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 Cambridge University PressSound and complete axiomatisations ofcall-by-value control operatorsMARTIN HOFMANNyDepartment of Computer Science, University of EdinburghJCMB, KB, May�eld Rd., Edinburgh EH9 3JZ, ScotlandReceived October 1993, revised September 1994We formulate a typed version of call-by-value �-calculus containing variants of Felleisen'scontrol operators A and C which provide explicit access to continuations and logicallyextend the propositions-as-types correspondence to classical propositional logic. We givean equational theory for this calculus which is shown to be sound and complete withrespect to to a class of categorical models based on continuation-passing-style semantics.1. IntroductionIt has often been pointed out that functional programs must be given explicit access totheir 
ow control if they are to compete with imperative programs in terms of e�ciency.For example a search program which recursively traverses a tree must be given a possi-bility to exit the recursion once it has found the entry sought. Also in order to implementbacktracking or coroutines (see (Appel 1992)) a means to suspend a computation and toresume it at a later stage is required.Such facilities can be introduced into functional programs by means of control operatorswhich provide explicit access to the continuation of a computation. The continuation isthe context in which the computation is carried out. For example, the programminglanguage Scheme (Rees & Clinger 1986) provides the operator call=cc (call with currentcontinuation) which can be given the typecall=cc : ((� ! � )! �)! �So in order to compute a value of type � it is enough to give it relative to some variable oftype � ! � which should be thought of as the continuation for the value. In particular thiscontinuation can be instantiated with some value which will then immediately becomethe result. For example, the expressioncall=cc(�k : int ! int :19 + (k 4))will evaluate to 4. On the other hand, the continuation need not be used, so for examplethe value of call=cc(�k : int ! int :35)y The author is supported by a EuropeanUnion HCM fellowship; contract numberERBCHBICT930420



Martin Hofmann 2is 35. The continuation made available by call=cc can also be stored in some global datastructure (for an example see (Appel 1992)) or become part of the result as in(call=cc(�k : (int ! int)! int :�x : int :k(�y : int :x))) 1965This expression will evaluate to 1965, which can be seen by carefully following the control
ow. The arbitrary type � in the typing of the continuation argument k can be explainedas follows. As soon as k is applied to some value the current computation will be aborted,so the hypothetical return value of k of type � can never actually be used.Notice that in the presence of call=cc the evaluation order a�ects the result. Accordingto whether call-by-name or call-by-value evaluation is chosen the expressioncall=cc(�k : int ! int :(�x:34) (k 35))will evaluate to 34 or 35. Both alternatives make sense, but in this article we shall �xthe call-by-value evaluation order.call=cc is not the only possible control operator. There are other equivalent controloperators, for example Standard ML's callcc of typecallcc : ((� ! 0)! �)! �where 0 is the empty type. In fact this is a slightly modi�ed version of SML's callcc, sincewe have replaced the type constructor cont by (� ! 0). See also Section 8. A variant ofcallcc is Felleisen's (untyped) C operator which can be assigned the typeC : ((� ! 0)! 0)! �In the case of callcc and C the codomain of the continuation argument even becomes theempty type. Again this is acceptable since no continuation will ever return a value butalways leads to immediate abortion of the current computation. All control operatorscan be expressed in terms of each other, but the C operator is technically the simplestone, and so we shall base our investigations on it.Another approach to control operators is via classical logic. The well-known Curry-Howard isomorphism relates proofs in intuitionistic propositional logic to terms of thesimply-typed �-calculus or equivalently to simple functional programs. Moreover, proofsin intuitionistic �rst-order Peano arithmetic can be translated into terms of a simply-typed �-calculus containing a type of natural numbers and a primitive recursion com-binator (G�odel's System T). This translation is such that the program obtained from aproof of a �02-statement computes precisely the function described by that statement.If one wants to extend this procedure to proofs in classical Peano arithmetic one needsterms which realise the classical axioms. The call=cc-operator is one such, since its typecorresponds to Peirce's law. Indeed, Murthy (1991), following ideas of Gri�n (1990), hasshown how programs with control operators can be extracted from classical proofs.Programs involving control operators can be given a clear semantics by translatingthem into continuation passing style. Under this translation the meaning of a term oftype � becomes an element of the function space(� ! �)! �



Complete axiomatisations of control operators 3for some type of \�nal results" �. Such a function is understood as a mapping from thecontinuation for some value | this continuation has type � ! � | to the �nal resultof type �. Since in this translation the continuation for some expression is made visible,it is possible to give an ordinary �-term interpreting call=cc. This is explained in moredetail in (Felleisen et al. 1987) or (Reynolds 1972).In (Filinski 1989) abstract categorical models for �-calculi with control operators aregiven and it is shown that the usual continuation-passing-style semantics forms an in-stance.Felleisen et al. (1987) introduce an untyped �-calculus including the control operatorC described above, and give rewriting rules which allow to evaluate programs directlywithout translation into continuation-passing-style.These rules, however, are not complete wrt. continuation-passing-style semantics. Notall equations that can be proven in the semantics follow directly from the rewrite rules.The aim of this work is to �ll this gap. We describe a typed version of Felleisen's calculusand give a set of equations which is shown to be sound and complete for (a categoricalversion of) continuation-passing-style semantics.After the completion of the present work Sabry and Felleisen (1993) independentlycame up with a re�ned version of the calculus described in (Felleisen et al. 1987) whichis complete w.r.t. the cps-translation. The main di�erence to the work reported here isthat they work in an untyped framework and that their completeness proof is entirelysyntactic and therefore more complicated than ours, but also more elementary. The mainidea in loc. cit. is the de�nition of an inverse to the cps-translation. The axioms thenarise as the inverses of ordinary reductions in the cps-translation.Axioms similar to the ones presented here also appear in (Talcott 1992). The questionof completeness, however, is not addressed there.The article is organised as follows. In the �rst section we introduce a typed variant ofPlotkin's call-by-value �-calculus (Plotkin 1975) which contains the C operator mentionedabove and an elimination operator A for the empty type 0 used in the typing of C.The next section gives an equational theory for this calculus. It contains restrictedforms of �- and �-equality and axioms describing the operators C and A. We try to mo-tivate the axioms from the computational intuition and also compare them to Felleisen'srewrite rules. We derive further identities, and show the necessity of various restrictionson the axioms. We also compare our axioms to Felleisen's incomplete set of axioms andthe recent complete extension.In Section 4 we de�ne a continuation-passing-style interpretation of the calculus in(nearly) cartesian closed categories. This model construction is strongly related to theone presented by Agapiev and Moggi (1991). The only di�erence is that we do notrequire full cartesian closure for the modelling category but only the existence of thoseexponentials which actually appear in the semantic equations. The equational theory isshown to be sound for this class of models.Section 5 contains the main result of this work. We show that the equational ax-iomatisation for the calculus is complete with respect to the continuation-passing-stylesemantics. The proof of this proceeds by exhibiting an interpretation of the calculus in asyntactic category formed out of the values (variables and abstractions) in the calculus.



