. in [18]. All comonads arising in thispaper are of a very special form, namely an endofunctor F : C!C on some categoryC such that F � F = F together with a natural transformation " : F!Id calledcounit such that F (") = id.In the particular case at hand the counit is the natural transformation unbox :�!Id given by (unboxF )(m;n) = F� where � 2 B ((m;n) ; (m; 0)) is the projectionon the �rst component. Obviously, we have � �� = � and �(unbox) = id.The fact that � is a comonad allows us to lift a morphism f : �F!G to amorphism f� : �F!�G, in fact, we have f� = �(f) in view of �� = �. Noticethat � is not a strong comonad, i.e., there is in general no way of lifting a morphismf : H � �F!G to a morphism from H � �F to �G. Also notice how the liftingoperation corresponds to the rule of necessitation found in modal logic.The comonad � has the further property that it commutes with cartesian prod-ucts in the sense that �(A � B) = �A� �B and ��i = �i for i = 1; 2.The reader not familiar with the notion of comonad need only remember thede�nition of � and the de�nition and typing of unbox.Now consider the sheaf �N. We have �N(m;n) = N(m;0) = B((m; 0) ; (0; 1)) �=B ((m;n) ; (1; 0)); where the last step follows from the de�nition of polymax func-tions: a (m; 0)-polymax function is the same as an m-ary PTIME-function. Thismeans that �N is isomorphic to the sheaf Y(1; 0) and Lemma3.1 gives (�N)F )(m;n) �=F(m+1;n). Again, we will treat this isomorphism as an identity.This allows us to lift recursion on notation (Prop. 4.2) and recursion on notationwith substitution of parameters to global elementssaferec(k) : > - �N)A)(�N)A)A))Asubstrec(k) : > - �N)(A)N))(�N ) A)N)N))(A) A)) A)N14



where A = Nk.We have shown in [9] that in this way one obtains a model of the linearity-freefragment of SLR which can be used to show that all de�nable functions of type�Nn!N are in PTIME.6 Chu spacesThe notion of Chu space has been introduced by Michael Barr as a canonical ex-ample of a �-autonomous category (a certain model of linear logic). Afterwards, ithas been recognised (notably by Vaughan Pratt) that Chu spaces provide an ab-stract model of duality between objects and attributes into which many conceptslike topological spaces and lattices of open sets or vector spaces and linear formscan be embedded in a natural way.Here we want to put forward the use of Chu spaces as a generalised continuation-passing-style (CPS) transformation. Although we do this with a very speci�c ap-plication in mind, we hope that by introducing this concept into the functionalprogramming community more applications will be found.The starting question here is the following.\What bene�t can we extract from the knowledge that a function(al) is linear?"One answer will be provided by the Chu space interpretation we are going to give.Namely, it will allow us to deduce that if we are given a linear functional F :(A(N)(N where A is arbitrary and where F possibly depends on parametersthen we can e�ectively come up with an element arg : A and a \continuation"rest : N!N (both also depending on possible parameters of course) such that forevery u : A!N it holds that F (u) = rest(u(arg(u)))As stated in the introduction this will allow us to reduce higher type recursion withlinear step function to �rst-order recursion with parameter substitution.The idea behind the Chu space interpretation is that every type A gets inter-preted as a \space of values" or denotations j[[A]]j and a \space of continuations"j[[A]]j� and, �nally, a function �A : j[[A]]j � [[A]]�!R where R is some object of \re-sponses". The analogy with CPS transformation stems from the observation thatthere we translate every type either into a set of denotations [[A]] and de�ne the setof continuations as [[A]]!R, or we translate every type A into a set of continuationsand