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A Simple Semantics for V



Classical FOAVY

First-order classical logic over a simply-typed A-calculus

e V restricted to nominal types Vz: 1.

e (lassical version of sequent calculus with
generic judgements [Miller & Tiu ‘03]

['| oy > 1, ey O D oo >, ...,Ofnbwm

N

Local contexts of nominal types



Interpreting Types and Terms

Simply-typed A-calculus, Higher Order Abstract Syntax

app : Im x Tm — TITm
lam : (Tm = Tm)— Tm

Object-level term Tm % . % Tm —s Tm
: : N— —
with n free variables

n times

Model should not be all syntax!
= HOAS adequate only for nominal types



Interpreting Types and Terms

Sets indexed by local contexts
[Hofmann '99], [Fiore, Plotkin, Turi '99],...

Object A
Ao — Family of sets

(-)[0]: Ao — Ao’ — Substitution action
[tJo ={M | ot M: .}

Morphism M: I" — A

Ms:T'o — Ao — Family of functions
My (x)|0] = Mo (2[6])



Interpreting Types and Terms

Sets indexed by local contexts
[Hofmann '99], [Fiore, Plotkin, Turi "99],...

Objec:zlA M: [[L]] e [[L]] determined by
O
Ol Ao — Ad Ma(z) € [t

ltJo ={ M| ot M:.}

Morphism M: I" — A

My: T'oc — Ao — Family of functions
Mo ()|0] = Mo (2[6])



Interpreting Predicates

Interpretation ofaformula I' - ¢

Obvious idea:
wo C l'o

r € po — z|f| € po’

Problem:
r:t,y:tExFyandl = [x/x, x/y]

[Hofmann '99]



Interpreting Predicates

Interpretation ofaformula I' F ¢

Instead:
wo C l'o

r € po — z|a] € po’
where « is an order-preserving renaming:

1 /y1] - e ynl (11, oo Tt tn) — (Y1 L1y oy Ynt ln)



Interpreting Predicates

Interpretation ofaformula I' F ¢

Instead:
wo C l'o

r € po — z|a] € po’
where « is an order-preserving renaming:

1 /y1] - e ynl (11, oo Tt tn) — (Y1 L1y oy Ynt ln)

Why not injections? Vz: 1.0 2 Vx: . p,...



olF,r R(t)
olb,r T
olr,r @V
olb,r e ANY

o ||—p,r 0 DY
olr,r dr:T.

olr,r V1.
olr,r Vxir. ¢

Satisfaction

[

tlp] € [R]o
always

o “_p,I‘ @ Oor o “_p,I‘ w
ol,r e and ok, ¥

oI, ¢ implies o l-, 9
0 IFple/a],(T, z:7) @ fOrsomee € [7]o
o ||—p[€/x]7(p7x:7.) gOfOr all e € [[T]]O’

g, L.l H_p[:c/a:],(f‘,xw) ¥
for some/any fresh variable x

Formula ¢ is valid if - I, r ¢ holds for all p.



Generic Judgements
and Raising

Translate o > pto Vo. ¢
[h:o—717|®, 0> pho/z|-P

' ®, o>der. oW



Generic Judgements
and Raising

Translate o > pto Vo. ¢
I'h:o—71|®, Vo.plho/x| P

['|® Vo der. oW



Generic Judgements
and Raising

Translate o > pto Vo. ¢
I'h:o—71|®, Vo.plho/x| P

['|® Vo der. oW

olb,r Ve dy: 7.
iff
olb,r 3h:t— 7.V v.plha/y



Generic Judgements
and Raising

Translate o > pto Vo. ¢
I'h:o—71|®, Vo.plho/x| P

I'|®, dhio — 7. Vo.olho/z| W

olb,r Ve dy: 7.
iff
olb,r 3h:t— 7.V v.plha/y



Soundness & Completeness

Soundness
Any derivable sequent is valid.

Completeness
Any valid sequent - | ® - W is derivable.
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Binding Structure, V and V1



Binding Structure

Working with a-equivalence classes is the same as
working with freshly named instances.



Binding Structure

Working with a-equivalence classes is the same as
working with freshly named instances.