Martin Hofmann 4A similar technique has also been used by Moggi (1991) to establish completeness of asimpler calculus.In Section 6 we use these results to deduce complete axiomatisations for the other con-trol operators callcc and Scheme's call=cc. In the last section we sketch some applicationsof our work and give directions for further research.The article is not entirely self-contained; some very basic knowledge of category theorywill be assumed. A good reference is for example (Barr & Wells 1990).2. A call-by-value �-calculus with control operatorsWe now come to the formal de�nition of the calculus which we will call �C . Let a collectionof base types be given. Then the types of �C are de�ned by the grammar�; � ::= 0 j � j� * �where � ranges over the base types. The preterms are given byM;N ::= x j A�(M ) j C�(M ) j (M N ) j�x : �:Mwhere x ranges over an in�nite set of variables and � is a type.A context is a list of variable declarations of the form x : � without duplications. Thefollowing rules assign types to certain preterms.� ` x : � if x : � appears in �� `M : � * � � ` N : �� ` (M N ) : ��; x : � `M : �� ` �x : �:M : � * � if x does not appear in �� `M : 0� ` A�(M ) : �� `M : (� * 0)* 0� ` C�(M ) : �From now on a term will mean an �-equivalence class of judgements � ` M : �. So forexample x : � ` �y : �:xand z : � ` �w : �:zrefer to the same term. If �; x : � ` M : � and � ` N : � then we de�ne the syntacticsubstitution � ` M [x := N ] : � in the usual way by induction on the structure of Mwhere by suitable renaming we ensure that no unwanted variable captures can occur.Two �nal remarks on notation are in order. Although all terms are typed and the typing



Complete axiomatisations of control operators 5is indeed required, we shall freely suppress typing information if this (in our opinion)increases readibility. Similarly we shall occasionally omit contexts although both typesand contexts form an integral part of a term.3. An equational theoryWe now give an equational theory for �C which extends Plotkin's account (Plotkin 1975)of the interconvertibility relation in the call-by-value �-calculus (�v). We add structuralequations which make composition de�ned in terms of abstraction associative. Further-more we add equations which characterise the computational behaviour of the operatorsA and C. As in Plotkin's �v-calculus we require the notion of value. A value is a \fullyevaluated term"; more precisely:| every variable is a value| every abstraction (i.e. term of the form �x:M ) is a value| if V is a value then so is A�(V )De�nition 1. The relation =C between terms is de�ned to be the least congruencewith respect to the term constructors including the following equations. Let U; V rangeover values and M;N range over arbitrary terms.(�x : �:M ) V =C M [x := V ] Beta-V�x : �:V x =C V Eta-V(�x : �:U (V x))M =C U (V M ) Ass(�f : � * �:f N )M =C M N AppV A�(M ) =C A� (M ) A-AbsA0(M ) =C M A0-IdV C�(M ) =C C� (�� : � * 0:M (�x : �:� (V x))) C-NatC�(�� : � * 0:� M ) =C M C-AppIn all rules except Beta-V the variables are supposed to be fresh.To reduce clutter we have omitted both contexts and typings in the equations. Theyare supposed to hold in any context, and for each type for which they make sense, inparticular this means that the types of the lhs and the rhs must agree. So for examplethe �rst equation is understood as follows. If �; x : � ` M : � is a term and � ` V : � isa value then � ` (�x : �:M ) V =C M [x := V ] : �A few comments concerning these equations are in order. The �rst is that our aim is togive a complete axiomatisation of the models we describe in Section 4, so an equation isjusti�ed by being true in any model. We attempt, however, to motivate the rules directlyand to compare them to other equations known from the literature.



Martin Hofmann 63.1. Application and abstractionThe rules Eta-V and Beta-V are the usual ones for call-by-value �-calculus as intro-duced in (Plotkin 1975). They establish a bijective correspondence between terms incontext �; x:� of type � and values of type � * � in context �. So the restriction that Vbe a value in rules C-Nat and A-Abs only ensures that V arises from a term with a freevariable. In particular if V is a value of function type then this does not imply that Vmaps values to values. The ruleAss implies that composition de�ned by f � g := �x:f (gx)is associative. It corresponds to one of Moggi's let-axioms (Moggi 1991) when \let" isexpanded into its call-by-value de�nition in terms of abstraction and application. Therule App seems to be new. However, it is equivalent to Felleisen's (untyped) CR-rule aswe show below in Section 3.5.The rules for the A operator express that 0 is the empty type. One may ask why the\type of results" is chosen to be 0. This question is, however, ill-posed. Scheme's call=ccoperator allows an arbitrary type � for the codomain of the continuation argument, so inparticular 0 may be chosen. On the other hand 0 su�ces since call=cc can be expressedin terms of its particular instance � := 0. So if there is an empty type 0 then it maywell be chosen for the codomain of continuations. Under call-by-value the existence of anempty type is no problem, and indeed in the call-by-value language SML we can de�nethe empty type bydatatype 0 = c of 0;fun A(c x) = A(x);Krivine (1992) and Filinski (1989) try to argue intuitively why the result type shouldbe empty. They reason that every value must be consumed by some context be it thesurrounding operating system, so that the �nal results must haveempty type since no context will consume these. We prefer, however, to argue prag-matically as above.The rule that values are closed under A� may seem unnatural. Its main purpose is toendow the category V of contexts and values to be de�ned below in Section 5 with aninitial object. We explain there how this can be avoided if so desired.3.2. C operatorThe �rst equation C-Nat expresses that in C(M ) the argument to M will become thecurrent continuation. If � : � * 0 is the continuation for V C(M ) then �x : �:� (V x) =� �V is the continuation for C(M ). So if we want to express (V C(M )) as an expressionof the form C(�) then we must instantiate M with this continuation, whence we obtainthe right-hand side of equation C-Nat.The rule C-App is another intuitive consequence of the idea that C makes the currentcontinuation visible. If one merely instantiates this continuation with some termM thenthis term is the result.