recover denotations as functions from continuations to responses. In the Chuspace interpretation we can as it were arbitrarily choose both continuations anddenotations as long as we say how to apply a continuation to a denotation to yielda response (that's the purpose of the map �.)Such Chu spaces are usually formed w.r.t. the category of sets, i.e. j[[A]]j and [[A]]�are sets; �A is a function. However, they can be formed w.r.t. other categories as wellas long as these support cartesian products, function spaces, and equalisers. Thelast requirement (equalisers) hampers a view of an interpretation in a category ofChu spaces as a syntactic translation. Notice, conversely, that the CPS translationis usually presented as a syntactic translation can also be seen as interpretation inan appropriate model.If one insists on using syntax to construct Chu spaces one would �rst have toconservatively embed the target calculus into a system with equationally de�nedsubset types.We could adopt here such a strategy with the target language being the a versionof SLR with �rst-order safe recursion with parameter substitution; a system of which15



we already know that it captures PTIME by interpretation in the functor categorybB . It is more direct, however, to use Chu spaces over the category Sh(B) directly,since it supports all the required structure. The object of responses we use is R = N.De�nition 6.1 A Chu-space (over Sh(B )) is a tripleA = (jAj; A�; �A) where jAj; A�are objects of Sh(B ) and �A : jAj �A�!N. We call jAj and A� the value space andcontinuation space of A. The map �A is called the evaluation map.If A;B are Chu-spaces then a morphism from A to B is a pair f = (jf j; f�) wherejf j : jAj!jBj and f� : B�!A� such that the following diagram called adjointnesscondition commutes: jAj � B� jf j � B�- jBj � B�jAj �A�jAj � f�? �A - N?�BHere|following common practice|we denote the identity at some object X by thatobject itself rather than by idX . Again, jf j is called the value map; f� is called thecontinuation map of f .The composition of morphisms is given componentwise by jf � gj = jf j � jgj and(f � g)� = g� � f�.Note that we can express the adjointness condition using the internal language byrequiring that for all a: jAj and �:B� we have �B(jf j(a); �) = �A(a; f�(�)).6.1 Examples of Chu spacesIt is known that Chu spaces form a symmetric monoidal closed category [20]. Weonly give here the constructions on objects associated with this fact; the de�nitionof the morphism parts such as currying, as well as the veri�cations are then routineand left to the reader.In order to de�ne particular Chu spaces we make use of the informal typedlambda calculus described above. To ease understanding the �rst few exampleswill, however, be given together with explicit de�nitions employing \categoricalcombinators".The Chu space N is de�ned by jNj = N and N� = (N)N) where N on theright hand side refers to Sh(B ) of course. The mapping �N is simply the evaluationmapN� (N)N)!N. Alternatively, we can de�ne �N using the internal languageof Sh(B ) by �N(n; �) = �(n).The linear function space A(B is a bit more complicated: Its value space isde�ned in the internal language as the following subset type.jA(Bj = f(jf j; f�) j jf j : jAj)jBj; f� : B�!A�;8a: jAj:8�:B�:�B(jf j(a); �) = �A(a; f�(�))gExplicitly, we de�ne it as the following pullback in Sh(B ):jA(Bj - jAj)jBjB�)A�? f- (jAj�B�))N?g16



where f and g are maps constructed in the obvious way from �A and �B by curryingand some wiring.Intuitively, jA(Bj is the set of morphisms from A to B. This intuition issomewhat misleading, though, since the homsetChu(A;B) is an actual set, whereasjA(Bj is a sheaf.The space of continuations for A(B is jAj � B�. The evaluation map is givenby �A(B((jf j; f�); (a; �)) = �B(jf j(a); �) (= �A(a; f�(�)))From now on, we omit the explicit de�nitions.The tensor product A