A category with binding structure is a triple (B, ®, V')...

A

Category with finite limits Object
Monoidal Structure (names)
B = FMsets (freshness)
V = A
A B = A{{a,b) € Ax B | a+#b}



Binding Structure

Working with a-equivalence classes is the same as
working with freshly named instances.

A category with binding structure is a triple (B, ®, V)
such that the functor Wy : f— f® V isan
equivalence of fibrations.

B~ ™ L B/(—aV)

cod %Xﬂ/)

B




Codomain Fibration

Working with

B— e Category with pullbacks B

o e Families of B-objects
indexed by B-objects

3 e Dependenttypetheory I' - A

Other choices possible, e.g. subobject-logic



Codomain Fibration

Families of sets

..generalise for B



Codomain Fibration

Fam(Sets) Sets™

l is equivalent to codl

Sets Sets



Codomain Fibration

F——

=]
A

cod

G

l In Sets:
g

M (fua: F, — Gu(a))aeA

H.
u




Glueing a Fresh Name

working with freshly named instances.

B/(— V) *® Familiesof B-objectsindexed
oy B-objects of the form ARV

Gl(-QV)
l e Dependent type theory with

B judgements I'#v:VE A



Glueing a Fresh Name




Glueing a Fresh Name

v

F > (5
B/(—®V) fl lg
A@VWB@V

Gl(—®V)




Adding a Fresh Name

cod %@V)



Adding a Fresh Name

B BV

fl — f®vl

A ARQXV
B~ — "V  >B/(—®V)

cod %@V)

B



Adding a Fresh Name

cod %@V)



Binding Structure

Working with a-equivalence classes is the same as
working with freshly named instances.

A category with binding structure is a triple (B, ®, V)
such that the functor Wy : f— f® V isan
equivalence of fibrations.

B~ ™ L B/(—aV)

cod %Xﬂ/)

B




The Equivalence

Natural vertical

v
>
— B/(—®V
B < - / ) Isomorphisms
A Av) Wy oH = Id
B

HOWVgld

Wy — Add a fresh name
H — Bind a name (take a-equivalence class)

FM sets: Wy (F,) = (F,® {fu})

acA V)EARV
([U - V]G<

H(G<a,v>) (a,0) EAQV a,v))aeA



Binding Structure implies...

... FM-like constructs U, [A| X, n.z, x@n, new n.x
[Gabbay & Pitts]

H - Wy Hwith n”=¢!and &' =n!



Binding Structure implies...

... FM-like constructs U, [A| X, n.z, x@n, new n.x
[Gabbay & Pitts]

H - Wy Hwith n/=¢! and ¢’ =n-1

HO = 0

HI = 1
H(A+B) = HA+HB
H(Ax B) =~ HAxHB
HA=B) =¥ HA= HB



H — New-Name Quantifier

H restricts to a some/any quantifier

I#v: V| o#Ho I#v: V| ok Y#Hu
['| o+ Ho: V.9 I'| Hu:V.p F

Under certain circumstances:

T#Hov:V|pkay I#ov: V| ok
['| o+ Ho:V.y ['| Hu:V.p F

— the rules for U!



H — Abstraction Set

Binding
Unit n of H 4 Wy

Concretion
Couniteof Wy -1 H

Equations
n'=e1and ¢/ =n

(v, ) — V.TH# v

Yy # v — yQu



Binding Structure and FOAV

Interpretation of Types
As in Part |

Ao — Family of sets
(-)[0]: Ao — Ao’ — Substitution action

Interpretation of the Logic
Internal logic of a category with binding structure

V — New-quantifier H
Raising — Binding for H



Binding Structure and V

Binding Structure FOAV-Interpretation
Linear Species Part |
Species Part
+Vz.Vy.p < Vy.Vr.p
et Vo o)
? [Miculan & Yemane ‘05]




Conclusion

V and W are both H, in different binding structures

Further Work
e Simple Semantics for Intuitionistic FOAY
e Proof theory of FOAY for Nominal Logic
e Relation to [Miculan & Yemane '05]

e a-Logic [Gabbay & Gabbay '05]