Complete axiomatisations of control operators 73.3. ConstantsWe do not explicitly allow for constants; they may, however, be simulated by workingin a suitably extended context, e.g. � = zero:N ; succ:N * N to account for naturalnumbers. Then, however, (succ zero) is not a value, so that we cannot deduce certainequations which we expect to hold. Completeness for a system with constants and moregenerally with constants and equational axioms is an important issue, but goes beyondthe scope of this article.Proposition 2. The following equations hold in �C for M;N ranging over terms andU; V ranging over values and all variables fresh:(�x : 0:A�(x))M =C A�(M ) A-BetaV =C �x : 0:A�(x) : 0* � 0-IniV =C �x : 0:x : 0* 0 0-Endo(�x:x)M =C M IdentC�(M ) =C C�(��:M�) C-EtaC0(M ) =C M (�x : 0:x) C0-End(�x : (� * 0)* 0:C�(x))M =C C�(M ) C-BetaV ((�f : � * �:f N )M ) =C (�f:V (f N ))M ConvA�(M ) =C C�(�� : � * 0:M ) A-CC�*� (M )N =C C�(��:M (�f:� (f N ))) C-Nat-RProof. All these equations follow by rewriting the axioms, so they are stable underextensions of the calculus. The proofs are not completely straightforward, though, so weinclude them here.A-Beta (�x : 0:A�(x))M =C by A0-Id(�x : 0:A�(x))A0(M ) =C by A-AbsA�(M )0-Ini V : 0* � =C by Eta-V and A0-Id�x:0:V A0(x) =C by A-Abs�x:0A�(x)0-Endo is an immediate consequence of 0-Ini.



Martin Hofmann 8Ident (�x:x)M =C by C-App(�x:x) C(��:�M ) =C by C-NatC(�k:(��:�M )(�x:� ((�x:x)x))) =C by Beta-VC(��:�M ) =C by C-AppMC-Eta C�(M ) =C by Ident(�x : �:x) C�(M ) =C by C-Nat,Beta-VC�(��:M�)C0-End C0(M ) =C by C-EtaC0(�� : 0* 0:M �) =C by 0-Endo and IdentC0(��:� (M (�x : 0:x))) =C by C-AppM (�x : 0:x)C-Beta (�x : (� * 0)* 0:C�(x))M =C by C-AppC�(��:�((�x:C�(x))M )) =C by Ass and Beta-VC�(��:(�x:� C�(x))M ) =C by C-Nat, Beta-V, Eta-VC�(��:(�x:C0(�k : 0* 0:x �)M )) =C by C0-EndC�(��:(�x:x �)M ) =C by AppC�(��:M �) =C by C-EtaC�(M )Conv V ((�f : � * �:f N )M ) =C by Ass(�g : � * �:V ((�f:f N ) g))M =C by Beta-V(�g:V (g N ))MA-C A�(M ) =C by C-AppC�(��:�A�(M )) =C by A-AbsC�(��:A0(M )) =C by A0-IdC�(��:M )C-Nat-R is an immediate consequence of C-Nat and App. This completes the proof ofProposition 2Remark 3. One might use the identity A-C in order to eliminate A altogether. Onewould then have to add C0-End as an axiom and postulate that C�(��:V ) is a value if Vis. This seems a bit unnatural and so we prefer to keep A. We also remark that C0-End



Complete axiomatisations of control operators 9resembles one of Krivine's (Krivine 1992) axioms for C. He has C0-End for arbitrary type�, not only for the particular case C0. This is possible because he only allows weak head�-reduction, i.e. no rewriting underneath an abstraction. In our calculus Krivine's rulewould be unsound.3.4. Inconsistency by unrestricted �-equalityLet M and N be arbitrary terms of some type �. Then using unrestricted �-equality wecan compute as followsM =C by C-AppC(�� : � * 0:� M ) =C by A0-IdC(��:(�x : 0:� N ) (�M )) =C by unrestricted Beta-VC(��:� N ) =C by C-AppNso all terms will be equated.3.5. A comparison with Felleisen's calculusIn (Felleisen et al. 1987) an untyped variant of �C is introduced which is not complete wrt.continuation-passing-style semantics. It consists of untyped versions of Beta-V, Eta-V,C-Nat, C-Nat-R (called CL, and CR there), A-Abs, A0-Id, C0-End. Since A0-Id andC0-End become unsound without types they are restricted to occurrences at the root ofa term, i.e. they may not be applied inside a term. Moreover, they have an additionalinstance of the A operator in the right-hand sides of C-Nat and C-Nat-R which in thetyped calculus is of type 0, hence equal to the identity. Our rule App can be deducedfrom C-Nat-R by rewriting both sides of App using C-App on the two respective rootterms, i.e. �f :� * �:f N and M and then using C-Nat-R.In the recent complete version (Sabry & Felleisen 1993) an axiom similar to Ass isadded to obtain completeness.4. ModelsWe now describe a notion of model for the calculus. The only di�erence between ourmodel and the one given in (Agapiev & Moggi 1991) is that we do not require themodelling category to be cartesian closed, but only require those exponentials to existwhich are needed for the interpretation. This has the consequence that no continuationmonad on the whole category can be de�ned. In spirit, however, our model constructionworks via the Kleisli category for the continuation monad RR� introduced in (Moggi1991). The reader familiar with this �eld should keep this intuition in mind.For the development which follows we need the notion of exponential object in acategory with binary products. We use the standard syntax �, �0, h�;�i for projectionsand pairing for binary products and f � g for the morphism hf ��; g ��0i. Among themany possible equivalent de�nitions of exponentials we pick the following:



Martin Hofmann 10De�nition 4. Let K be a category with binary products and A;B be objects in K. Anexponential of B by A consists of an object BA, and for each object C a bijectioncurC;A;B : K(C �A;B)!K(C;BA)natural in C. This means that if f : C �A! B and s : D ! C thencurC;A;B(f) � s = curC0;A;B(f �(s � idA))Following Lambek and Scott (1985) we introduce an informal �-calculus to de�ne mor-phisms in a category with certain exponentials. A morphism from X to Y is written asa term with a free variable of type X or alternatively if X = X1 � � � � � Xn a term oftype Y with n free variables of types X1 through Xn. Accordingly, composition is ren-dered by substitution. If the exponential BA exists and if c:C; a:A ` f(c; a) : B denotesa morphism from C � A to B then its image under the bijection curC;A;B is writtenc:C ` �a:A:f(a; c) : BA. The formation of �a:A:f(a) is allowed only if the correspond-ing exponential exists. Conversely, if c:C ` f : BA and c:C ` g : A then we writec:C ` f og : B for the image of f under cur�1 composed with the pairing of g and theidentity on A. The function cur�1 itself arises as the special case c:C; a:A ` f oa : B. Thetwo equations specifying that cur is a bijection then arise as � and �-rulesc:C ` �a:A:f(a)og = f(g) : Bc:C ` �a:A:f oa = f : BAThe naturality condition on cur is implicit in this notation because it becomes a syntacticidentity in the �-notation which would not be well-de�ned in the absence of naturality.Now we turn to the de�nition of the intended semantics of �C .De�nition 5. A �C-category is a triple (K;B; R) where| K is a cartesian category, i.e. a category with terminal object (1) and binary products(�), which has an initial object (0).| B is a collection of K-objects, called type objects containing the initial object 0.| R is a type object| For any type object A the exponential of R by A exists and is a type object.| For any two type objects A and B the exponential of RRB by A exists and is a typeobject.The type objects of a �C-category will be used to interpret the types of a �C-calculus.Contexts will be interpreted by certain cartesian products of type objects. However, aterm � ` M : � will not be interpreted as a morphism from the interpretation of � tothe one of � (denoted [[�]]) but to the object RR[[�]] . This means that the interpretationof a term is not an actual element, but a function which maps a continuation for it (anelement of R[[�]]) to the \�nal result" (in R). This is why the control operators can beinterpreted in such a category. Moggi (1991) calls such elements \computations" of type[[�]].One may organise a �C-category K as a constant comprehension category over K inthe sense of Jacobs (1991, p. 94) the �bres of which would be the type objects. It isthen possible to de�ne a �bred continuation monad even in the absence of arbitrary



Complete axiomatisations of control operators 11exponentials in K. For simplicity we prefer to stick to the more elementary view presentedhere.We use the informal �-calculus described above to denote morphisms in a �C-category.To that end we augment it by a term x:0 `?A(x) corresponding to the unique morphismfrom the initial object 0 to object A. To increase readability we use � and o only for theexponentials of the form RA and use � and oo for the exponentials of the form (RRB )A.We thus obtain the following derived typing rules for the �-calculus.�; a:A ` f(a) : R� ` �a:A:f(a) : RA � ` f : RA � ` g : A� ` f og : R�; a:A ` f(x) : RRB� ` �x:�:f(x) : (RRB )A � ` f :(RRB )A � ` g : A� ` f oog : RRB� ` f : 0� `?A(f) : ABefore we describe the interpretation in detail we de�ne a few auxiliary morphisms whichin addition should explain the informal �-notation.For any type object A we de�ne the canonical map �A : A! RRA by�A(a : A) := �� : RA:�oaIn order to get a de�nition of �A without using the �-calculus we would start with theidentity morphism idRA and apply cur�1 giving the so-called evaluation map evA;R =cur�1RA;A;R(idRA) : RA � A! R. We then compose evA;R with the \twist-map" h�0; �i :A� RA ! RA �A and �nally apply curA;A;R to obtain �A. We see that the �-calculusnotation glosses over unnecessary detail.The exponentials of the form (RRB )A will be used to interpret the arrow types of �C .For typographical reasons we shall henceforth abbreviate this object by A) B. In orderto interpret application we need a morphism which applies a \computation" of this type,this is an element of RRA)B , to a computation of type A, i.e. an element of type RRA .So we de�ne a morphism appA;B : RRA)B �RRA ! RRBby appA;B(hF : RRA)B ; X : RRAi) := �� : RB :F o(�f : A) B:X o(�a : A:f ooao�))corresponding to the usual de�nition of call-by-value application in continuation passingstyle (Felleisen et al. 1987). The idea behind app is that F is applied to the continuationfor it which in turn is obtained by applying X to its continuation relative to the variablef . Next we need a morphism which interprets the C operator.CA : RR(A)0))0 ! RRAIt is de�ned by CA(� : RR(A)0))0 ) := �� : RA:�o(�� : (A) 0)) 0:�oo(�a : A:�q : R0:�oa)o(�x : 0:?R(x)))