B is the most complicated construction we will encounter.We have jA
 Bj = jAj � jBj(A 
B)� = f(�; �) j�: jBj)A�; �: jAj)B�; 8a: jAj:8b: jBj:�A(a; �(b)) = �B(b; �(a))g�A
B((a; b); (�; �)) = �A(a; �(b)) (= �B(b; �(a)))If f : A!C and g : B!D are morphisms between Chu spaces then we de�nef 
 g : A 
 B!C 
 D by jf 
 gj(a; b) = (jf j(a); jgj(b)) and (f 
 g)�(
; �) =(f� � 
 � jgj; g� � � � jf j). The veri�cations are by straightforward equality reasoning.There is also a neutral element for the tensor product: the Chu space I de�nedby jIj = f0g, I� = N, �I(0; n) = n. We have I 
A �= A
 I �= A.Proposition 6.2 These settings endow Chu with the structure of a symmetricmonoidal closed category in the sense that there are coherent isomorphisms I
A �=A, A
(B
C) �= (A
B)
C, A
B �= B
A, and Chu(A
B;C) �= Chu(A;B(C).6.2 NonlinearisationFor Chu space A we de�ne its nonlinearisation !A by j!Aj = jAj and (!A)� = jAj)N.The evaluation map �!A is given by ordinary evaluation, i.e., �!A(a; �) = �(a).Notice that !N = N. Nonlinearisation is actually a functor with morphism partgiven by j!f j = jf j and (!f)�(�) = � � jf j. It extends to a comonad on Chu withcounit derelictA : !A!A given by jderelictAj(a) = a and derelict�A(�) = �a:�A(a; �).As with � we have !!A = !A and !derelictA = id!A. Let A;B be Chu spaces andconsider the function space !A(B. An element of j!A(Bj consists of a functionjf j : jAj!jBj and a function f� : B�!(jAj)N) such thatf�(�)(a) = �B(jf j(a); �)for all a : jAj and � : B�. But now, f� is uniquely determined by this requirementso that the only relevant component is jf j. The space of continuations is the sameas for A(B, namely (!A(B)� = jAj�B�. Thus, !A(B is canonically isomorphicto the Chu space A)B de�ned byjA)Bj = jAj)jBj(A)B)� = jAj � B��A)B(f; (a; �)) = �B(f(a); �)We remark that A)B is not cartesian function space. Indeed, the category of Chuspaces has cartesian products given by jA�Bj = jAj�jBj and (A�B)� = A�+B�.These, however, lack a right adjoint. 17



6.3 ModalityFinally, we extend the comonad � to Chu spaces byj�Aj = �jAj(�A)� = �A)N��A(a; �) = �(a)If f : A!B then j�f j = �jf j and (�f)� = f�.The counit unboxA : �A!A is given by junboxAj(a) = unboxjAj(a) and unbox�A(�) =�a:�A(unboxA(a); �). As in bB we have �� = � and �unboxA = unboxA so � isagain a comonad. We also notice that !�A = �!A = �A.Proposition 6.3 Let A;B be Chu spaces.i. If A = !A then Chu(A;B) �= bB (jAj; jBj), moreover, jA(Bj �= jAj ) jBj inthis case.ii. If !A = A and !B = B then A 
B �= !(A 
B).iii. The set of global elements of Chu space A, i.e., the Chu space morphisms fromI to A are in 1-1 correspondence with global elements of jAj, i.e., elements ofA(0;0).Proof. Ad i) The continuation part of a morphism f : !A - B is uniquelydetermined by its value part jf j : jAj - jBj by the adjointness condition. Namely,for � : B� we have f�(�) = �x: jAj:�B(jf j(x); �).By the same argument the �rst projection jA(Bj - jA) Bj extends to anisomorphism whose inverse sends f : jAj ) jBj to the pair (f; f�) where f�(�) =�x: jAj:�B(f(x); �).Ad ii) Here we notice that if !A = A and !B = B then (A 
 B)� consists oftwo functions u : jAj ) (jBj ) N) and v : jBj ) (jAj ) N) such that for eacha : jAj and b : jBj we have u(a)(b) = v(b)(a). Hence, u and v are one and the samefunction and thus (A
 B) �= !(A 
B).Ad iii) This follows from part i) in view of I = !I. 26.4 A�ne Chu spacesLet A be a Chu space. In order to de�ne projections A 
 B!A for each B it issu�cient to have a morphism discardA : A!I. We will see that all the Chu spaceswhich are of interest to us admit such a morphism. In order to de�ne it inductivelywe also need global elements of the Chu spaces of interest. This motivates thefollowing de�nition.De�nition 6.4 A Chu space A is called a�ne if it has I as a retract, i.e., if thereare morphisms elemA : I!A and discardA : A!I such that discardA � elemA = idI .If B is a�ne and A is arbitrary then we have a projection �A;B : A
B!A obtainedby composing idA 
 discardB : B!I with the isomorphism A 
 I �= A. Similarly,we obtain a second projection �0B;A : B 
A!A.Unfortunately, these projections do not necessarily form a natural transforma-tion, i.e., if both B and B0 are a�ne, f : A!A0 and g : B!B0 then it need not bethe case that �A0;B0 �(f 
 g) = f ��A;B. Notice, however, that j�A;Bj(a; b) = a, sothe naturality equation holds for the respective value maps.Proposition 6.5 The Chu space N is a�ne. If A;B are a�ne so are A(B,A) B, �A, A
 B, !A. 18



Proof. De�ne jdiscardNj = 0 and (discardN)�(n) = �x:n; de�ne jelemNj = 0 and(elemN)�(�) = �(0). This establishes that N is a�ne. The other claims follow fromI �= I(I �= I 
 I �= !I �= �I. 26.5 Linear N-valued functionalsThe whole point about Chu spaces is that they make precise the intuition thata (a�ne) linear function uses its argument (at most) once. In particular, if F :(A)N) - (A)N) is a map between Chu spaces then there are bB -morphismsarg : jAj!jAj and rest : jAj!N)N such thatjF j(u)(a) = rest(a)(u(arg(a)))Indeed, these functions can be obtained as the two components of �a:jAj:F �(a; id)where id is the identity function viewed as an element of N� = (N)N).More generally, we can characterise the linear function space (A ) N)(N asfollows.De�nition 6.6 Let A be a Chu space. The Chu space Lin(A) of linear N-valuedfunctionals on A(N is de�ned byjLin(A)j = jAj � (N)N)Lin(A)� = jA(Nj � (N)N) (= ((A(N)(N)�)�Lin(A)((arg; rest) ; (u; �)) = �(rest(u:1(arg)))Here u:1 refers to the �rst component of u : jA(Nj hence u:1 : jAj )N.Proposition 6.7 The Chu space Lin(A) is functorial in A and as such naturallyisomorphic to (A(N)(N. The value part of the isomorphism sends (arg; rest) to�u:rest(u:1(arg)).Proof. The continuation part of the isomorphism is simply the identity. It isobvious from the de�nition that this de�nes a morphism between Chu spaces. Tosee that it is an isomorphism we de�ne a morphism  : ((A(N)(N) - Lin(A)as follows.Let (jF j; F �) be an \element" (i.e. a formal variable towards the de�nition of amorphism) of (A(N)(N. This means that jF j : jA(Nj ) N and F � : N� )(A(N)� = (N)N)) (jAj � (N)N)) and�(jF j(u)) = �A(N(F �(�) ; u) = F �(�):2(u:1(F �(�):1))for u : jA(Nj and � : N� = N)N. This follows from the de�nition of linearfunction space. Now setting � equal to the identity gives usjF j(u) = rest(u:1(arg))where rest = F �(id):2 and arg = F �(id):1.Therefore, putting j j((jF j; F �)) = F �(id) �(u; �) = (u; �)yields the desired inverse. 219



7 Interpretation of SLR in the category of ChuspacesWe are now ready to de�ne an interpretation of SLR judgements in the categoryChu. To each aspect a we associate a functor Fa : Chu!Chu byFa(X) = X, if a = (nonmodal; linear)Fa(X) = !X, if a = (nonmodal; nonlinear)Fa(X) = !�X, if a = (modal; nonlinear)We also de�ne a natural transformation "a : Fa!Id as an appropriate compositionof unbox and derelict.To each type A we associate a Chu space [[A]] by[[N]] = N[[A1 a�!A2]] = Fa([[A1]])([[A2]]Notice that [[A ) B]] �= [[A]] ) [[B]] and [[�A ) B]] �= �[[A]] ) [[B]] in view ofProp. 6.3.A type assignment � = x1a1: A1; : : : ; xnan: An gets interpreted as the tensor prod-uct [[�]] =def Fa1([[A1]])
 � � � 