Martin Hofmann 12Intuitively C passes the current continuation (�) to its argument (�). Finally we need amorphism AA : RR0 ! RRA interpreting the A operator. It is de�ned byAA(X : RR0 ) := �k : RA:X o(�x : 0:ko(?A(x)))or equivalently since 0 is initial byAA(X : RR0) := �k : RA:X o(�x : 0:?R(x))For the reader familiar with computational monads (Moggi 1991) we should add that ourmorphisms app , C , and A are in fact the lifted versions of the actual Kleisli morphismswith domains (A) B)�A, (A) 0)) 0, and 0, respectively. Additionally app has beenprecomposed with a tensorial strength; otherwise it would have domain RR(A)B)�A . Thisenables us to do without formally introducing Kleisli composition.De�nition 6. An interpretation of a �C-calculus in a �C-category (K;B; R) consists of| A type object [[�]] for each type �| An object [[�]] for each context �| A morphism [[� `M : � ]] : [[�]]! RR[[�]] for each term � `M : �in such a way that| [[empty context]] = 1| [[�; x : �]] = [[�]]� [[�]]| [[0]] = 0| [[� * � ]] = [[�]]) [[� ]] (= (RR[[�]] )[[�]])and| [[� ` x : �]] = �[[�]] ��x �x is the projection corresponding to x in [[�]].| [[� ` �x : �:M : � * � ]] = �[[�]])[[� ]] � cur [[�]];[[�]];[[� ]]([[M ]])| [[� ` (M N ) : � ]] = app [[�]];[[� ]] �h[[M ]]; [[N ]]i| [[� ` A�(M ) : �]] = A[[�]] �[[M ]]| [[� ` C�(M ) : �]] = C[[�]] �[[M ]]These clauses soundly interpret the equational theory from the last section.Proposition 7. (Soundness) If � ` M =C N : � is derivable in �C then [[� ` M ]] =[[� ` N : �]] in any interpretation.Proof. By a straightforward but laborious induction on the term structure. The induc-tion hypothesis includes that if � ` V : � is a value then [[V ]] = �� � f for some morphismf : [[�]]! [[�]].Clearly an interpretation is uniquely determined by its restriction to the base types. Wecould thus alternatively de�ne an interpretation as an assignment of type objects to basetypes and in a second step de�ne an interpretation function using the equations in Def. 6as inductive clauses.Remark 8. Using � we can transform elements of type A into elements of type RRA .The converse is in general impossible, consider e.g. the case where R = 0. In the specialcase, however, where A = R the morphism �A is a split mono with left inverse given byapplication to the identity. Since the interpretation of �C is uniform in R we can always



Complete axiomatisations of control operators 13choose R to be some particular type of results. For example if M : � then by choosingR = [[�]] we can obtain an element of [[�]] from [[M ]] by composing with the left inverseto �[[�]] . This is known as the \(Harvey)-Friedman-trick" (Murthy 1991) and forms theheart of program extraction from classical proofs.4.1. Examples of modelsThe most familiar example of a �C-category is the category of sets and functions where theexponential is just the ordinary set of functions. The object R can be chosen arbitrarily;a possible choice which comes to mind is the set of strings on some alphabet with theintention that the �nal result of any computation is an output to the screen. Of courseany other cartesian closed category with initial object, such as the category of !-setsor various categories of predomains, forms a �C-category, too. Finally we have the freemodel which corresponds to the informal �-calculus we introduced above to describe thevarious interpreting morphisms. Every equation derivable in this model (using full ��-equality) will hold in any �C-category. So reasoning in this �-calculus provides a way ofreasoning about �C , by interpreting the two sides of a conjectured �C-equation in the freemodel. However, in the next section we shall show that the �C-axioms given in Section 1are actually complete so that this translation becomes unnecessary.5. Completeness of �CTheorem 9. (Completeness) If [[� ` M : �]] = [[� ` N : �]] in every interpretationthen � `M =C N : � is derivable in �C .We postpone the proof until we shall have established the lemmas 10 and 11 below, andonly sketch its structure here. From a given �C-calculus we construct a syntactic categorythe morphisms of which will (roughly) be the values of the calculus. In Lemma10 we showthat this category is a �C-category as de�ned above. We then show that the assignmentwhich maps a term � `M : � to the value � ` ��:� * 0:�M is an interpretation in thesense of De�nition 6. So if two terms are equal in every interpretation then in particularthe values assigned to them will be equal. Using C we can deduce from this that theterms themselves are equal.This technique also works for free monads with C replaced by � and ��:�x replaced by�. This is the idea of Moggi's (1991) proof of completeness of (the equational axioms of)his \simple programming language" (a calculus with �rst-order functions and a genericmonad) with respect to interpretations in Kleisli categories.The di�culty here consists of demonstrating that the category of values indeed sup-ports the required structure and that composition with � constitutes an interpretation.It is not clear, how this can be done for other monads than the continuation monad, e.g.for continuations together with side e�ects.