 Fan([[An]])A derivation of a judgement � ` e : A gets interpreted as a morphism[[� ` e : A]] : [[�]] - [[A]]Before actually de�ning this interpretation let us warn the reader that we will notprove that the interpretation is independent of the chosen typing derivation. Neitherwill we prove that it enjoys one or the other substitution property and neither willwe prove that it validates whatsoever equational theory between terms. We foreseeno serious obstacle against establishing such results; the reason is merely that wedo not need them.All we are interested in is to establish a relationship between the set-theoreticsemantics and the Chu space interpretation which establishes that the set-theoreticsemantics stays within polynomial time.7.1 ConstantsAn integer constant n (under some type assignment �) is interpreted as the com-position of discard[[�]] : [[�]]!I with the global element of N corresponding to theconstant using Chu(I;N) �= N(0;0).In order to interpret the functional constants S0 and S1 we compose discard[[�]]with the set-theoretic functions �x2N:2x and �x2N:2x+1 lifted to global elementsof N)N using the isomorphismsChu(I;N)N) �= bB (1;N)N) �= N(0;1)7.2 VariablesA variable � ` x : �(x) where x 2 dom(�) is interpreted as the appropriate projec-tion function, followed by a counit. More precisely, if[[�]] = [[�1]]
 F�((x))([[�(x)]])
 [[�2]]then [[� ` x : �(x)]] is obtained as follows[[�1]]
 F�((x))([[�(x)]]) 
 [[�2]] discard[[�1]]
id[[�(x)]]
discard[[�2]]- I 
 F�((x))([[�(x)]]) 
 I �=F�((x))([[�(x)]]) "a- [[�(x)]] 20



7.3 SubsumptionBy induction on the de�nition of subtyping we de�ne coercion morphisms �A;A0 :[[A]]![[A0]] for any two types A;A0 with A � A0. The de�nition of �A;A0 is by induc-tion on the derivation of A � A0 using as basic ingredients identity, composition, theisomorphism !X(Y �= X ) Y , the counits unbox and derelict, and the morphismpart of the(-functor. For example, the coercion from [[N ) A]] to [[�N(B]] whenA � B is de�ned as the composition[[N ) A]] =N) [[A]] = N([[A]] unboxN(�A;B- �N([[B]] = [[�N(A]]7.4 AbstractionIf �; xa:A ` e : B thenf := [[�; xa:A ` e : B]] : [[�]]
 [[xa: A]] - [[B]]The transpose of f along the adjunction 
 a ( yields a morphism from [[�]] to[[A a�!B]] which serves as the interpretation of �x:A:e.7.5 ApplicationSuppose that f1 : [[�]] 
 [[�1]] - [[A a�! B]] and that f2 : [[�]] 
 [[�2]] - [[A]]are the interpretations of �;�1 ` e1 : A a�! B and �;�2 ` e2 : A respectively.We may assume that � is nonlinear and that all bindings in �;�2 have an aspectsmaller than a. This last requirement shows that Fa([[�;�]]) �= [[�;�]] by Prop. 6.3.Since � is nonlinear we have ![[�]] �= [[�]] and the diagonal map j[[�]]j - j[[�]]
 [[�]]jextends to a Chu space morphism by Prop. 6.3 thus allowing us to de�ne a wiringmap w : [[�;�1;�2]] - [[�;�1]]
 [[�;�2]]We obtain the interpretation of e1 e2 as the following morphism[[�;�1;�2]] w- [[�;�1]]
 [[�;�2]] f1
Fa(f2)- [[A a�!B]]
 Fa[[A]] �=�= (Fa[[A]]([[B]])
 Fa[[A]] eval- [[B]]where eval is the evaluation map.7.6 Case distinctionWe could interpret case distinction directly, but it considerably simpli�es the nota-tion if we merely show the interpretation of the following three special cases fromwhich all instances of case distinction are obviously de�nable.{ The conditional de�ned explicitly bycond(e1; e2; e3) =def caseAe1 zero e2 even �x:N:e3 odd �x:N:e3{ The division by two divtwo : N!N from Section 1.3.{ The parity function parity : N!Nde�ned by parity = �x:N:caseNx zero 0 even 0 odd 121



The interpretation of the latter two functions is analogous to the interpretation ofthe constructors S0; S1 and follows immediately from the fact that Chu(N;N) �=B ((0; 1); (0; 1)).In order to interpret the conditional we assume an arbitrary instance, i.e.,�;�1 ` e1 : N�;�2 ` e2 : A�;�2 ` e3 : Awhere the common type assignment � is nonlinear.Let f1; f2; f3 be the interpretations of e1; e2; e3.Let us use the notationf : [[�]]
 [[�1]]
 [[�2]] - Nfor the interpretation of �;�1;�2 ` Cond(e1; e2; e3) : N which we are going toconstruct now.The value component jf j of f is to be a Sh(B )-morphism from j[[�]]j � j[[�1]]j �j[[�2]]j to j[[A]]j.We obtain it by plugging the value components of f1; f2; f3 into an appropriateinstance of the morphism ifz from Proposition 5.3. More precisely,jf j(
; �1; �2) = ifzj[[A]]j(jf1j(
; �1) ; jf2j(
; �2) ; jf3j(
; �2))It remains to de�ne the continuation component f�. It takes the form of a Sh(B )-morphism from [[A]]� to ([[�]]
 [[�1]]
 [[�2]])�.According to the de�nition of continuation parts of tensor products this meansthat we have to de�ne three morphismsf�� : [[A]]� � j[[�1]]j � j[[�2]]j - [[�]]�f��1 : [[A]]� � j[[�]]j � j[[�2]]j - [[�1]]�f��2 : [[A]]� � j[[�]]j � j[[�1]]j - [[�2]]�These are to satisfy��(f��(�; d1; d2) ; g) = f��(�; d1; d2)(g)(I)= ��1 (f��1 (�; g; d2) ; d1)(II)= �A(� ; jf j(g; d1; d2))(III)= ��2 (f��2 (�; g; d1) ; d2)for g : j[[�]]j; d1 : j[[�1]]j; d2 : j[[�2]]j; � : [[A]]�. Notice that the non-supercsriptedequality follows from the fact that � is nonlinear.We have to our disposal the continuation parts of f1; f2; f3 which take the formf�1 : j[[�]]j � [[N]]� - [[�1]]�f�2 : j[[�]]j � [[A]]� - [[�2]]�f�3 : j[[�]]j � [[A]]� - [[�2]]�and satisfy the following equations:��1 (f�1 (g; �) ; d1) (A)= �(jf1j(g; d1))��2 (f�2 (g; �) ; d2) (B)= �A(�; jf2j(g; d2))��2 (f�3 (g; �) ; d2) (C)= �A(�; jf3j(g; d2))22



We make the following de�nitions:f��(�; d1; d2) = �g: j[[�]]j:��1(f��1 (�; g; d1) ; d1)f��1 (�; g; d2) = f�1 (g; �n:�[[A]]�(�; ifzj[[A]]j(n; jf2j(g; d2); jf3j(g; d2))))f��2 (�; g; d1)) = ifz[[�2]]� (jf1j(g; d1); f�2 (g; �); f�3 (g; �))Now equation (I) is direct from the de�nition of f�1 . Equation (II) follows fromequation (A). For equation (III), the most complicated one, we calculate as follows:��2 (f��2 (�; g; d1) ; d2)= ��2 (ifz[[�2 ]]�(jf1j(g; d1); f�2 (g; �); f�3 (g; �)) ; d2)= ifzN(jf1j(g; d1); �[[�2]](f�2 (g; �); d2); �[[�2]](f�3 (g; �); d2)) Nat'ty of ifz= ifzN(jf1j(g; d1); �[[A]](�; jf2j(g; d2)); �[[A]](�; jf3j(g; d2))) Eqn. (B) and (C)= �[[A]](�; ifzj[[A]]j(jf1j(g; d1); jf2j(g; d2); jf3j(g; d3))) Nat'ty of ifz= �[[A]](�; jf j(g; d1; d2))7.7 Linear recursionLet A be Nk!N. In order to interpret linrecA we seek a global element of the Chuspace �N) [[A]]) (�N) [[A]]([[A]])) [[A]]Now Proposition 6.7 (Nk )N)((Nk ) N) �=Nk ) Lin(Nk)gives this is isomorphic to�N) [[A]]) (�N )Nk ) Lin(Nk))) [[A]]Expanding the de�nitions a global element of the above Chu space amounts toa global element of the following sheaf in Sh(B ):�N) (Nk )N)) (�N)Nk ) (Nk � (N)N)))Nk )NNow up to isomorphism this coincides with the \type" of the recursor with param-eter substitution substrec(k) from Section 5.2 and it is this recursor composed withthe described chain of isomorphisms which we use as interpretation for linrecA.8 Relating the interpretationsIn order to �nally deduce the desired result that all functions de�nable in SLR arePTIME we must relate the Chu space interpretation of SLR to its intended set-theoretic meaning. Let us introduce the notations [[�]]Chu and [[�]]Sets for theseinterpretations.Let G : Chu!Sets be the functor which sends Chu-space A to jAj(0;0) andsimilarly morphism f : A!B to jf j(0;0). Note that G(A) �= Chu(I; A).If f 2 G(A(B) and a 2 G(A) we de�ne app(f; a) as the application of the �rstcomponent of f to a. More precisely, f comes as a pair (jf j; f�) where jf j 2 (jAj )jBj)(0;0). We obtain app(f; a) by applying jf j to a.We have G(A) = G(�A) = G(!A) hence G([[A a�!B]]Chu) = G([[A]]Chu([[B]]Chu)and G(A
 B) = G(A) � G(B). Furthermore G(N) �= N.Now, for each SLR-type A we de�ne a relationRA � G([[A]]Chu) � [[A]]Sets23