Martin Hofmann 145.1. The category of valuesLet a �C-calculus be given. We de�ne its category of values, denoted V, as follows.The objects of V are the contexts, i.e. lists of variable declarations. A morphism from� = (x1 : �1; : : : ; xm : �m) to (y1 : �1; : : : ; yn : �n) is an n-tuple of =C -equivalenceclasses of values (V1; : : : ; Vn) such that � ` Vi : �i. Composition is de�ned by simultaneoussubstitution. Observe that since we are dealing with values this notion of compositioncoincides with the usual one in terms of abstraction and application. The category ofvalues is cartesian with terminal object given by the empty context and binary productsgiven by juxtaposition of contexts. In view of our convention on �-equivalence we shalloften identify contexts with lists of types and contexts of length one with types.Lemma 10. The category of values V forms a �C-category with type objects the typesof �C and the following settings:0 (initial object) := 0R := (0* 0)* 0R� := � * 0(RR� )� := � * �cur�;�;R(�; x:� ` V : R) := � ` �x:�:V (�x:0:x) : � * 0cur�;�;RR� (�; x:� ` V : (� * 0)* 0) := � ` �x:�:C�(V ) : � * �Proof. First we convince ourselves that these settings are type-correct by comparingthe de�nition of V and the typing rules for �C . As for the veri�cations we must show that0 is indeed an initial object and that the two \cur"-functions are isomorphisms betweenthe respective homsets and natural in �.If � = (�1; : : : ; �n) then the unique morphism ?� : 0 ! � is the m-tuple of valuesx:0 ` A�i (x) : �i for i = 1 : : :m. Uniqueness is immediate from 0-Ini and Beta-V.Now let �, � be types (type objects). For the required inverse to cur�;�;R let � ` V : � * 0be a value. Its \uncurried" version cur�1�;�;R(V ) is�; x : � ` �� : 0* 0:� (V x) : (0* 0)* 0To see that these two are inverse to each other let �; x : � ` V : (0* 0)* 0 be a value.We must show that�; x : � ` �� : 0* 0:� (V (�x : 0:x)) = V : (0* 0)* 0Now with rule 0-Endo we have � = �x : 0:x. So the left-hand side becomes �� : 0 *0:V � = V with rule Eta-V, exploiting the fact that V is a value. The other direction isimmediate from Beta-V and Eta-V. Naturality of cur is actually a syntactic identitybecause by de�nition substitution commutes with the abstraction and application in �C .We turn to the exponential (RR� )� = � * � . If � ` V : � * � is a V-morphism from �to � ) � then �; x : � ` �� : � * 0:� (V x) : (� * 0)* 0is a V-morphism from �; x:� = ��� to RR� = (� * 0)* 0. To see that this assignmentforms an inverse to cur�;�;RR� let � ` V : � * � be a value. We have�x : �:C�(�� : � * 0:� (V x)) = �x : �:V x = V



Complete axiomatisations of control operators 15by rules C-App and Eta-V. Conversely, let �; x : � ` V : (� * 0)* 0 then�� : � * 0:� ((�x : �:C� (V )) x) = by Beta-V (x is free in V )�� : � * 0:� C� (V ) = by C-Nat applied to ��� : � * 0:C0(�q : 0* 0:V (�y : �:q (� y))) = q = id0 by A0-Id�� : � * 0:C0(�q : 0* 0:q (V �)) = by C-App�� : � * 0:V � = by Eta-VVAgain, naturality of the isomorphism is a syntactic identity.We remark that this proof is the only place where we use that values are closed under A.We could restrict the values to variables and abstractions but would then have to augmentthe morphisms in V by terms of the form A�(x) for x a variable. At any rate, the termsA�(V ) behave like values in that Beta-V andEta-V hold for them, simply because in thepresence of a value V of type 0 any equation holds byM = (�x:0:M )V = (�x:0:N )V = Nwhere the second step is an instance of 0-Ini.For the development which follows it is useful to elaborate the interpretation of the�-calculus in V which is implicit in Lemma 10 and the de�nition of V. We have�x:�:V = �x:�:V (�x:0:x)U oV = ��:0* 0:� (U V )�x:�:V = �x:�:C(V )U ooV = ��:� * 0:� (U V )Our next step consists of interpreting the �C-calculus in this category.Lemma 11. The assignment[[�]] := �[[�]] := �[[� `M : �]] := � ` �� : � * 0:�M : (� * 0)* 0is an interpretation.Proof. We know from Lemma 10 that (� * 0) * 0 = RR� and � * � = (RR� )�in V. So the typing requirements are satis�ed. It remains to show that [[�]] obeys theequations given in the de�nition of an interpretation. To facilitate this proof we �rstexhibit the canonical morphisms used to de�ne the equations. To obtain the embedding�� we calculate as follows.��(x:�) = by de�nition��:R� :�ox = by de�nition��:� * 0:(�k:0* 0:k (� x)) (�x:0:x) = by Beta-V and Ident��:� * 0:� xThe morphism app : RR�)� �RR� ! RR� arises in the following way by expanding thede�nitions and performing Beta-V-steps. Nnotice how � moves in front of the innermost



Martin Hofmann 16application. app�;� (F : ((� * � )* 0)* 0; X : (� * 0)* 0) =��:R� :F o(�f :� ) �:X o(�x:�:f ooxo�)) =��:� * 0:F (�f :� ) �:X o(�x:�:f ooxo�)) =��:� * 0:F (�f :� * �:X (�x:�:(f oox) �)) =��:� * 0:F (�f :� * �:X (�x:�:� (f x)))Similarly we derive the following expression for the morphism A� interpreting A.x:(0* 0)* 0 ` �k:� * 0:k A�(C0(x))which by C0-End, A0-Id, and A-Abs is equal tox : (0* 0)* 0 ` �k : � * 0:x (�x : 0:x)Finally the morphism C implementing C is given byF : (((� * 0)* 0)* 0)* 0��:F (�f : (� * 0)* 0:mf �) : (� * 0)* 0We now consider the equations in order.Variables. If x : � appears in � then[[x]] =�� : � * 0:� x =��(�x)because �x := � ` x : � is the product projection corresponding to x in the category V.Abstraction. Let �; x : � `M : � .[[�x : �:M ]] =�� : (� * � )* 0:� (�x : �:M ) = by C-App��:� (�x:C� (�k : � * 0:k M )) =��:� (�x:C� ([[M ]])) =��*� (�x:C([[M ]]))which is the required expression since �x:C�([[M ]]) is the abstraction of [[M ]] wrt. x in V.Application. Let � `M : � * � and � ` N : �.[[M N ]] = by de�nition of [[:]]�� : � * 0:� (M N ) = by App��:� ((�m:m N )M ) = by Conv��:(�m:� (mN ))M = by Beta-V��:(�k:k M ) (�m:� (mN )) = by Ass��:(�k:k M ) (�m:(�n:(� (m n)))N ) = by Beta-V��:(�k:k M ) (�m:(�l:l N ) (�n:(� (m n)))) = by de�nition of app.app([[M ]]; [[N ]])