by xRNy () x = yfRA a�!Bg () 8x2G([[A]]Chu):8y2[[A]]Sets: xRAy ) app(f; x)RBg(y)Theorem 8.1 Let � = x1a1: A1; : : : ; xnan: An be a type assignment and assume � `e : A. If xi 2 G([[Ai]]Chu) and yi 2 [[Ai]]Sets are such that xiRAiyi for each i = 1 : : :nthen G([[e]]Chu)(x1; : : : ; xn) RA [[e]]Sets(y1; : : : ; yn)Proof. By induction on the derivation of � ` e : A. All cases except e = linrecAare immediate. So let us prove that [[linrecA]]ChuR�(linrecA)[[linrecA]]Sets where� (linrecA) = �N ) A) (�N ) A(A)) Aand A = Nk ) N. Assume thatx 2 G(�N) �= N(0;0) �= Ng 2 G(A) �= N(0;k)h 2 G(�N ) A(A) �=G(�N )Nk ) Lin(Nk)) �=G(�N )Nk ) (Nk �N)N)) �=Nk(1;k) �N(1;k+1)y 2 G(Nk) �= Nkand assume furthermore thatx0 2 Ng0 2 Nk!Nh0 2 N!(Nk!N)!(Nk!N)y0 2 Nksuch that xRx0; gRg0; hRh0; yRy0 with the appropriate superscripts to R. Replacingx; g; h; y by their transpositions along the isomorphisms indicated above and denot-ing the components of h by ~h1; h2 these assumptions amount to x = x0; g = g0; y =y0, and h0(z; u; ~w) = h2(z; ~w; u(~h1(z; ~w)))for each z 2 N, u 2 N(0;k), and ~w 2 Nk.We must show that f(x) = f 0(x0) where f; f 0 : N!Nk!N are given byf(0; ~w) = g(~w)f(z; ~w) = h2(z; ~w; f(� z2� ;~h1(z; ~w))), if x > 0f 0(0; ~w) = g0(~w)f 0(z; ~w) = h0(z; �~w:f(� z2� ; ~w); ~w)This follows by induction on z while maintaining the additional invariant that�~w:f(z; ~w) 2N(0;k). 2Corollary 8.2 If ~x:�Nm; ~y:Nn ` e : N then its set-theoretic interpretation is apolynomial time computable function. 24



Proof. We have f = j[[` e : �Nm!Nn!N]]j : �Nm � Nn - N. From theYoneda Lemma we know that f(0;0) : Nm � Nn!N is an (m;n)-polymax function(namely f(m;n) applied to the identity function). Theorem 8.1 on the other hand,tells us that [[e]]Sets = f . 29 Related workThere are several related approaches from some of which this work draws inspi-ration and over some of which it improves. The most important ones apart fromBellantoni-Cook's work are Leivant-Marion's work on tiered recursion, Caseiro's\don't double criticals" systems, and Girard's light linear logic. We discuss theseworks in order further down. Also related in the sense that category-theoretic meth-ods are used to characterise complexity classes is Otto's work [19]. The di�erence tothe present work is that categories are employed to describe the syntax as opposedto the semantics of systems of safe or tiered recursion. It appears that using Otto'spresentation or an appropriate generalisation to higher order our results could bephrased more directly, e.g. without going through the rather laborious de�nitionof an interpretation function. The disadvantage would then be that categories arethen needed in the statement not only in the proof of the main result.9.1 Tiered predicative recursionLeivant-Marion's work [14] is based on a hierarchy of copies of natural numbertypes N0, N1, N2, : : : If x : Nk then x is said to have tier k. In a primitiverecursion the output of the function to be de�ned must be of a lower tier than theargument on which one recurs. It is shown that already two tiers su�ce to representall PTIME-functions, but natural de�nitions which are based on a composition ofseveral auxiliary functions may require arbitrarily high tiers. So, when writing anauxiliary function one has to decide in advance which tier to assign to the arguments.It maywell be that one could design a \tier inference scheme" for the Leivant-Marionsystem which would translate Bellantoni-Cook types to Leivant-Marion types, butthe details remain to be worked out. Leivant and Marion have also studied primitiverecursion with �rst-order functional result type [15] but reach the class PSPACE inthis way. The reason is that the restrictions they impose rule out nested applicationslike in example 1.1 but still allow to call the recursive argument more than once sothat typical PSPACE-complete functions such as evaluation of quanti�ed booleanformulas (encoded as integers) can be programmed. It appears that by addinglinearity to the Leivant-Marion framework one can also obtain a PTIME primitiverecursion with �rst-order result type.9.2 Caseiro's systemsCaseiro [5] studies an extension of the Bellantoni-Cook framework to arbitrary �rst-order data structures such as lists or trees. She notices that in the presence ofbinary constructors (like node in the case of binary trees) arbitrary duplication ofsafe arguments must be avoided. Accordingly several sets of conditions to avoiddangerous duplication of arguments are designed and it is shown that the resultingsystems yield PTIME de�nitions. Unlike the present work Caseiro's systems arepurely �rst-order. A disadvantage of her systems is that the syntactic conditionsare fairly complex to state and look rather ad hoc. We believe that through the useof a type system based on modality and linear logic one could obtain a smoother25