Complete axiomatisations of control operators 17A operator. Let � `M : 0.[[A�(M )]] = by de�nition�� : � * 0:� (A�(M )) = by A-Abs��:A0(M ) = by A0-Id��:M = by Ident��:(�x : 0:x)M = by Beta-V��:(�k:k M )(�x : 0:x) =A�([[M ]])C operator. If � `M : (� * 0)* 0 then[[C�(M )]] =�� : � * 0:� C(M ) = by C-Nat��:C0(�k : 0* 0:M (�x : �:k (� x))) = by 0-Endo and Ident��:C0(�k:k (M (�x : �:� x))) = by C-App and Eta-V��:M (�) = by App��:(�m : (� * 0)* 0:m �)M = by Beta-V��:(�k : ((� * 0)* 0)* 0:k M ) (�m:m �) =��:[[M ]] (�m:m �) =C ([[M ]])This completes the proof of Lemma 115.2. Proof of Theorem 9Let � `M : � and � ` N : � be arbitrary terms of �C . If [[M ]] = [[N ]] for any interpreta-tion of �C then in particular�� : � * 0:� M =C �� : � * 0:� Nusing the interpretation de�ned in Lemma 11. Applying C to both sides of this identityyields M =C N using C-App.6. Other control operators6.1. Axiomatisation of callccInstead of C we may also use the callcc-operatorcallcc� : ((� * 0)* �)* �which provides explicit access to the current continuation. C and callcc are expressiblein terms of each other. If � `M : (� * 0)* � then de�necallcc�(M ) := C�(�� : � * 0:� (M �))Conversely, if we consider callcc as primitive then if � `M : (� * 0)* 0 we can de�neC�(M ) := callcc�(�� : � * 0:A�(M �))



Martin Hofmann 18For callcc de�ned in terms of C the following two derived rules hold for V ranging overvalues and M ranging over terms.callcc�(�� : � * 0:V (� M )) =C M callcc-AppV callcc�(M ) =C callcc��� : � * 0:V (M (�x : �:� (V x))) callcc-NatThese equations in turn permit to derive the axioms for C when expressed in terms ofcallcc whence we obtainProposition 12. The calculus �callcc obtained from �C by omitting C and the cor-responding equality rules and adding callcc together with the axioms callcc-App andcallcc-Nat is sound and complete for equality in �C-models with[[� ` callcc�(M )]] = callcc[[�]] �[[M ]]wherecallccA(� : RR(A)0))A) := �k : RA:�o(��:(A) 0)) A:�o(�a : A:�q : R0:koa)ok)Proof. By simple equality reasoningInstead of callcc as de�ned above one may also introduce a combinator corresponding toPeirce's law. � `M : (� * � )* �� ` call=cc�;� (M ) : �It can be expressed in terms of callcc bycall=cc�;� (M ) := callcc�(�� : � * 0:M (�x : �:A� (� x)))Using this translation the following three rules can be derived for call=cc which can againbe shown to be complete. As usual U; V range over values and M ranges over terms.call=cc�;� (�� : � * �:V (�M )) =C Mcall=cc�;� (M ) =C call=cc�;� 0 (�� : � * � 0:M (�x : �V (� x)))V call=cc�;� (M ) =C call=cc�0 ;� (�� : �0 * �:V (M (�x : �:� (V x))))Although the type of call=cc does not involve the empty type 0 its presence (togetherwith A) is still required for the translation into �C and hence the completeness proof.We do not know whether the axioms for call=cc are complete if 0 and A are not part ofthe calculus.7. Completeness for cartesian closed modelsAs noted in Section 4 every cartesian closed category with an initial object gives rise toa �C-category. Our aim is to show that in these models not more equations hold than inarbitrary models.Proposition 13. If [[� ` M : �]] = [[� ` N : �]] in every interpretation in a cartesianclosed �C-category, then � `M =C N : � is derivable in �C.To prove this we make use of the following lemmawhich was pointed out to the author byAlex Simpson. Its proof uses slightly more involved categorical machinery; the required



Complete axiomatisations of control operators 19material may be found in Chapters 0.2 and II.9 of (Lambek & Scott 1985) except for thewell-known fact that the Yoneda embedding preserves products and exponentials, whichfollows by routine calculations.Lemma 14. Let K be a category with an initial object 0 such that every morphisminto 0 is an isomorphism. Then there exists a cartesian closed category ~K with an initialobject and a full and faithful functor Y : K ! ~K which preserves the initial object andall products and exponentials which exist in K.Proof. We let ~K be the subcategory of the functor category K̂ := SetsKop consistingof those functors F for which F (0) is a singleton set. Notice that this implies thatF (X) is a singleton for X isomorphic to 0, since every functor preserves isomorphisms.Since K(0; X) is a singleton set, the Yoneda embedding sending an object X in K tothe representable functor K(�; X) in K̂ restricts to a functor from K to ~K. This givesthe embedding Y of K into ~K. It is known (and it actually follows by straightforwardcalculations) that the Yoneda embedding and hence the functor Y is full and faithful andpreserves all limits and exponentials that exist in K. We must show that Y(0) is initialand that ~K is closed under products and exponentials. Recall that the functor categoryK̂ is cartesian closed. Let F be an object in ~K. We de�ne the natural transformation?(F ) : Y(0) ! F by letting ?(F )X be the unique function between singleton sets if Xis isomorphic to 0 and the empty function if X is not isomorphic to 0. Here we use theassumption that Y(0)(X) = K(X; 0) is empty for X not isomorphic to 0. It is clear thatthis natural transformation is the only one from Y(0) to F ; so Y(0) is initial.Now since products are taken pointwise in K̂ it follows immediately that ~K is closedunder products. It remains to show that Y(0) is also closed under exponentiation. LetF;G be objects in ~K, i.e. two functors from Kop to Sets such that F (0) and G(0) aresingleton sets. Their exponential in SetsKop is the functor sending X to the set of naturaltransformations from the (pointwise) product Y(X) � F to G. So we must show thatthere is exactly one natural transformation from Y(0) � F to G. This follows using theargument in the proof of initiality of Y(0) above.Remark 15. The category ~K is the category of sheaves for a suitable Grothendiecktopology on K. This gives a more elegant and shorter, but less elementary proof of theabove lemma.In more logical terms the above lemma states that adding higher-order functions to sometyped equational theory is a conservative extension and that already existing functiontypes and the empty type are not changed by this addition. It is not clear what conditionsother more complicated data types have to satisfy so as to be preserved by this extension.Moggi (1991) uses a similar technique to establish conservativity of higher-order logicover the equational theory of monads. Since he does not need to preserve the initialobject the ordinary Yoneda embedding into SetsKop does the job.7.1. Proof of Proposition 13Our aim is to apply the above construction to the category V of values introduced inSection 9. Let � ` V : 0 be a V-morphism from some context � = (x1 : �1; : : : ; xn : �n)