formulation of Caseiro's work and integrate parts of it with the present work. See[11] for an attempt in this direction.9.3 Light Linear LogicGirard's Light Linear Logic (LLL) [8, 1] is a modi�cation of his linear logic withrestricted nonlinearisation (!A(A is no longer derivable) and an extra modalityx. It is shown that this system admits cut elimination in PTIME and thereforeall lambda terms typeable in this system can be reduced to normal form (by somestrategy) in polynomial time. In particular it is shown that certain functions onChurch numerals can be typed: letting int be the type 8X:!(X(X)(x(X(X), i.e.a linear logic decoration of the usual type of polymorphic tally integers in systemF, then multiplication can be given the type int(int(xxint and more generally,for every (unary) PTIME function there exists a term of type int(xk int for somek. A similar characterisation exists for integers in binary notation. It is not clear,however, whether natural algorithms such as bitwise addition with carry can berepresented in LLL.The major advantage of LLL is that it contains polymorphic functions and|viaimpredicative encoding|arbitrary inductive datatypes like lists or trees. Its maindisadvantage is its rather complex syntax and the lack of a semantic justi�cation.Furthermore, although all polynomial time functions are expressible in LLL, thepragmatics, i.e., expressibility of particular algorithms, is unexplored, and super�-cial evidence suggests that the system would need to be improved in this directionso as to compete with systems based on safe recursion.As LLL matures it might, however, supersede the present approach and also thework of Caseiro and Leivant-Marion. It remains to be seen whether the methodsdescribed in this paper and [10] could be used for such further development of LLL.9.4 Safe recursion in all �nite typesSince the submission of the �rst version of this paper considerable progress has beenmade on the matter of higher-order extensions of safe recursion both by the author[12] and (independently) by Bellantoni-Niggl-Schwichtenberg [3]. In these works,the main result of this paper is strengthened to linear recursion with arbitrary resulttypes built up from N by (. In [12] even other inductive datatypes like lists andbinary trees together with the corresponding induction principles are added to thecalculus.The proof methods (linear combinatory algebras in [12] and a proof-theoreticanalysis [3]) used in those works are very di�erent from the one based on Chu spaceswhich we are going to present here and the Chu space method does not seem toscale up to those more general results. The advantage of the Chu space method liesin the fact that it provides an e�ective translation of higher-order linear recursionto �rst order recursion. We believe that this can serve as the basis of a semantics-based optimisation technique for compilation of higher-order recursive functionalprograms. Details remain to be worked out.References[1] Andrea Asperti. Light a�ne logic. In Proc. Symp. Logic in Comp. Sci. (LICS).IEEE, 1998.[2] S. Bellantoni. Predicative recursion and computational complexity. PhD thesis,University of Toronto, 192. Technical Report 264/92.26
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