Martin Hofmann 20into the initial object 0. We must show that this is an inverse to the unique morphismfrom x : 0 to � given by (A�1 (x); : : : ;A�n(x)).Since 0 has no nontrivial endomorphisms this boils down to showing that� ` A�i(V ) = xi : �ifor each declaration xi : �i in �. Since V is a value we can Beta-V-expand xi to(�y : 0:xi) V . Now the left part being a value of type 0* �i equals �y : 0:A�i(y). Thusby Beta-V-contraction we obtain the r.h.s. .So the category of values satis�es the requirements of Lemma 14 and we obtain a fulland faithful embedding Y into a cartesian closed category. Since this embedding preservesthe cartesian closed structure and the initial object, the composition of the interpretation[[M ]] := �k:k M with Y is an interpretation again. So if [[� ` M : �]] = [[� ` N : �]] inevery interpretation [[�]] in a cartesian closed category then in particularY(� ` �� : � * 0:�M ) = Y(� ` �� : � * 0:� N )Since Y is faithful this implies that ��:�M =C ��:� N so M =C N by C-App.8. Conclusions and directions for further researchWe have given a complete axiomatisation of various control operators with respect totheir interpretation in call-by-value continuation passing style. This means that in or-der to reason about a program involving control operators it is no longer necessary totranslate into cps | it can directly be described using the axioms. Moreover, in variousexamples reasoning with the axioms appears easier and more intuitive than using the cpstranslation. We do not know, however, whether the equations we give can be directed soas to yield a calculus in which programs with control operators can be executed directly.It seems that for mere execution not all of the axioms are needed, since the calculusdescribed in (Felleisen et al. 1987) only contains a subset of our equations and is provento be adequate with respect to a certain machine model.Quite a number of directions for further research suggest themselves. We have neitherallowed constants nor additional equations (�-equations) describing their behaviour. Thismeans that so far our calculus can not even in principle be used as a programming lan-guage. Preliminary work suggests that as far as inductive types like the natural numbersor lists are to be included, completeness can be carried over.The completeness proof is in a certain sense modular, namely the category of valuesis de�ned without mention to the particular feature one is interested in, here the controloperators. One may thus try to carry out a similar programme for �-calculi with morere�ned features like side-e�ects or addition of exceptions and hope to �nd the right set ofaxioms as one tries to identify the necessary structure in the category of values. Indeed,the rule App was found in this way.For various reasons one may object against the heavy use of the empty type in thepresent development. A possible solution which has also been adopted for the continuationfacility in New Jersey ML (Appel 1992) consists of introducing a new type operatorcont which associates to each type � the type cont(�) of �-continuations. One may



Complete axiomatisations of control operators 21then introduce a C operator of type cont(cont (�)) * � or a callcc-operator of type(cont(�) * �) * �. Moreover, one needs a facility to invoke continuations: throw :cont(�) * � * � . Finally one needs a means to apply functions to continuations. Iff : � * � and k : cont(� ) then capp(f; k) : cont(�). This capp operator can be de�nedin terms of callcc and throw ascapp(f; k) = callcc(��:cont(cont(�)):throw k f(callcc(�q:cont (�):throw � q)))but in view of an axiomatisation it appears better to introduce it as a primitive. Weconjecture that for this calculus a complete axiomatisation can be given along the linesof this article provided the calculus contains a unit type (1) which is a terminal objectfor the values. Then in the category of values we can put R := cont(1) and prove thatcont(�) and � * � are the exponentials R� and (RR� )�, respectively.Another interesting task would be an axiomatisation of call by name continuationpassing style. Here unrestricted � and � rules will hold, however the axioms for thecontrol operator will undergo certain restrictions.One may also try to apply the present framework to Felleisen's untyped calculi usingcartesian closed categories with re
exive objects (Lambek & Scott 1985, Ch. I.15)Finally, it remains to be seen whether axiomatisations like the one proposed hereprovide useful for reasoning about programs used in practice. We have successfully usedthe axioms to verify a simple program from (Appel 1992) which uses continuations as animperative abort facility. Unfortunately, it seems to be the case that the more interestingapplications of control operators make use either of references or of recursive datatypes,which both are not yet fully understood logically.AcknowledgementMatthias Felleisen and Thomas Streicher made helpful remarks on earlier versions; ananonymous referee suggested various improvements of presentation and notation.ReferencesBoris Agapiev and Eugenio Moggi. Declarative Continuations and Monads. unpublished draft,July 1991.Andrew W. Appel. Compiling with Continuations. Cambridge University Press, 1992.Michael Barr and Charles Wells. Category Theory for Computing Science. International Seriesin Computer Science. Prentice Hall, 1990.Matthias Felleisen et al. A Syntactic Theory of Sequential Control. TCS, 52:205{237, 1987.Andrzej Filinski. Declarative Comtinuations and Categorical Duality. Computer Science De-partment, University of Copenhagen, DIKU Report 89/11, August 1989. Master's thesis.Timothy Gri�n. A formulae-as-types notion of control. In Proc. 17th ACM Symposium onPrinciples of Programming Languages, pages 47{58, 1990.Bart Jacobs. Categorical Type Theory. PhD thesis, University of Nijmegen, 1991.Jean-Louis Krivine. Classical Logic, Storage Operators, and Second Order Lambda-Calculus.unpublished note.Joachim Lambek and Philip Scott. Introduction to Higher-Order Categorical Logic. CambridgeUniversity Press, 1985.
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